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Abstract In this study we propose an analytical framework to estimate the spatial correlation of daily flows
at two arbitrary locations within a given hydrologic district or river basin. The method builds on the description
of the coupled streamflow dynamics at the outlet of two catchments, which are represented as correlated shot
noises forced by Poisson rainfall. Novel analytical expressions for the spatial correlation of discharge are derived
using a limited number of parameters that encapsulate effective precipitation regime and catchment drainage
rates. The method is suited to describe how heterogeneity of climate and landscape features impact the spatial
and temporal variability of flow regimes along river systems. The analysis suggests that frequency and intensity
of synchronous effective rainfall events in the relevant contributing catchments are the main driver of the spa-
tial correlation of daily discharge, unless the drainage rates of the two catchments differ by almost one order of
magnitude. The method also portrays how the topological arrangement of the two outlets along the river net-
work influences the underlying streamflow correlation and shows how nested catchments tend to maximize
the spatial correlation of flow regimes. To demonstrate the potential of the tool, the model is tested on a set of
16 catchments belonging to a 120,000 km2 region of the United States. The application evidences satisfactory
performance in reproducing the observed spatial correlation of daily streamflows among the study sites
(RMSE< 0.1). The approach provides a clue for the characterization of water availability in space at seasonal
time scale, with implications for water resources assessment, risk prevention, and ecological studies.

Plain Language Summary The importance of freshwater is not limited to drinking water. Water is
crucial to produce sustainable energy, to support recreational activities along rivers, agriculture and industry,
as well as to supply adequate transportation networks. Freshwater environments represent the elective
habitat of many plants and fishes, and they contribute significantly to global-scale biodiversity. The under-
standing of the water cycle, namely: when, where and how much water is available in rivers - is therefore a
crucial issue for a sustainable use of water resources. In this study we develop an analytical method to
quantify similarities between the daily flows in two arbitrary locations belonging to one or more rivers. This
requires to quantify what are the major climatic and landscape characteristics that control rivers flows. Second,
it has to be quantified how these features affect similarity (i.e. synchronicity) of flow records at two arbitrary
locations. This work represents a tool to improve our ability to quantify water resources in space and time,
providing a theoretical basis to develop strategies for a wiser use of water in the era of climate change.

1. Introduction

A proper characterization of streamflow patterns in space and time represents a significant scientific chal-
lenge with a wide range of implications for human water uses and ecosystem services conservation [Postel
and Richter, 2003; Ziv et al., 2012; Hurford and Harou, 2014; McGuire et al., 2014]. Despite this, relatively few
rivers are adequately monitored [Bl€oschl et al., 2013; Kiang et al., 2013] and improving the density of existing
gauging networks is often challenged by technical and economical limitations that include the availability
of financial resources and the accessibility of stream reaches. Therefore, in most practical settings, observa-
tional data about spatial and temporal patterns of flow regimes may be inadequate for water resources
management and for the prediction of risk associated to floods and droughts.

To cope with the absence of dense discharge gauging networks, many different approaches have been pro-
posed in the literature to predict streamflow availability in sparsely gauged or ungauged catchments [see,
e.g., Bl€oschl et al., 2013, and references therein]. Probabilistic models are typically concerned with the
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frequency distribution of discharge (PDF) or with the corresponding flow duration curve (FDC), thus disre-
garding temporal dynamics of flows. Although certain probabilistic approaches [e.g., Botter et al., 2008a;
M€uller et al., 2014] entail a physically based mechanistic formulation that facilitates hydrologic prediction in
sparsely gauged catchments and under changing climatic conditions [Doulatyari et al., 2015; M€uller and
Thompson, 2015], cross-correlations among multiple outlets have never been studied in that framework. On
the contrary, spatial patterns of streamflow regimes are usually accounted for in regionalization methods
[Castellarin et al., 2004, 2007; Cheng et al., 2012], which attempt to establish explicit connections among
gauged and ungauged sites based on the concept of hydrologic similarity. In particular, geostatistical meth-
ods have proven effective in describing spatial patterns of river flows. For example, Top-Kriging [Skøjen
et al., 2006; Castiglioni, 2011; Lahaa, 2014] is a topological approach for the interpolation of flow-related var-
iables along river networks that explicitly considers the spatial arrangement of catchments. The Map Corre-
lation Method [Archfield and Vogel, 2010] is another geostatistical approach devoted to the selection of the
gauged section that is most correlated with the target ungauged site. Streamflow correlation, in fact, has
been proven to be a better indicator than spatial proximity for transferring flow attributes from gauged to
ungauged sites.

Spatially explicit numerical rainfall-runoff models [Zehe and Bl€oschl, 2004; Rigon et al., 2006; Kollet and
Maxwell, 2008; Costa-Cabral et al., 2008; Schaefli et al., 2014] have the potential to provide a detailed charac-
terization of the spatial and temporal patterns of runoff hydrographs by exploiting information about catch-
ment characteristics and relevant climatic features. However, numerical models require intensive calibration
and the application to ungauged outlets remains challenging [Bl€oschl, 2006; Castiglioni et al., 2010].

Notwithstanding the progresses made in the characterization of flow regimes, the understanding of spatial
connections in streamflows is an area where more research is needed [Sivakumar and Woldemeskel, 2014].
In this context, exploring the spatial and temporal structure of the streamflows correlation based on simple
climate and hydrologic attributes represents an attractive prospect. The correlation of the streamflows is a
synthetic statistical descriptor of similarity between synchronous discharge dynamics at arbitrary pairs of
outlets. Therefore, it encapsulates the complex effect of heterogeneous climate, geology, and land cover on
flow regimes [Kiang et al., 2013]. Highly correlated outlets are likely to display similar discharge dynamics
(Figure 1), thereby enabling for a more efficient extrapolation of available streamflow records. For example,
a proper characterization of the spatial correlation of streamflows supports the prediction of flow statistics
in ungauged sections [Archfield and Vogel, 2010; Messinger and Paybins, 2014] and facilitate the identifica-
tion of optimal configurations for water infrastructures along river networks. A physically based characteri-
zation of discharge correlation could also contribute to improve the reliability of the estimate of long-term
streamflow statistics in sites where only short-term records are available (e.g., via record augmentation tech-
niques [Hirsch, 1982; Vogel and Stedinger, 1985]).

A better understanding of spatial connections in streamflow dynamics could be used to more efficiently expand
existing hydrometric gauging networks [Kiang et al., 2013]. In fact, predicted streamflow correlations could be
exploited to identify locations that are poorly correlated with existing gauging stations and, thus, are best suited
to be equipped with new stream gauges. This would eventually support the optimization of geostatistical tech-
niques designed for the spatial interpolation of observed flow attributes along river networks.

