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[1] In the absence of model deﬁciencies, simulation results at the correct parameter
values lead to an unbiased description of observed data with remaining deviations due to
observation errors only. However, this ideal cannot be reached in the practice of
environmental modeling, because the required simpliﬁed representation of the complex
reality by the model and errors in model input lead to errors that are reﬂected in biased
model output. This leads to two related problems: First, ignoring bias of output in the
statistical model description leads to bias in parameter estimates, model predictions and, in
particular, in the quantiﬁcation of their uncertainty. Second, as there is no objective choice
of how much bias to accept in which output variable, it is not possible to design an
‘‘objective’’ model calibration procedure. The ﬁrst of these problems has been addressed by
introducing a statistical (Bayesian) description of bias, the second by suggesting the use of
multiobjective calibration techniques that cannot easily be used for uncertainty analysis. We
merge the ideas of these two approaches by using the prior of the statistical bias description
to quantify the importance of multiple calibration objectives. This leads to probabilistic
inference and prediction while still taking multiple calibration objectives into account. The
ideas and technical details of the suggested approach are outlined and a didactical example
as well as an application to environmental data are provided to demonstrate its practical
feasibility and computational efﬁciency.
Citation: Reichert, P., and N. Schuwirth (2012), Linking statistical bias description to multiobjective model calibration, Water Resour.
Res., 48, W09543, doi:10.1029/2011WR011391.

1.

Introduction

[2] Deterministic models are very useful tools for the
analysis and interpretation of observations of environmental
systems although stochastic models, accounting for internal
randomness or neglected inﬂuence factors, may become
more important in the future. One reason why deterministic
models may still remain important is that they can be parameterized to describe the evolution of the expected value of
the results of a stochastic model which still remains an important quantity despite raising interest in the ﬂuctuations
around this mean. There is hardly a research area in which
deterministic models did not signiﬁcantly contribute to the
quantitative formulation and testing of scientiﬁc hypotheses.
The outputs of deterministic models often represent key features of observed data but the deviations of model outputs
from data are usually signiﬁcantly larger than the observation error. These additional error components are typically
systematic and are mainly caused by deﬁciencies of the simpliﬁed description of the system by the deterministic model
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and by errors in model input. In many cases, these systematic deviations are small enough to be of minor concern to
environmental scientists who are interested in a correct representation of key features of the system described by the
model and are aware of the limitations of descriptions of
complex systems by simpliﬁed models.
[3] However, although often ignored in applied environmental modeling, such systematic deviations induce two
serious problems. First, they lead to a violation of simple
(typical) statistical error models and make it therefore very
difﬁcult to derive reliable uncertainty bounds of model parameters and predictions based on past model performance.
Second, in the presence of such systematic deviations,
model parameter estimation techniques that are typically
used often lead to calibration results that are not satisfying
from the point of view of an environmental scientist. When
doing manual calibration, a scientist may be able to ﬁnd parameter values that lead to a representation of key features
of the observations that seems to be more satisfying [Boyle
et al., 2000]. This is because experts calibrating the model
manually put different emphasis on different output features than do typical automatic calibration schemes.
[4] Separate research directions developed in the past to
address these two problems. Systematic deviations of model
results from data, or model bias, were either considered by
increasing the complexity of the model to reduce bias (by
improving the deterministic model and/or adding stochastic
elements to the model description; see Reichert and
Mieleitner [2009] for more details and further references) or
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by trying to ﬁnd a statistical description of bias in model
output [Craig et al., 1996, 2001; Kennedy and O’Hagan,
2001; Higdon et al., 2004; Bayarri et al., 2007]. On the
other hand, unsatisfying results of automatic calibration
procedures were addressed by trying to formalize criteria of
manual calibration and applying multicriteria optimization
techniques [Gupta et al., 1998; Yapo et al., 1998; Madsen,
2000; Madsen et al., 2002; Gupta et al., 2003; Boyle et al.,
2003; Vrugt et al., 2003; Efstratiadis and Koutsoyiannis,
2010]. This results in a ‘‘Pareto set’’ of model parameters
that often contains parameter values which lead to simulation results that seem favorable compared to those resulting
from the application of typical, single-objective calibration
procedures. However, the information contained in this
‘‘Pareto set’’ of model parameters cannot easily be used for
probabilistic model predictions. This is because there is no
obvious way of deﬁning a probability measure on the Pareto
set and it is unclear, if it is meaningful to look for such a
measure. This may not be reasonable because parameter
values not belonging to the Pareto set that are close to
favorable values on the Pareto set may lead to better results
than values belonging to the Pareto set that are far from
such favorable values.
[5] In this paper, we start from the insight that the two
problems of obtaining inappropriate error bounds when
ignoring bias and of getting poor calibration results in the
presence of bias are closely related (the conventional calibration techniques lead to satisfying results in the absence
of bias). We intend to derive a calibration technique for
addressing these problems that is statistically based and
thus allows us to derive probabilistic model predictions.
The basic idea is to formulate our calibration criteria as elements of the prior for the bias term and proceed as usual
when using stochastic processes to represent model bias
(see references on the statistical description of bias cited
above). The prior thus formulates a trade-off in the performance of different model results for the case we cannot
describe all results up to observation error only. The suggested technique makes it explicit that, if an unbiased
description of the data is not possible, there is a subjective
choice about the ‘‘distribution of bias’’ between different
model variables. This is an important additional element
that is not needed in the ‘‘bias-free’’ ideal theory of parameter estimation. However, the applicability of this theory is
limited to unbiased models which is an unrealistic assumption in environmental modeling.
[6] Note that despite the similar objective of distinguishing bias from observation error, our approach deviates significantly from approaches of mean square error decomposition
(see e.g., Gupta et al. [2009]). These techniques identify a
particular type of bias, deviations of mean simulation results
from mean observations, very well. This is often of particular
interest as it may be related to problems of mass conservation. On the other hand, these techniques do not identify
other types of bias, they do not provide improved parameter
estimates, and do not lead to probabilistic predictions that
consider and distinguish observation error and bias.
[7] The remainder of this paper is structured as follows.
The concepts of the suggested methodology and underlying
equations are given in section 2. In section 3 we discuss
the numerical implementation of the technique. Then, in
section 4 we illustrate the suggested approach with a
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simple, didactical model before demonstrating its feasibility
by an application to river water quality modeling in section 5.
Finally, in section 6 we discuss advantages and problems of
the suggested approach and draw our conclusions.
[8] Throughout the paper we use capital letters for random variables and lower case letters for deterministic functions or arguments of probability density functions of
random variables. Bold letters indicate vectors or matrices.
Thus, the probability density function of the random vector
Z is labeled fZ and is formulated using the argument z
unless the argument must be expressed as a function of
other variables.