Following a stochastic framework, this work aims to provide a physically based analytical characterization of
the seasonal correlation coefficient between daily streamflows at the outlet of two arbitrary catchments
(nested or disjointed). The steady state, zero lag streamflow correlation is expressed as a function of lumped
parameters that embody seasonal climatic and landscape features (rainfall, soil, vegetation, recession rate)
in the contributing areas.

The remainder of this manuscript is organized as follows: section 2 describes the stochastic approach used
to derive a general analytical expression for the spatial correlation of daily streamflow. In order to make the
general solution operative, some assumptions have to be made about the probability distribution of the
effective rainfall depths. For this purpose, a set of alternatives is presented and discussed in section 3, jointly
with the derivation of the corresponding analytical expressions of the streamflow spatial correlation. The
performances of the model are assessed in section 4, where the model is applied to a set of case studies. A
detailed sensitivity analysis is presented in section 5, while the impact of heterogeneity of rainfall, soil, and
vegetation properties on the streamflow correlation is further discussed in section 6. A set of conclusions
closes the paper.
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2. Analytical Characterization of Streamflow Correlation: General Framework

In order to develop an analytical expression for the spatial correlation of streamflows at seasonal timescale,
we first specify the joint dynamics of daily discharge at two arbitrary catchment outlets during a season. In
rivers that are not affected by relevant water storage (e.g., lakes, reservoirs, and snowpacks) abrupt
increases of discharge (streamflow jumps) result from the random occurrence of flow-producing (i.e., effec-
tive) rainfall events [Claps et al., 2005; Botter et al., 2007a; M€uller et al., 2014; Andres-Domenech et al., 2015;
Doulatyari et al., 2015]. Each streamflow jump is then followed by a recession resulting from the drainage of
the contributing catchment (Figure 1).
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Figure 1. Comparison between the daily streamflow time series at two pairs of catchment outlets in the Eastern United States. (a) Little
Pigeon River at Sevierville (TN) (q1) and Oconaluftee River at Birdtown (NC) (q2), during autumn; (b) Valley River at Tomotla (NC) (q1) and
North Fork Holston River near Gate City (VA) (q2), during spring. The insets show the scatterplots of q1 and q2, and the corresponding
cross-correlation. High correlations correspond to similar streamflow dynamics at the two sites.
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The effective rainfall within each catchment is described as a marked Poisson process nit with frequency kit
(where the subscript i 2 f1; 2g identifies the relevant contributing catchment, and t refers to the ‘‘total’’
series of effective rainfall events). Poisson processes in time describe the occurrence of independent events
with exponentially distributed interarrivals [Kingman, 1992]. In this case, the marks of the process are repre-
sented by the effective rainfalls depths in catchment i, hi, that are assumed to be random variables charac-
terized by the probability density function (PDF) bit. The frequency of rainfall events is higher than the
frequency of runoff producing events because of the ability of the root zone to buffer incoming rainfall dur-
ing wetting-drying cycles. The buffering capacity of the soil crucially depends on the soil water storage
capacity, land cover, and climate [Milly, 1994; Porporato et al., 2004; Botter et al., 2007a; Botter et al., 2013;
Thompson et al., 2011]. The parameters kit hence summarize climate and landscape attributes in the contrib-
uting catchments and encapsulate the major nonlinearities in rainfall-runoff transformation.

We also assume that the daily specific discharge (per unit of catchment area) at the considered outlets (q1 and
q2) can be expressed as the convolution between the effective rainfall (nit) and an exponential unit hydrograph

q1ðtÞ5
ðt
0
n1tðt2sÞk1 e2k1s ds

q2ðtÞ5
ðt
0
n2tðt2sÞk2 e2k2s ds;

8>>>>><
>>>>>:

(1)

where ki identifies the streamflow recession rate in the catchment i (i.e., the inverse of the mean response
time of the hydrograph). In spite of their simplicity, exponential hydrographs have been successfully
employed to characterize streamflow statistics in a wide range of geographical and climatic settings [Botter
et al., 2007c,; Pumo et al., 2013; M€uller and Thompson, 2015]. The coupling between the dynamics of q1 and
q2 emerges from the synchronous effective rainfall events in the two catchments, resulting in the terms n1t
and n2t in equation (1) being correlated.

To investigate the correlation between q1 and q2, it is necessary to introduce some additional parameters
that describe the climate forcing within the two contributing catchments. In particular, k1 (k2) identifies the
frequency of effective rainfall events that generate streamflow only in the catchment 1 (2) (disjoint events).
Conversely, k12 identifies the frequency of rainfall events determining a simultaneous streamflow increment
in both the outlets (joint events). Because of the low autocorrelation of daily rainfall [Zorzetto et al., 2016],
joint and disjoint events are assumed as independent Poisson processes. The total frequency of runoff pro-
ducing events at each catchment outlet is therefore kit5ki1k12. Additionally, let us define the PDF of the
intensity of disjoint effective rainfall events in the catchment i as biðhiÞ. Likewise, b12ðh1; h2Þ is the bivariate
PDF characterizing the depths of effective rainfall when streamflows are simultaneously generated in both
catchments (see Table 1 for a detailed list of the notation used in this paper). In summary, the total effective
rainfall in equation (1) can be expressed as the sum of two stochastic noises, as detailed below (the first

Table 1. Summary of the Parameters

Parameter Description

kit Average frequency of all effective rainfall events in catchment i
ki Average frequency of disjoint effective rainfall events in catchment i
k12 Average frequency of joint effective rainfall events in the two catchments
km Minimum between k1t and k2t
ait Average depth of all effective rainfall in catchment i
ai Average depth of disjoint effective rainfall in catchment i
a12i Average depth of joint effective rainfalls in catchment i
ki Streamflow decay rate during recessions in catchment i
ra Correlation between the joint effective rainfall depths in the two catchments
a Slope of the linear relation between the joint effective rainfall depths
bitðhiÞ PDF of all effective rainfall depths in catchment i
biðhiÞ PDF of disjoint effective rainfall depths in catchment i
b12ðh1; h2Þ Bivariate PDF of joint effective rainfall depths in the two catchments
b12i ðhiÞ Marginal PDF of joint effective rainfall depths in catchment i
B̂ itðsiÞ Laplace transform of bit
^̂B 12ðs1; s2Þ Laplace transform of b12