2.

Methodology

[9] We discuss the concept of the suggested approach in
section 2.1 and proceed to the technical details in section 2.2.
2.1. Concept of the Suggested Approach
[10] In this section, we brieﬂy outline the ideas underlying statistical bias description (section 2.1.1) and multiobjective calibration (section 2.1.2) before discussing our
suggestion of how to bring these ideas together to a statistics-based approach that considers the need of weighing
multiple calibration objectives in the presence of model
bias (section 2.1.3).
2.1.1. Statistical Description of Model Bias
[11] The technique described in this section is adapted
from the statistical literature [Craig et al., 1996, 2001;
Kennedy and O’Hagan, 2001; Higdon et al., 2004; Bayarri
et al., 2007]. We ﬁrst specify an observation layout, L, that
deﬁnes which output variables to observe or evaluate at
which points in time and space. This allows us to arrange
all observations or model outputs in a one-dimensional, discrete output vector, yL , of length nL. We assume that we
can express our knowledge of the system response, our
model M, by a deterministic function, yLM ðx; Þ, where x are
the external driving forces of the system described by the
model and  are unknown model parameters to be adjusted
to make the model a good representation of the underlying
system. Note that describing the driving forces by a deterministic input, x, does not exclude consideration of input
uncertainty as most techniques of dealing with input uncertainty use a parameterization of uncertain input [Kuczera,
1990; Kavetski et al., 2006a, 2006b]. These parameters can
be included in the parameter vector . The observed input
becomes additional model output that extends the observation layout, L, and the output vector, yL . Because observation errors cannot be avoided, the ideal description of
observed system output by the model would be
YLM ðx; ; Þ ¼ yLM ðx; Þ þ EL ð Þ;

(1)

where the vector of random variables, EL , represents the
observation errors for variables and locations speciﬁed by
the observation layout, L. The error model may depend on
additional parameters .
[12] It is a general experience in (environmental) modeling that the model description formulated by equation (1),
which assumes that a deterministic model based on known
input is able to describe a system up to the observation
errors, is often not realistic. In environmental modeling, a
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model is always a strongly simplified description of a much
more complex system and the inputs are not precisely
known. For these reasons, we cannot assume that there
exist model structures and associated parameter values that
allow us to describe reality up to observation error. Ignoring this violation of the assumptions underlying the
description given by equation (1) leads to unrealistic (usually too narrow) uncertainty bounds of model parameters
and ou1put. A more realistic description would be to
replace equation (1) by