Joint: affects at the same time both catchments; disjoint: affect only one catchment. i5 1,2 identifies the two catchments.
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argument of each term indicates the average frequency of the effective rainfall events, while the second
refers to the PDF of their intensities)

n1t k1t; b1t½ �5n121 k12; b121
� �

1n1 k1; b1½ �

n2t k2t; b2t½ �5n122 k12; b122
� �

1n2 k2; b2½ �:

8>><
>>: (2)

The first terms on the right-hand side of equations (2), n12i , are related to the streamflow jumps produced
by joint effective rainfall events, while the second terms (ni) account for the streamflow jumps occurring
only at one catchment outlet (disjoint events). In equation (2), the marginal PDF of effective rainfall depths
in the catchment i produced by joint events, b12i , can be calculated from the corresponding joint PDF (b12)
as b121 5

Ð1
0 b12ðh1; h2Þ dh2; and b122 5

Ð1
0 b12ðh1; h2Þ dh1. Figure 2 graphically represents the decomposition

Figure 2. When a pair of catchments are simultaneously considered, the overall time series of effective rainfall (nit) within each catchment
can be decoupled into two sub–time series. The first includes the joint effective rainfall events (when streamflow jumps are observed at
the outlet of both catchments simultaneously) n12i , whereas the other includes the effective rainfall events experienced only by one of the
two catchments, ni.
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of the total effective rainfall into joint and disjoint events and the corresponding streamflow dynamics pro-
duced at the outlet of each catchment, according to equations (1) and (2). Note that in the proposed formu-
lation, we neglect any kinematic delay between the streamflow jumps observed at the considered
catchment outlets in response to joint events. The above simplification is applicable whenever the time-
scale of flood waves propagation along the river network is shorter than the temporal resolution adopted
in this study (1 day). As a rule of thumb, in case of an ideal circular catchment with a maximum channel
length equal to its diameter, if we assume a wave celerity of 3 m/s and accept a maximum delay between
the hydrograph peaks of 10 hours, the assumption holds for catchment areas A�104 km2.

The master equation for the joint probability density function of the streamflows q1 and q2 associated to
equation (1) can be written as [e.g., Gardiner, 1983; Isham et al., 2005; Botter et al., 2008b]:

@pðq1; q2; tÞ
@t

5
@ k1q1pðq1; q2; tÞ½ �

@q1
1
@ k2q2pðq1; q2; tÞ½ �

@q2
1

1k1

ðq1
k1

0
b1ðh1Þ pðq12k1h1; q2; tÞ dh11k2

ðq2
k2

0
b2ðh2Þ pðq1; q22k2h2; tÞ dh21

1k12

ðq1
k1

0

ðq2
k2

0
b12ðh1; h2Þ pðq12k1h1; q22k2h2; tÞdh1dh22ðk11k21k12Þ pðq1; q2; tÞ:

(3)

Equation (3) states that the temporal variation of the joint probability of the streamflows q1 and q2 can be
expressed as the sum of six independent terms: the gain/loss of probability due to the deterministic decay
of discharge at the outlets 1 and 2 during recessions; the increment of probability due to disjoint stream-
flow producing events; the increment of probability due to joint streamflow producing events; the loss of
probability due to streamflow producing events (regardless of their intensity and nature).

The steady state solution for equation (3) in terms of the moment generating function of the joint PDF of q1
and q2 (^̂pðs1; s2Þ, being s1 and s2 the Laplace variables associated to q1 and q2) reads [e.g., Van Kampen,
1992; Isham et al., 2005; Botter et al., 2007b]

^̂pðs1; s2Þ5exp
�
2k1

ð1
0

12B̂1ðk1s1e2k1tÞ
� �

dt2k2

ð1
0

12B̂2ðk2s2e2k2tÞ
� �

dt

2k12

ð1
0

12^̂B 12ðk1s1e2k1t; k2s2e
2k2tÞ

h i
dt

�
;

(4)

where B̂1; B̂2, and
^̂B 12 are the Laplace transforms of b1, b2, and b12, respectively.

The correlation between q1 and q2 (q12) can be derived from equation (4) as detailed in Appendix A. The
analytical expression of q12 reads:

q125
k12ffiffiffiffiffiffiffiffiffiffiffiffi
k1tk2t

p

ð1
0

@2 ^̂B 12ðk1s1e2k1t; k2s2e2k2tÞ
@s1@s2

dt

����
s15s250ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1

0

@2B̂1tðk1s1e2k1tÞ
@s12

dt
ð1
0

@2B̂2tðk2s2e2k2tÞ
@s22

dt

����
s

s15s250

: (5)

The analytical expression of the seasonal streamflow correlation (equation (5)) is given by the product
between two ratios. The first is related to the frequency of effective rainfall events and it can be interpreted
as a normalized frequency of joint events. The second accounts for the intensities of the events as well as
for key properties of the hydrologic response in the two contributing catchments (i.e., the rate at which the
two basins process the excess of rainfall). It is worth to note that equation (5) holds regardless of the specific
distribution chosen for the effective rainfall depths, with the only assumption being that effective rainfall
events are homogeneous Poisson processes.

3. Exponentially Distributed Effective Rainfall Depths

To make equation (5) operative, the analytical expressions for the PDFs characterizing the effective rainfall
depths (b1t; b2t , and b12) need to be defined. In this section we specify equation (5) for exponentially
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distributed effective rainfall depths. Exponentially distributed rainfall depths have been frequently
employed in analytical studies focused on the impact of stochastic rainfall on the water cycle [Rodriguez-
Iturbe et al., 1999; Laio et al., 2001; Botter et al., 2007a, 2008; Verma et al., 2011; Basso et al., 2015, 2016].

The bivariate distribution b12ðh1; h2Þ represents the probability of observing an effective rainfall depth h1 in
catchment 1 and an effective rainfall depth h2 in catchment 2 during joint events. The choice of b12 is a key
point of the analysis because the synchronous increments of discharge (which result from synchronous rain-
fall events) determine an increase of correlation between the streamflow records at the two outlets (equa-
tion (5)). Here b12 is assumed to be a bivariate exponential distribution in the form proposed by Srikanth
Iyer et al. [2001]. This expression has exponential marginals and its parameters are particularly easy to inter-
pret. Moreover, this bivariate PDF allows the description of any positive linear dependence between the var-
iates, yet being parsimonious in terms of the number of parameters. In this case, the analytical expression
for the Laplace transform of b12,

^̂B 12ðs1; s2Þ, reads [Srikanth Iyer et al., 2001]

^̂B 12ðs1; s2Þ5
1

11a121 s11s2að Þ

� 	
12a

a121
a122


 �
1

a122 s211
1a

a121
a122

� 	
; (6)

where a121 and a122 are the marginal means (the average effective rainfall depths in each catchment pro-
duced by joint events) and a is a positive scaling factor that relates the variates by means of the relation: h2
5ah11Z (where Z is an independent auxiliary random variable, whose distribution modulates the correla-
tion between the two variates). According to equation (6), the correlation between the joint depths h1 and
h2 (ra) can be expressed as [Srikanth Iyer et al., 2001]:

ra5a
a121
a122

: (7)

The shape of the bivariate PDF is thus controlled by the parameters a121 ; a122 , and a (or, alternatively, by
a121 ; a122 , and ra). Substituting equation (6) into equation (5), and taking advantage of equation (7), the fol-
lowing expression is obtained:

ð1
0

@2 ^̂B 12ðk1s1e2k1t; k2s2e2k2tÞ
@s1@s2

����
s15s250

dt5
a121 a122 k1k2 11rað Þ

k11k2
; (8)

which will be used to specify the numerator of equation (5).

The solution of equation (5) further requires to specify the overall marginal PDFs of all the effective rainfall
depths in the two contributing catchments (including joint and disjoint events) or, alternatively, the PDF of
the intensity of the disjoint effective rain depths. For this purpose, exponential univariate distributions have
been chosen to preserve consistency with the joint PDF b12 given via equation (6). The same assumptions
has been done by Rodriguez-Iturbe et al. [1999], Laio et al. [2001], Porporato et al. [2004], M€uller et al. [2014],
and Dralle et al. [2016]. Three different cases characterized by a different degree of complexity are pre-
sented and discussed in the following. Each of these alternatives can be more or less suited to practical
applications depending on data availability and the regional climatology. The first case (section 3.1) repre-
sents the simplest model, which assumes that joint and disjoint events are drawn from the same population
(i.e., they are characterized by the same depth distribution). The other cases, instead, identify two families
of events featured by different statistical properties: joint and disjoint events (Case 2, discussed in section
3.2) or joint and overall events (Case 3, discussed in section 3.3). These models are more complicated and
require a larger number of parameters. Case 3, in particular, is consistent with a class of models used for the
characterization of flow duration curves [Botter et al., 2007a, 2013]. Since there are no theoretical reasons
for which one of these models should be preferred a priori, we suggest the model selection should be case
specific and performance driven.

3.1. Case 1
In this section, the PDF of the overall effective rainfall depths within each catchment is assumed to be equal to
the marginal of the bivariate PDF of effective rainfall depths during joint events, i.e., b1t5b121 and b2t5b122 (which
implies B̂1tðs1Þ5^̂B 12ðs1; 0Þ and B̂2tðs2Þ5^̂B 12ð0; s2Þ). Hence, the PDFs describing all the effective rainfall depths
within each catchment are exponential distributions with mean a12i . The assumption implies that the distribution
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of effective rainfall depths within each catchment is the same for joint and disjoint events. The Laplace transform
B̂itðsiÞ associated to the PDF of the total effective rainfall depths bit for catchment i5 1,2 reads

B̂itðsiÞ5
1

11a12i si
; (9)

which leads to ð1
0

@2B̂itðkisie2ki tÞ
@si2

dt

����
si50

5 ki a
12
i

� 2
: (10)

Combining the result of equations (8) and (10) in equation (5), after some algebra the correlation between
q1 and q2 can be written as:

q125
k12ffiffiffiffiffiffiffiffiffiffiffiffi
k1tk2t

p 1
2

11rað Þ 2
ffiffiffiffiffiffiffiffiffi
k1k2

p

k11k2
: (11)

The structure of equation (11) effectively highlights how different physical processes involved in the under-
lying streamflow dynamics affect the spatial correlation of streamflows. Three main drivers can be identi-
fied: the frequency of effective rainfall; the intensity of effective rainfall; the catchment transport properties.
The physical drivers are represented by the three factors Fk; Fa , and Fk constituting equation (11). Each fac-
tor is discussed below.

1. Fk5 k12ffiffiffiffiffiffiffiffi
k1tk2t

p (relative frequency of joint streamflow producing rainfall events). This factor represents the rel-
ative frequency of synchronous streamflow-producing events (scaled to the geometric mean of the total
frequency of events in each catchment). Because kit5k121ki , the term Fk tends to one when only syn-
chronous events take place. On the other hand, when joint events are not observed in the considered
pair of catchments (k1250), the correlation drops to zero and the streamflow dynamics are uncorrelated,
regardless of the other landscape and climate properties.

2. Fa5 1
2 ð11raÞ (the arithmetic mean between 1 and the correlation of the intensities of the effective rainfall

depths during joint events). This factor entails the effect of the correlation between the effective rainfall
depths in the two catchments during joint events. Equation (11) shows that the correlation coefficient of
the entire streamflow time series is linearly dependent on the correlation between the joint intensities of
the effective rainfall in the contributing catchments. However, because of the synchronicity of the joint
events and the temporal autocorrelation of the hydrographs, the spatial correlation of streamflow does
not drop to zero even for uncorrelated joint depths (Fa ! 0:5 when ra tends to zero). Instead, when the
intensity of the joint effective events in the two catchments are highly correlated, Fa � 1.

3. Fk5
2
ffiffiffiffiffiffi
k1k2

p

k11k2
(ratio between the geometric mean and the arithmetic mean of the recession rates).

The last factor accounts for the heterogeneity in the geomorphological and hydrogeological features of
the catchments, which result in different timescales of the hydrologic response in the contributing catch-
ments. Note that Fk � 1, with Fk5 1 only when the recession rates in the two catchments are equal.