where the deterministic function bt- describes the bias of
the model M for the ou1puts defined by the observation layout L and its dependence on external inputs, x, and on additional parameters, f As bias is usually defined as the
difference between the true system output and the ou1put of
the deterministic model, it seems natural to formulate bias
as an additive term in equation (2). However, it is possible
to extend this formalism, e.g., to multiplicative or combined
additive and multiplicative bias [Kennedy and 0 'Hagan,
2001).
[13] The description provided by equation (2) represents
a frequentist description of the underlying system that
could in principle be used for frequentist inference. However, there is a severe identifiability problem between
model and bias as reality is described as their sum and the
two components cannot be observed separately. The function bt-, representing the bias, cannot easily be parameterized, because otherwise it could (and should) have been
incorporated into an extended version of the model,
rid(x, e). To resolve this identifiability problem, we have to
specify that when calibrating the model, we are seeking for
the smallest bias possible. This can be done by moving to a
Bayesian framework. When using the frequentist knowledge about
and E as intersubjective beliefs (conditional
on model parameters), complementing it by prior knowledge of the parameters and expressing our prior knowledge
of model bias, b1'(x, ~), in a Bayesian sense by a random
process B1-(x, ~) we obtain the following Bayesian model
description:

rid

This model is visualized in Figure L To work with this bias
model, in addition to the parameterization of the deterministic model, ridfx, e), we need parameterizations of the random process BM(x, ~) and of the observation error model
EL('l/J), and a (joint) prior for the parameters e, 'l/J and f We
are then interested in deriving posterior distributions of
these parameters as well as of the intermediate variables
Bt- and EL.
[ 14] Note that we can address the identifiability problem
between model and bias by specifying the prior of the parameters, ~. in such a way that the prior mean of the bias is
zero and that small widths of the bias are preferred against
large widths. This can, e.g., be done by a probability density of the standard deviation that decreases with increasing
values (e.g., an exponential distribution or a Normal distribution with mean zero, truncated at zero to avoid negative

Figure 1. Conditional dependence among model variables and parameters. The dependence of
and Bt- on the
input x is not shown explicitly as we assume the input to be
given.