3.2. Case 2
In this case it is assumed that the PDF of the total intensity of the effective rainfall depths is a linear combi-
nation of two exponential distributions. The first describes the effective rainfall depths during joint events,
while the second refers to the depths of disjoint events. The former is an exponential distribution with
mean a12i , while the latter is an exponential distribution with mean ai. The PDF for the total effective rainfall
depths within each catchment, bit, is a mixed exponential distribution ðbit5 ki

kit
bi1

k12
kit
b12i Þ. Accordingly, the

Laplace transform B̂itðsiÞ of bit can be written as:

B̂itðsiÞ5
ki
kit

1
11ai si


 �
1
k12
kit

1
11a12i si


 �
; (12)

which leads to

ð1
0

@2B̂itðkisie2ki tÞ
@si2

dt

����
si50

5 ki
ki aið Þ21k12 a12i

� 2
kit

: (13)
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Inserting equations (8) and (13) into equation (5), the following expression for the spatial correlation of
streamflow is obtained:

q125
k12a121 a122ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k1 a1ð Þ21k12 a121ð Þ2
h i

k2 a2ð Þ21k12 a122ð Þ2
h ir 1

2
11rað Þ 2

ffiffiffiffiffiffiffiffiffi
k1k2

p

k11k2
: (14)

The structure of the above solution is analogous to that of equation (11). However, in equation (14) the fre-

quency and intensity of the effective rainfall are merged in the term Fð2Þk 5
k12a121 a122ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k1 a1ð Þ21k12 a121ð Þ2
� �

k2 a2ð Þ21k12 a122ð Þ2
� �q

as a consequence of having calculated the overall distributions of the effective rainfall depth based on the rel-
ative frequency and intensity of joint and disjoint events (equation (12)). Therefore, in equation (14) the fre-

quencies of the events are weighted based on their mean intensity. Note that since kit5ki1k12, if ai5a12i ,
equation (14) turns into equation (11). In fact, equation (11) can be interpreted as a special case of equation
(14), corresponding to cases where the depth distributions of joint and disjoint events are equal.

3.3. Case 3
In this case it is assumed that, regardless of the shape of b12, the overall distributions of the effective rainfall
within each catchment (b1t and b2t) are exponentials with means a1t and a2t . In this case

B̂itðsiÞ5
1

11aitsi
; (15)

which leads to

ð1
0

@2B̂itðsie2ki tÞ
@si2

dt

����
si50

5 kia
2
it: (16)

Combining equations (5), (8), and (16) the following expression for the streamflow correlation is finally obtained

q125
k12ffiffiffiffiffiffiffiffiffiffiffiffi
k1tk2t

p a121 a122
a1ta2t

1
2

11rað Þ 2
ffiffiffiffiffiffiffiffiffi
k1k2

p

k11k2
: (17)

Equation (17) is similar to equation (11) except for the presence of an additional term related to the effec-
tive rain depths (a

12
1 a122
a1ta2t

). Such term quantifies the ratio between the mean intensities of the joint and the
overall effective rainfall events. When a12i 5ait (i.e., the mean depth of joint and total events is the same)
equation (17) reduces to equation (11).

4. Application

As a proof of concept, we present here an application devoted to test the performances of the model in a
real-world setting. To this aim, equation (14) is selected because the statistical differences between the two
classes of events (joint and disjoint) are accounted for more explicitly. In equation (14), in fact, the intensity
and frequency of joint and disjoint events can be independently specified.

The performances of the analytical model are assessed by comparing the observed correlation of daily flows
with the corresponding model estimate for a set of 16 catchments located in the Mid United States (Table 2).
The study sites includes all the MOPEX catchments [Schaake et al, 2006] within a 120,000 km2 (400 km 3

300 km) region spanning across Arkansas, Missouri, and Oklahoma (http://www.nws.noaa.gov/ohd/mopex/). All
basins are weakly impacted by natural or artificial water storages (reservoirs and lakes) and are provided
with daily streamflow records from 1948 to 2003. The size of the catchments ranges from 400 to 7500 km2.

From the 16 case studies, 120 combinations of catchment pairs are obtained. The analysis is carried out at
seasonal timescale, with seasons defined based on calendar dates (Spring: March, April, May; Summer: June,
July, August; Autumn: September, October, November; Winter: December, January, February), leading to
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480 couples of seasonal streamflow correlations. For each season, the measured streamflow (Pearson) corre-
lation coefficient between the discharge time series observed at two arbitrary outlets (qmeas) is calculated as

qmeas5

Xn
i51

q1ðiÞ2hq1ið Þ q2ðiÞ2hq2ið Þ½ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
i51

q1ðiÞ2hq1ið Þ2
Xn
i51

q2ðiÞ2hq2ið Þ2
s ; (18)

where q1ðiÞ and q2ðiÞ are the streamflow at the outlet of the catchments 1 and 2 during the i-th day, n is
the number of recorded days, and hq1i and hq2i are the sample averages of q1 and q2.

The model parameters in equation (14) are estimated at seasonal timescale based on observed discharge time
series, as discussed below. According to the model formulation, each effective rainfall event produces a disconti-
nuity in the hydrograph (i.e., an abrupt increase of discharge). The frequency of effective rainfall events ki and
k12 can therefore be inferred by counting the observed number of jumps in the daily streamflow records at the
relevant outlets. These jumps are then classified as ‘‘disjoint’’ or ‘‘joint’’ according to their timing (joint events cor-
respond to synchronous jumps in both catchments). The frequency of joint and disjoint events is then calculated
by dividing the number of recorded events for the duration of the considered time series. Similarly, the average
effective rainfall intensity, a, can be evaluated from the magnitude of the daily streamflow jumps. The depth of
each effective rainfall pulse hj can be computed from the correspondent flow increment DQj as hj5

DQj

k (see
equation (1)). Consequently, a5 <DQj>

k . The analysis is carried out for the different set of streamflow-producing
events (joint and disjoint), thereby allowing for the estimate of the corresponding mean depths (ai and a12i ,
respectively). In addition, ra is estimated as the Pearson correlation coefficient between the joint streamflow
increments in the two catchments (which are estimated as discussed above). Finally, the recession rate k is evalu-
ated from the observed hydrographs. Since we assume exponential recessions, the drainage rate k is estimated
by fitting a linear regression on different pairs (DQDt ;Q) selected from the descending limbs of observed hydro-
graph [Ceola et al., 2010; Basso et al., 2015; Dralle et al., 2015].

The model succeeds in reproducing the observed variability of the seasonal streamflow correlation (Figure 3)
among the study sites. The scatterplot of Figure 3 shows a good alignment along the 458 line, with a root
mean square error RMSE5 0.086 and a mean absolute error MAE5 0.065. The slight underestimation of the
correlation refers to Summer, when reduced discharges are likely to result in less robust estimates of the
model parameters.