rid

values). This supports the desired tendency that ou1put pattern should be described by the deterministic model as far
as its parameterization allows and only remaining deviations by the bias. The separation of model plus bias from
observation error is usually less problematic due to their
different statistical properties (often independence of observation errors for different components of model output).
This separation can even be supported by an informative
prior for observation error as typically more knowledge
about the observation process (sampling, measurement,
etc.) is available than about the model bias.
2.1.2. Multiobjective Model Calibration
[1s] An important motivation for multiobjective model
calibration originated in hydrological modeling from recognizing that different sections of a hydrograph (e.g., peak
heights, recession curves, low discharge phases) were sensitive to different underlying physical mechanisms and, consequently, to different model parameters. Scientists calibrating
models manually were carefully trading-off between calibrating different characteristic sections of a hydrograph, whereas
simple calibration routines weighted different sections of the
hydrograph just proportional to the number of data points
they contain. To more adequately account for these characteristics, and to get an improved identification of model parameters corresponding to different physical mechanisms
described by the model, it was suggested to use multiobjective calibration techniques [Gupta et al., 1998; Yapo et al.,
1998; Madsen, 2000; Madsen et al., 2002; Gupta et al.,
2003; Boyle et al., 2003; Viugt et al., 2003; Efstratiadis and
Koutsoyiannis, 2010). It was already realized by the authors
of the first ofthis series of papers [Gupta et al., 1998), that
the need for multiobjective calibration is related to the deficiencies of the deterministic model to calibrate. The impossibility of modeling the data up to observation error introduces
the need for a trade-off of systematic errors between different
sections of the hydrograph. Obviously, a similar trade-off
exists between different output variables in the case of a
model with multivariate output.
[16) The suggested solution of using a multiobjective
calibration technique [Gupta et al., 1998; Yapo et al.,
1998; Madsen, 2000; Madsen et al., 2002; Gupta et al.,
2003; Boyle et al., 2003; Vmgt et al., 2003; Efstratiadis
and Koutsoyiannis, 2010) leads to the determination of a
Pareto set of parameter values rather than a posterior
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probability distribution. Such a set has the property that for
each point in the set the degree of fulﬁllment of none of the
objectives can be improved without reducing the degree of
fulﬁllment of another objective when changing parameter
values. The suggested technique stimulated thinking about
causes of the problem of model calibration and led to
improved calibration results from the point of view of identifying the parameters of key hydrological mechanisms.
[17] Multiobjective model calibration addresses a key calibration problem, however this technique also has disadvantages. The main problem is that is does not provide a
probabilistic description of inference results. It is unclear,
how we should interpret the ranges of simulation results
[Gupta et al., 1998; Yapo et al., 1998; Madsen, 2000;
Madsen et al., 2002; Gupta et al., 2003; Boyle et al., 2003;
Vrugt et al., 2003; Efstratiadis and Koutsoyiannis, 2010]
that correspond to the Pareto set of parameters. Sometimes,
these ranges are called ‘‘uncertainty ranges’’ [Gupta et al.,
2003] although it is unclear what ‘‘uncertainty’’ exactly
means in this context as no probability measure is deﬁned on
the Pareto set. This problem still remains when rejecting
some of the parameter sets [Freer et al., 2003]. Furthermore,
the hydrologist calibrating the model manually does not only
set-up a set of calibration criteria, he or she also weighs
them according to his or her personal judgment. Although
determination of a Pareto set is an interesting step into imitating manual calibration, this weighting step is omitted.
This leads to the situation that the Pareto set contains many
parameter vectors that hydrological modelers would not
accept, whereas it does not contain other parameter vectors
that he or she would accept. Parameter vectors close to the
point on the Pareto set that corresponds to manual trade-off
of objectives may have a higher acceptability for the scientist who performs a manual calibration than parameter vectors belonging to the Pareto set that are far away from this
point. In section 2.1.3, we will analyze this problem from
the point of view of statistical bias description.
2.1.3. Combining Prior Knowledge on Bias and
Multiple Calibration Objectives
[18] The discussion in sections 2.1.1 and 2.1.2 clearly
demonstrates the need of merging ideas from statistical
bias description and multiobjective calibration. As mentioned in section 2.1.1, statistical bias description leads to
an identiﬁability problem between model and bias. This is
partially resolved by using a prior of the parameters of the
bias that leads to a mean of zero and is favoring narrow distributions over wider distributions. This supports the
description of patterns in data by the model and adding bias
only where the model parameterization does not allow a
more accurate description of the data by the model. This
obviously leads to a trade-off between an optimal description of the data for different model outputs. Formally, this
is represented by the need for a speciﬁcation of a (joint)
prior for all possible model layouts in the form of a stochastic process. This requires the modeler to specify the bias
parameters for different model output variables and for
evaluation of model outputs at different points in time and
space. Obviously, this choice inﬂuences how the bias will
be ‘‘distributed’’ between different model variables or
between different spatial or temporal areas of the same
model variable. In cases in which different model output
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variables have different units, it is not possible to make the
seemingly objective choice of using the same prior for the
standard deviations of the bias in all model output variables. However, this may also not be meaningful for different spatial or temporal ranges of the same variable as, e.g.,
the discussion in hydrology cited above clearly demonstrates. This discussion makes it clear that statistical bias
description requires some subjective choices to resolve the
identiﬁability problem between model and bias. We suggest using these degrees of freedom, in the simplest case
the speciﬁcation of a prior for the standard deviations of
the bias components, to specify the calibration objectives
similarly as when making a unique choice for the calibration result after having determined a Pareto set by multiobjective calibration. This solves the identiﬁability problem
of statistical bias modeling, gives the scientist calibrating
the model the opportunity to specify which amount of bias
he or she is willing to accept for which model output variable (in the sense of multiobjective calibration), makes
these assumptions transparent, and resolves the problem of
the lack of a speciﬁcation for the trade-off between objectives in multiobjective calibration. In addition, as this technique is still based on a statistical formulation, it makes it
possible to derive probabilistic estimates of parameters and
model predictions. This is a key point for further processing
the results, e.g., in environmental decision support.
[19] The suggested technique leads to a division of the
residuals into bias and observation error. If there are only
few data available, also this division can lead to an identiﬁability problem. For large data sets this is usually not a
severe problem as the different statistical properties of bias
(high autocorrelation) and of observation errors (often independence between different output components) allows
identiﬁcation. This is not the case for systematic observation errors, such as errors induced by instrument drift or
use of an incorrect measurement calibration curve. Such
errors would have to be included into the model of the observation process and are then of a similar nature as other
systematic model errors. Consequently, if not considered
adequately in the model, these errors will be described by
model bias analogously to other structural model deﬁciencies. In any case, it is helpful to specify an informative
prior for the observation error. In many applications this
will be possible as much more knowledge is available
about the observation process (e.g., sampling and measurement) than about model bias.
[20] Observation errors occur also for observed model
input. Due to internal memory effects of a model, even random input errors can lead to systematic deviations in model
output that can be similar to errors induced by structural
deﬁciencies of the model. Addressing these errors explicitly is clearly an important modeling task, but typically systematic errors still remain [Renard et al., 2011]. These
should be described by a technique that considers their correlation structure and not by independent ‘‘remnant errors.’’
2.2. Technical Description of the Approach
[21] In this section we outline the technical details of the
statistical bias description technique. It is based on literature about the statistical representation of model bias
[Craig et al., 1996, 2001; Kennedy and O’Hagan, 2001;
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Higdon et al., 2004; Bayarri et al., 2007], but does not
combine bias description with emulation of model output.
2.2.1. General Case
2.2.1.1. Likelihood Function
[22] We denote the probability density of the random
process describing the bias, BLM ðx; Þ, by fBLM jN ðbL j; xÞ, and
that of the observation error, EL ð Þ, by fEL jW ðL j Þ. The
additive model structure given by equation (3) then implies
that the difference between observations and the sum of the
output of the deterministic model and the bias is distributed
according to the observation error. This leads to the following likelihood function of the observations conditional on
bias and parameters,  and
fYLM jBLM ;H;W ðyL jbL ; ; ; xÞ ¼ fEL jW ðyL

yLM ðx; Þ

bL j Þ:

(4)

The joint distribution of observed output and bias can then
be obtained by multiplying this expression with the prior
for the bias:
fYLM ;BLM jH;W;N ðyL ; bL j; ; ; xÞ ¼ fEL jW ðyL

yLM ðx; Þ

W, and the bias parameterization, N. To obtain the division
of the residuals into observation error and bias, we ﬁrst calculate the conditional distributions of the bias and of the observation error given the observations and parameters. The
conditional distribution of the bias for given observations
and parameters is proportional to the joint distribution of
bias and observed outputs given by equation (5)
fBL1 jYL1 ;H;W;N ðbL1 jyL1 ; ; ; ; xÞ / fYL1 ;BL1 jH;W;N ðyL1 ; bL1 j; ; ; xÞ
M

(5)

Note that by using equation (3) we could alternatively formulate the joint distribution of model response and observation error instead of the bias

L

fEL jW ð j Þ  fBLM jN ðy

¼ fEL1 jW ðy

M

L1

b j Þ  fBL1 jN ðbL1 j; xÞ :
M

(9)

Using equation (6) we get the corresponding result for the
observation error :
fEL1 jYL1 ;H;W;N ðL1 jyL1 ; ; ; ; xÞ / fYL1 ;EL1 jH;W;N ðyL1 ; L1 j; ; ; xÞ
M

M

L1

yLM1 ðx; Þ

L1

¼ fEL1 jW ð j Þ  fBL1 jN ðy
M

L1 j; xÞ :
(10)

Multiplication of equation (9) or equation (10) with the
posterior (8) and integration over the parameters leads to
the posterior marginals of bias and observation error,
respectively :
f

L
L
BM1 jYM1

yLM ðx; Þ

L1

L1

ðb jy ; xÞ ¼

Z

fBL1 jYL1 ;H;W;N ðbL1 jyL1 ; ; ; ; xÞ
M

M

M

(6)

L

 j; xÞ:

/

[23] The likelihood function of the model output conditional on the parameters can then be obtained by integrating
the joint density (5) over the bias or the joint density (6)
over the observation errors :
fYLM jH;W;N ðyL j; ; ; xÞ ¼

M

yLM1 ðx; Þ

L1

 fH;W;NjYL1 ð; ; jyL1 ; xÞ d d d

fYLM ;EL jH;W;N ðyL ; L j; ; ; xÞ ¼

Z

M

bL j Þ

 fBLM jN ðbL j; xÞ:

L
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Z

(11)
L1

fEL1 jW ðy

yLM1 ðx; Þ

yLM ðx; Þ

 fBLM jN ðbL j; xÞ dbL
Z
¼ fEL jW ðL j Þ  fBLM jN ðyL

b j Þ

 fBL1 jN ðbL1 j; xÞ  fH;W;NjYL1 ð; ; jyL1 ; xÞ d d d ;
M

M

fEL1 jYL1 ðL1 jyL1; xÞ ¼

Z

M

fEL jW ðyL

L1

bL j Þ

fEL1 jYL1 ;H;W;N ðL1 jyL1 ; ; ; ; xÞ
M

 fH;W;NjYL1 ð; ; jyL1 ; xÞ d d d
M

/

yLM ðx; Þ

Z

(12)

fEL1 jW ðL1 j Þ  fBL1 jN ðyL1
M

yLM1 ðx; Þ

L1 j; xÞ

 fH;W;NjYL1 ð; ; jyL1; xÞ d d d:

L j; xÞ dL :

M

(7)

This likelihood function allows us to do inference of the
parameters H, W and N without having to jointly estimate
the usually high-dimensional stochastic process BLM . However, this is only a relatively easy task if the integral in
equation (7) can be calculated efﬁciently.
2.2.1.2. Inference
[24] Having observations, yL1 , available for an observation layout, L1, and given a prior, fH;W;N , of the parameters,
the posterior density of the parameters is proportional to
this prior times the likelihood given by equation (7):

 fYL1 jH;W;N ðyL1 j; ; ; xÞ:

fyL1 þBL1 jYL1 ðL1 jyL1 ;xÞ¼
M

M

M

Z

fBL1 jYL1 ;H;W;N ðL1 yLM1 ðx;ÞjyL1 ;; ;;xÞ
M

M

L1

fH;W;NjYL1 ð; ;jy ;xÞdd d

fH;W;NjYL1 ð; ; jyL1 ; xÞ / fH;W;N ð; ; Þ
M

[25] Finally, we may be interested in our knowledge of
the true system output without observation errors represented by yLM1 þ BLM1 . This is obtained by adding the bias
conditional on model parameters (9) to the output of
the deterministic model, yLM1 , at given parameter values,
multiplying with the posterior of the parameters (8) and
integrating out the parameters :