5. Effect of the Spatial Heterogeneity of Hydrologic Properties
on the Streamflow Correlation

This section analyzes how the spatial correlation of streamflows is affected by the various parameters
involved in the analytical formulation. For this purpose, the solution given via equation (14), which also

Table 2. Summary Information About the Study Catchments

Number USGS Code Name Area (km2) Streamflow Gauging Station State

1 06928000 Gasconade River 3250 Hazelgreen MO
2 06933500 Gasconade River 7384 Jerome MO
3 07049000 War Eagle Creek 684 Hindsville AR
4 07052500 James River 2566 Galena MO
5 07056000 Buffalo River 2155 St. Joe AR
6 07057500 North Fork River 1459 Tecumseh MO
7 07058000 Bryant Creek 1482 Tecumseh MO
8 07067000 Current River 4334 Van Buren MO
9 07069500 Spring River 3068 Imboden AR
10 07072000 Eleven Point River 2938 Ravenden Springs AR
11 07074000 Strawberry River 1230 Poughkeepsie AR
12 07186000 Spring River 3026 Waco MO
13 07196500 Illinois River 2470 Tahlequah OK
14 07197000 Baron Fork 811 Eldon OK
15 07252000 Mulberry River 970 Mulberry AR
16 07261000 Cadron Creek 434 Guy AR
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includes equation (11) as a special case, is considered.
Nevertheless, analogous results can be obtained using
the other solution (equations (17)).

The results are discussed in terms of a synthetic dimen-
sionless index, V 2 ½0; 1�, which expresses the inter-
catchment variability of climatic and hydrologic
properties. For each model parameter we define the cor-
responding heterogeneity index as Vð�Þ5j�12�2 j

�11�2 , where �
represents one of the parameters kt or a12, k, and the
subscripts 1 and 2 identify the relevant catchments.
V5 0 implies spatial homogeneity of the considered attri-
bute, while V5 1 implies enhanced heterogeneity of the
underlying climate/landscape properties.

The analysis is carried out with reference to the three
factors of equation (14), namely, Fð2Þk ; Fa , and Fk. The
impact of the heterogeneity of the frequency and inten-
sity of effective rainfall events on the flow correlation is
the most difficult to interpret because of the complex
structure of Fð2Þk . Hence, as a first approximation, we shall
consider the special case where ai5a12i , for which Fð2Þk 5

Fk (equation (11)).

Figure 4 (top) shows how the heterogeneity in the frequency of runoff producing events affects the
streamflow correlation through the factor Fk. The plot shows that such an effect is strongly modu-
lated by the frequency of the joint events k12. The decrease of correlation due to the heterogeneity
in the frequencies of the overall effective rainfall events VðktÞ is more pronounced for higher fre-
quencies of the joint events. The plot also shows that if k12 < km (km5min k1t; k2tf g) there is a poten-
tially significant loss of correlation regardless of the heterogeneity of the overall frequency of
effective rainfall events (i.e., for VðktÞ50). Moreover, an additional loss of correlation is observed
when k1t 6¼ k2t , which is modulated by the magnitude of VðktÞ. It is worth noting that the nested (or
non-nested) nature of the catchments directly affects the spatial correlation of flows through the
frequency factor Fk . In particular, for nested catchments the frequency of joint events shall be equal
to the total frequency of the effective rainfall events in the inner catchment (see Figure 5). In fact,
the runoff produced from any nested subcatchment of a river propagates along the network and
affects the streamflow dynamics downstream, thereby implying that k125km (Figure 5, left). Conse-
quently, the case of nested catchments is described in Figures 4a and 4b by the upper blue lines,
which imply larger values of Fk and q12 for a given value of VðktÞ, V(k), Vða12Þ, and a. Therefore, for
a given degree of heterogeneity of climate and landscape attributes, the maximum streamflow cor-
relation is achieved for nested catchments. Conversely, since non-nested catchments are flow-
disconnected (Figure 5, right), the frequency of joint runoff events is lower than the minimum fre-
quency of events in each basin. The only exception is the degenerate case where k125k1t5k2t and
Fk51. The same considerations drawn above concerning the effect of the variability in the
frequency of effective rainfall events on q12 hold in the general case ai 6¼ a12i . However, in the latter
case there is a significant impact of the ratios ai

a12i
on the dependence between q12 and VðktÞ (see

Appendix B).

The second factor of equation (14), Fa5 1
2 ð11raÞ, refers to the correlation between the depths of the joint

streamflow producing events. In the plots of Figures 4c and 4d the correlation is expressed as a function of

a and Vða12Þ, as ra5a 2
12Vða12Þ21

� �21
. As expected, the correlation q12 decreases with increasing Vða12Þ.

Though, Figures 4c and 4d show that the sensitivity to Vða12Þ decreases for low values of a and for large val-
ues of Vða12Þ. Low values of a imply a reduced proportionality between the magnitude of the effective rain-
fall depths in the two catchments. Hence, for low values of a, increasing Vða12Þ does not produce
significant impacts on the streamflow correlation.

0

1

0 1ρmeas

ρ m
od

el

RMSE = 0.086

Figure 3. The scatterplot shows the performances of the
model by comparing the observed and the modeled daily
streamflow correlation between all the possible couples of
catchment outlets within the study region. The application
is performed at seasonal timescale: a single dot represents
two catchments during a given season.
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The factor Fk5
2
ffiffiffiffiffiffi
k1k2

p

k11k2
in equation (14) describes how heterogeneity of the response times in the two contrib-

uting catchments influence the streamflow correlation at the corresponding outlets. Figures 4e and 4f high-
light that the dependence of Fk on V(k) is described by the equation of a circle (Fk is the ratio between the
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Figure 4. The plots show how the three factors in the analytical formulation change as a function of the heterogeneity of the physical
parameters involved. The parameters include (i) the average effective rainfall frequencies (kit, k12); (ii) the average joint effective rainfall
depths (a12i ) and the correlation ra between the joint effective rainfall depths (expressed by a5ra

a122
a121
); (iii) the streamflow recession rates

(ki). The derivative of each factor (right) highlights the sensitivity of q12 to the heterogeneity of these parameters. In Figures 4c and 4d it is
assumed a122 > a121 . The stars in Figures 4b and 4d indicate step-changes in Fk and Fa (and the y coordinate of each star indicates the rela-
tive extent of the corresponding step change).
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geometric and the arithmetic
mean of the recession parame-
ters). Hence, the correlation coeffi-
cient is almost insensitive to small
and moderate heterogeneity in
the transport properties of the
catchments. The impact becomes
considerable only for VðkÞ�0:6,
which implies that k1 and k2 differ
by almost an order of magnitude.

Overall, the analysis suggests that
Fk and Fk can independently drive
the streamflow correlation to
zero. However, the decrease of
correlation due to heterogeneity
in the frequency of effective rain-
fall is much larger than that due
to differences in the hydrologic
response, particularly when the
frequency of joint events is rela-
tively small and heterogeneity in
recession rates is not exaggerat-
ed. Conversely, the heterogeneity
in the joint effective rainfall
depths described by Fa can
decrease correlation by at most a
factor of 1

2. Nevertheless, the influ-
ence of the relative intensities of
joint and disjoint events on the
streamflow correlation should not
be underestimated, as discussed
in Appendix B.