M

(8)

/

Z

fEL1 jW ðyL1 L1 j ÞfBL1 jN ðL1 yLM1 ðx;Þj;xÞ
M

M

Equation (8) provides the (joint) posterior of the parameters
of the deterministic model, H, the observation error model,

fH;W;NjYL1 ð; ;jyL1 ;xÞdd d:
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In this equation, L1 is used to specify at which values of
yLM1 þ BLM1 the density is to be evaluated. This density
describes the posterior knowledge of the true system output
without observation errors at the observation layout L1, at
which data were observed with observation errors.
2.2.1.3. Prediction
[26] To calculate model predictions at new points in time
and/or space, we have to introduce a second layout, L2,
characterizing the output variables, time points and locations at which the predictions are to be made. We denote
the joint layout L1 [ L2 with L1;2 .
[27] Based on the likelihood function in the form of
equation (7), we can write the following expression for
observed outputs for the new layout, L2, given the observations for layout L1 and the model parameters :
L2

L1

fYL2 jYL1 ;H;W;N ðy jy ; ; ; ; xÞ ¼
M

M

fYL1;2 jH;W;N ðyL1;2 j; ; ; xÞ
M

fYL1 jH;W;N ðyL1 j; ; ; xÞ
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In this expression, we can integrate out the bias at the locations of the layout L1 to get the conditional density of the
bias at the locations of the layout L2 only:
fBL2 jYL1 ;H;W;N ðbL2 jyL1 ; ; ; ; xÞ
M

M

¼

Z

fBL1;2 jYL1 ;H;W;N ðbL1 ; bL2 jyL1 ; ; ; ; xÞ dbL1
M

M

/

Z

yLM1 ðx; Þ

fEL1 jW ðyL1

bL1 j Þ  fBL1;2 jN ðbL1 ; bL2 j; xÞ dbL1 :
M

(18)

Analogously, we get the posterior distribution of the observation errors as
fEL2 jYL1 ;H;W;N ðL2 jyL1 ; ; ; ; xÞ /

:

M

Z

fEL1;2 jW ðL1 ; L2 j Þ
(19)

M

L1

(14)

 fBL1 jN ðy
M

The quotient on the right hand side of equation (14) will
typically not be equal to fYL2 jH;W;N ðyL2 j; ; ; xÞ due to the
M
correlation structure of the bias.
[28] The density for the predictions not conditional on
model parameters can then be obtained by multiplying
equation (14) with the posterior density of the parameters
for layout L1 and integrating out the parameters :
fYL2 jYL1 ðyL2 jyL1 ; xÞ ¼
M

M

Z

L1

L1

 j; xÞ d :

[31] Finally, by adding the result of the deterministic
model to the bias given by equation (18), multiplying with
the posterior of the parameters (8), and integrating out the
parameters, we get the distribution of the deterministic
model plus bias, yLM2 þ BLM2 , corresponding to our knowledge of the true system output at layout L2 :
fyL2 þBL2 jYL1 ðL2 jyL1 ; xÞ

fYL2 jYL1 ;H;W;N ðyL2 jyL1 ; ; ; ; xÞ
M

yLM1 ðx; Þ

M

M

M

¼

 fH;W;NjYL1 ð; ; jyL1 ; xÞ d d d:

Z

M

fBL2 jYL1 ;H;W;N ðL2
M

M

yLM2 ðÞjyL1 ; ; ; ; xÞ

(20)

M

(15)

 fH;W;NjYL1 ð; ; jyL1 ; xÞ d d d :
M

Here, fH;W;NjYL1 is given by applying equation (8) to data
M
from observation layout L1.
[29] Equation (15) provides the predictions for new
observations. However, in most cases we would be interested in predicting the underlying system variables without
observation error, yLM2 þ BLM2 . As a ﬁrst step, we can predict
the bias for the new layout jointly with bias and model
results for the old layout and conditional on the parameters
by extending equation (5):
fYL1 ;BL1 ;BL2 jH;W;N ðyL1 ; bL1 ; bL2 j; ; ; xÞ
M

M

M

¼ fEL1 jW ðyL1

yLM1 ðx; Þ

bL1 j Þ  fBL1;2 jN ðbL1 ; bL2 j; xÞ:
M

(16)

This extension requires an assumption about the joint prior
of the bias at the layouts L1 and L2.
[30] With Bayesian inference using observed values of
YLM1 we then get instead of equation (9) the conditional density of the bias at all locations of the joint layout
L1;2 ¼ L1 [ L2 :
fBL1;2 jYL1 ;H;W;N ðbL1 ; bL2 jyL1 ; ; ; ; xÞ
M

M

/ fYL1 ;BL1 ;BL2 jH;W;N ðyL1 ; bL1 ; bL2 j; ; ; xÞ
M

M

M

¼ fEL1 jW ðyL1

yLM1 ðx; Þ

bL1 j Þ  fBL1;2 jN ðbL1 ; bL2 j; xÞ:
M

(17)

In this equation, L2 is used to specify at which values of
yLM2 þ BLM2 the density is to be evaluated. Equation (20) represents the prediction we are usually interested in. It describes
our knowledge about the true system output without observation errors at the locations of the layout L2, given observations of the output (with observation errors) at the positions
of the layout L1. This quantity is represented by the random
variable yLM2 þ BLM2 . The probability distribution of BLM2 jYLM1
will typically be narrow at points of the layout L2 that are
close to a point of the layout L1 (as the measurement provides a lot of information about such an output), whereas the
distribution will widen in the predictive range at points of
the layout L2 that are far away from any points of the layout
L1. In this context, ‘‘far’’ means beyond the length of the correlation structure of the bias. The distribution of yLM2 may
widen also in the predictive range. Both effects together
may lead to a signiﬁcant widening of the distribution of
yLM2 þ BLM2 jYLM1 at points of the layout L2 that are far from any
point of the layout L1.
2.2.2. Case With Normal Distributions
[32] Assuming normal distributions for observation
errors and bias (to be more precise for the discrete evaluation of the stochastic process representing the bias as a
function of continuous inputs, such as locations in space
and time) allows us to solve the integrals in equations (7)
and (18) analytically. This leads to the simplest implementation of the suggested technique.
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2.2.2.1. Likelihood Function
[33] Following the literature on statistical bias description [Craig et al., 1996, 2001; Kennedy and O’Hagan,
2001; Higdon et al., 2004; Bayarri et al., 2007] we assume
normally distributed observation errors with mean zero and
covariance matrix EL ð Þ
L

fEL jW ð j Þ ¼ p

1
2

1

nL

p
exp
det ðEL ð ÞÞ



1 L T
ð Þ EL ð Þ1 L
2



(21)

and a Gaussian stochastic process to describe our prior
knowledge of the bias that results in a normal distribution
when evaluated at the observation layout L
1
1
fBLM jN ðbL j; xÞ ¼ p nL q
2
det ðBL ð; xÞÞ
M




1 L T
ðb Þ BLM ð; xÞ1 bL :
2

 exp

(22)

is used. The correlation structure in the second row of equation (24) is often only applied to the same physical outputs
evaluated at different points in time and/or locations. These
are then formulated as components of x. In equation (24)
we assume that x is a matrix with columns for different continuous input variables (e.g., time and space coordinates)
and rows for the different components of the observation
layout, L. The parameters  k in equation (24) describe the
smoothness of the bias in input dimension k and the exponent k is often chosen to be equal to 2. We will use the covariance structure (24) with k ¼ 2 in our examples in
sections 4 and 5, but the theoretical development in this section is independent of the speciﬁc form of BLM .
[36] Substituting equations (21) and (22) into equation
(7) and evaluating the integral analytically leads to the following likelihood function (see Appendix A for technical
details):

EL ;i;j ð ; xÞ ¼

0

if i 6¼ j

EL ;i ð Þ2

if i ¼ j:

1

fYLM jH;W;N ðyL j; ;;xÞ ¼ p

2



[34] The covariance matrix of the error model is often
assumed to consist of the variances of the observation
errors at the different points of the observation layout without correlation :
(

(23)

Often, the standard deviations, EL ;i , will be assumed to be
the same for the same ‘‘type’’ of output variable and may
even directly represent the parameters (however, a function
parameterizing the dependence of EL ;i on external inﬂuence
factors using parameters
would also be possible). The
same ‘‘type’’ refers here to variables representing the same
physical model outputs, only distinguished by the location
and point in time of observation, whereas different types
would refer to different physical model outputs. We will use
the speciﬁc form of EL according to equation (23) in our
examples in sections 4 and 5, but the theoretical development
in this section is independent of this speciﬁc form of EL .
[35] The prior mean of the bias is also assumed to be zero
in equation (22). This is meaningful as known systematic
behavior of a system should be included in the formulation
of the deterministic model, yLM ðx; Þ, rather than shifted to
the bias. Please note that this does not indicate that we
assume there is no bias (the variance is not zero), but rather
that we do not know the sign of the bias a priori. To
describe systematic deviations of observations from model
results, it is meaningful to assume spatial and/or temporal
dependence of the bias contributions at the layout locations
at least between outputs of the same variable type. In the literature on statistical bias description cited above, often a
simple form of the covariance matrix with matrix elements

 exp

1 L
½y
2

detðEL ð Þ þ BLM ðÞÞ

yLM ðx;ÞT ðEL ð Þ þ BLM ðÞÞ1 ½yL


yLM ðx;Þ :
(25)