6. Discussion

Despite the simplifications introduced to derive closed-form expressions of the seasonal streamflow correlation,
the minimalist model proposed in this paper provides a formal linkage between the spatial correlation of daily
flows and the underlying heterogeneity of climate and landscape features. Such a link helps to identify the
hierarchy of physical controls acting on the spatial variability of flow regimes, which include the intercatchment
variability of precipitation regime, land cover, and recession rates, as well as the topological arrangement of
the contributing catchments.

In particular, the theoretical analysis points to the strong influence on the streamflow correlation played by the
relative frequency (k12) and intensity (a12i ) of synchronous effective rainfall events. The analytical model sug-
gests that the occurrence of intense joint flow-producing events in the selected catchments is a major driver of
high correlation of streamflow time series. Vice versa: when the frequency of shared events between catch-
ments is low (or the joint events are remarkably less intense than disjoint events), correlation between catch-
ment outflows is also low. Note that the frequency of joint effective rainfall k12 encapsulates different climate,
soil, and vegetation properties (and their intercatchment variability) according to complex and strongly nonlin-
ear relationships [Porporato et al., 2004; Isham et al., 2005; Botter et al., 2007a; Doulatyari et al., 2014]. In fact,
effective rainfall events represent precipitation events that fill the catchment-scale soil moisture deficit created
by plant transpiration in the root zone [Milly, 1994; Rodriguez-Iturbe et al., 1999; Laio et al., 2001]. As such, the
effective rainfall frequency is the by-product of intertwined climate, soil, and vegetation attributes (e.g., rainfall
rates, soil storage capacity, and dryness index). Therefore, the presence of synchronous events in the discharge
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Figure 5. Implications of catchment arrangement within a river network for the flow
correlation. Two configurations are possible: (i) nested catchments: a smaller catchment
(A1) is nested within a larger one (A2); (ii) nonnested catchments: the two catchment
areas do not overlap. Due to downstream propagation of streamflows, in case of nested
catchments, the frequency of joint runoff events equals the frequency of runoff events
in the smaller catchment (k125k1t ). In case of non-nested catchments the frequency of
joint events is usually smaller than the minimum runoff frequency in the two catchment
(k12 < min k1t ; k2tf g).
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time series at two selected outlets is influenced by two types of factors: (i) the occurrence of joint rainfall events
simultaneously feeding the relevant contributing catchments; (ii) intercatchment similarities of climate/land-
scape properties like the root zone depth and evapotranspiration rates. In fact, the presence of joint rainfall
events is a necessary (though not sufficient) condition to observe high joint frequencies k12 (and thus high
streamflow correlations). Similarities of landscape attributes also tends to increase the relative frequency of
joint flow producing events in the two catchments because of the ensuing similarity in the soil moisture
dynamics therein (which implies that the exceedance of the field capacity in the two catchments is more likely
triggered by the same rainfall events).

Moreover, it is worth noting that spatial heterogeneity in evapotranspiration and soil properties bears a simulta-
neous impact both on the frequency of flow-producing events within each catchments (kit) and on the fre-
quency of joint events (k12), with a potentially limited impact on the factor Fk5

k12ffiffiffiffiffiffiffiffi
k1tk2t

p (because of the
simultaneous increase/decrease of the total and of the joint frequencies). Instead, since the frequency of joint
rainfall events represents a physical upper bound for k12, heterogeneity in the rainfall forcing are more directly
transmitted to the flow correlation. This instance seems to be an attractive feature of the proposed model,
especially in view of possible application to ungauged sites, where Fk could be estimated from spatially inter-
polated daily precipitation records. As per the depths of effective rainfall, it has been shown elsewhere [e.g.,
Rodriguez-Iturbe and Porporato, 2005] that the main consequence of the interaction between rainfall and soil
moisture dynamics is a decrease of the frequency of runoff events, with a more limited impact on the mean
depth, at least for exponentially distributed rainfall depths [Laio et al., 2001; Verma et al., 2011].

Overall, the relative contribution of different climatic and landscape attributes to the streamflow correlation
may be dependent on the spatial scales involved in the analysis (e.g., relative distance between catchments,
size of the contributing areas) and on the specific climatic setting (e.g., correlation scale of rainfall properties).
In small catchments, where climatic features can be expected to be relatively constant over space, small-scale
heterogeneity in geological properties, and/or land cover (e.g., presence of karst areas or impervious regions)
could significantly enhance the effect of spatially heterogeneous recession rates on the correlation of stream-
flows. Conversely, in larger catchments located in regions featured by strong climatic gradients (e.g., Alpine or
pre-Alpine catchments where orographic effects may enhance the heterogeneity of rainfall) the streamflow
correlation should be more strongly related to the spatial variability of rainfall and evapotranspiration. As
expected, the topological arrangement of the two outlets also represents a major driver of the spatial correla-
tion of daily flows. In case of nested catchments the correlation tends to increase as a by-product of the follow-
ing two combined agents: (i) the frequency of joint events equals the minimum frequency of effective rainfall
events in the two catchments (i.e., the inner catchment), which increases q12 as discussed in section 4; (ii) the
intercatchment variability of climate, soil, and vegetation properties is reduced (i.e., low values of V) because
the two relevant contributing areas share a common region of the landscape. This latter effect should be partic-
ularly relevant when the two catchments have a similar size.

7. Conclusions

In this work we have derived a set of novel analytical expressions for the steady state linear correlation of daily
discharges in two arbitrary locations of a river basin at seasonal timescale. The analytical development is based
on the assumptions of Poisson effective rainfall and exponential recessions. The time lag between peak hydro-
graphs due to flood wave propagation along the river network is neglected, an instance which may prevent the
application of the method to large basins (A > 104 km2). The resulting expressions for the streamflow correla-
tion involve a limited number of hydrologic parameters that encapsulate soil/vegetation properties, precipita-
tion regime, and recession rates, and correspond to different assumptions on the distribution of effective
rainfall depths.

The framework helps to identify the hierarchy of physical controls on the spatial variability of flow regimes. In
particular, our theoretical analysis suggests that frequency and intensity of synchronous effective rainfall events
in the relevant contributing catchments are the main drivers of the spatial correlation of daily flows, unless the
heterogeneity of drainage rates is remarkable. As expected, topological arrangement of the considered outlets
also influences the underlying correlation of daily flows. In fact, for nested catchments, the frequency of joint
events is equal to the frequency of effective rainfall in the smaller catchment, which implies the maximization
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of the spatial correlation of discharge for a given degree of heterogeneity of climate and landscape properties
in the two watersheds.

Model performances have been assessed by means of the application of the method to 16 catchments with a
maximum size of 7,500 km2 located in a 120,000 km2 region in the United States. The application demonstrat-
ed the ability of the model to reproduce the observed streamflow correlations within the study region. Alterna-
tive procedures for the estimate of model parameters as well as the comparison among the different solutions
in settings where different hydrological data are available are deferred to subsequent studies.

The proposed framework offers the opportunity to improve the characterization of the spatial and temporal
variability of flow regimes within and across river basins and it may facilitate the prediction of flow regimes
in poorly gauged areas or under changing climate conditions, with implications for water resources assess-
ment and ecological studies.

Appendix A: Analytical Derivation of the Streamflow Correlation

The spatial correlation of the streamflows at the outlet of two catchments is defined as:

q125
covðq1; q2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
varðq1Þvarðq2Þ

p ; (A1)

where covðq1; q2Þ5hq1q2i2hq1ihq2i is the streamflows covariance and hqii indicates the mean flow in
catchment i. The expectation of the product of the streamfows hq1q2i can be obtained from the moment
generating function (equation (4)) as:

hq1q2i5
d2 ^̂pðs1; s2Þ
ds1ds2

����
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��
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�����
s150;s250

:

(A2)

The first and the second factors between square brackets on the right-hand side of equation (A2) can be rear-
ranged in terms of the Laplace transform of the ‘‘total’’ probability density function of the jumps, B̂1t , which
accounts for both joint and disjoint events. In fact, thanks to the independence of joint and disjoint events in
equation (2), the overall distribution of the effective rainfall depths, bit, can be written as

bit5
ki
kit

bi1
k12
kit

b12i ði51; 2Þ: (A3)

The Laplace transforms of equation (A3) reads

B̂1tðs1Þ5
k1
k1t

B̂1ðs1Þ1
k12
k1t

^̂B 12ðs1; 0Þ ; B̂2tðs2Þ5
k2
k2t

B̂2ðs2Þ1
k12
k2t

^̂B 12ð0; s2Þ; (A4)

which allows equation (A2) to be written in terms of B̂1t as:

hq1q2i5 k1t

ð1
0

@B̂1tðk1s1e2k1tÞ
@s1

dt

" #
k2t

ð1
0

@B̂2tðk2s2e2k2tÞ
@s2

dt

" #
1k12

ð1
0

@2 ^̂B 12ðk1s1e2k1t; k2s2e2k2tÞ
@s1@s2

dt

����
s150;s250

:

(A5)

Similarly, the average streamflow at the outlet of the i-th catchment, hqii, can be obtained from the moment
generating function of the corresponding marginal streamflow distributions, which can be expressed as [King-
man, 1992]:
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p̂ðsiÞ5exp 2kit

ð1
0

12B̂itðkisie2ki tÞ
� �

dt

� �
: (A6)

Equation (A6) leads to the following expression of the expected discharge at the outlet of catchment i:

hqii52
@p̂ðsiÞ
@si

����
si50

52kit

ð1
0

@B̂itðkisie2ki tÞ
@si

dt

����
si50

: (A7)

Combining equations (A5) and (A7), the covariance between the streamflow at the two catchments can
then be expressed as:

covðq1; q2Þ5k12

ð1
0

@2 ^̂B 12ðk1s1e2k1t; k2s2e2k2tÞ
@s1@s2

dt

����
s15s250

: (A8)

Equation (A8) states that only joint effective rainfall events generate positive correlations between q1 and
q2.

To obtain the final expression of the correlation, the covariance needs to be normalized by means of the
product of the standard deviations. To this aim, the streamflow variance at each outlet, varðqiÞ, is expressed
using the moment generating function (equation (A6)) as

varðqiÞ5hq2i i2hqii25
@2p̂ðsiÞ
@si2

����
si50

2 kit

ð1
0

@B̂itðkisie2ki tÞ
@si

dt

" #2����
si50

5kit

ð1
0

@2B̂itðkisie2ki tÞ
@si2

dt

����
si50

: (A9)

Finally, combining equations (A1), (A8), and (A9), the spatial correlation between the streamflows q1 and q2
can be written as in equation (5) of the main text.

Appendix B: Effect of Heterogeneous Mean Depths of Joint-Disjoint Effective
Rainfall Events on q12
The effect on q12 due to the frequencies of joint and disjoint events is here assessed in the general case of
ai 6¼ a12i . In this case, in the factor Fð2Þk the influence of the frequency of joint and disjoint effective rainfall
events is weighted based on their correspondent mean depths.
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Figure B1. Effect of heterogeneous joint and disjoint effective rainfall depths on streamflow correlation for different frequencies of effec-
tive rainfall. Differences between joint and disjoint effective rainfall depths within the same catchment i are quantified by the ratio di5

ai
a12i
.

The couple of ratios ðd1; d2Þ identify each curve. Without loss of generality it is assumed k1t > k2t . In Figure B1a the curves are indepen-
dent on the parameter d2 (because k250). The solid red curve corresponds to equation (11) and Figure 4. As defined in the text,
km5min k1t ; k2tf g.
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Figure B1 shows how Fð2Þk (and hence the correlation q12) decreases as a function of VðktÞ for different fre-
quencies k12 and different combinations of the spatial heterogeneity between the mean intensity of joint
and disjoint events. The latter is quantified by means of ratios di5

ai
a12i
. Figure B1 shows how the ratio d1

modulates the dependence of Fð2Þk on VðktÞ when k125km (which implies k250). When d1 < 1 (high relative
intensity of joint events), the effect of joint effective rainfalls is enhanced and high values of Fð2Þk are main-
tained for a wide range of VðktÞ. Conversely, high values of d1 ensue a faster loss of correlation, despite rela-
tively high frequency of joint events (low values of VðktÞÞ.

In Figure B1 the effect of di is assessed in the case k1250:5 km. In this case the heterogeneity of the intensi-
ties affects Fð2Þk also when VðktÞ50. Higher values of correlation are ensured by low values of di. On the con-
trary, a significant drop of correlation is observed when the intensities of disjoint events are high compared
to the intensities of joint events (i.e., for higher values of di).

This analysis pinpoints the intertwined role of the frequency and intensity of effective rainfall events on the
streamflow correlation. In particular, heterogeneity in the relative mean depths between joint and disjoint
effective rainfall can strongly impact the dependence of Fð2Þk on VðktÞ.
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