This likelihood function is not much more demanding to
evaluate than a likelihood function without consideration
of bias. The essential difference is the dependence on the
additional parameters  and the additional evaluation of
BLM ðÞ. Both aspects are usually of minor computational
signiﬁcance for Bayesian inference as long as the inversion
of EL þ BLM does not lead to numerical difﬁculties.
2.2.2.2. Inference
[37] According to equation (8), the posterior density of
the model parameters, given observations, yL1 , for the observation layout, L1, is proportional to the product of the
prior of the model parameters, fH;W;N , and the likelihood
function given by equation (25):
fH;W;NjYL1 ð; ; jyL1 ; xÞ / q
M

fH;W;N ð; ; Þ
det ðEL1 þ BL1 Þ
M


 exp

1 L1
½y
2

yLM1 ðx; ÞT ðEL1 þ BL1 Þ1 ½yL1
M


yLM1 ðx; Þ :
(26)

(note that the dependences of EL1 on and of BL1 on 
M
are not shown explicitly).
[38] The conditional distribution of the bias given by
equation (9) becomes a multivariate normal distribution
with mean
1 1
L1
E½BLM1 jYLM1 ; H; W; N ¼ ð1
 1
EL1 þ BL1 Þ
EL1  ðy
M

¼ BL1 ðEL1 þ BL1 Þ1  ðyL1
M

yLM1 ðx; ÞÞ
yLM1 ðx; ÞÞ
(27)

BLM ;i;j ð; xÞ ¼

>
: BLM ;i ðÞBLM ;j ðÞexp

1

nL q

M

8
0
>
<
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and covariance matrix

if yLi and yLj are of different type

X
else
k ðÞjxi;k xj;k j k

1 1
Var½BLM1 jYLM1 ; H; W; N ¼ ð1
EL1 þ BL1 Þ
M

k

(24)
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M

M
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REICHERT AND SCHUWIRTH: STATISTICAL DESCRIPTION OF BIAS

W09543

as can be derived from equation (A1) in Appendix A. The
second forms of the right hand sides of these equations
have numerical advantages as they only use the inverse of
ðEL1 þ BL1 Þ which had already to be computed earlier.
M
According to the equations (3) and (9) we get the corresponding results for the observation error:
E½EL1 jYLM1 ; H; W; N ¼ yL1

yLM1 ðx; Þ

Substituting the normal distributions with this mean and
variance-covariance matrix into equation (15) leads to the
ﬁnal predictive density for YLM2 jYLM1 :
1
fYL2 jYL1 ðyL2 jyL1 ;xÞ ¼ p nL2
M
M
2


E½BLM1 jYLM1 ; H; W; N

¼ EL1 ðEL1 þ BL1 Þ

1

 exp

yLM1 ðx; ÞÞ

L1

 ðy

M
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 ðyL2

(29)

1 L2
ðy
2

Z

fH;W;NjYL1 ð; ;jyL1 ;xÞ
M
q
detðVar½YLM2 jYLM1 ;H;W;NÞ

E½YLM2 jYLM1 ;H;W;NÞT  Var½YLM2 jYLM1 ;H;W;N1


E½YLM2 jYLM1 ;H;W;NÞ dd d :
(34)

and
Var½E

L1

jYLM1 ; H; W; N

¼

Var½BLM1 jYLM1 ; H; W; N

¼ BL1 ðEL1 þ BL1 Þ1 EL1 :
M

(30)

M

[39] According to equation (20), we get then the following density to characterize our knowledge of the true system output, yLM1 þ BLM1 , at the observation layout:
fyL1 þBL1 jYL1 ðL1 jyL1 ; xÞ ¼
M

M

M


 exp

1  L1

2

Z

fH;W;NjYL1 ð; ; jyL1 ; xÞ
1
M
p nL1 q
2
detðVar½BLM1 jYLM1 ; H; W; NÞ

yLM1 ð; xÞ

E½BLM1 jYLM1 ; H; W; N

 

L1

E½BLM2 jYLM1 ; H; W; N ¼ ðBL1;2 ÞL2 ;L1 ðEL1 þ BL1 Þ1 ðyL1

yLM1 ð; xÞ

E½BLM1 jYLM1 ; H; W; N



yLM1 ðx; ÞÞ

Var½BLM2 jYLM1 ; H; W; N

d d d:

¼ BL2
M

(31)

This equation uses the posterior expectation and variance of the bias according to equations (27) and (28)
and the posterior of the model parameters according to
equation (26).
2.2.2.3. Prediction
[40] Substituting the likelihood function (25) into the
equation for conditional predictions, (14), we obtain a normal distribution for predicted observations at layout L2
given observations at layout L1. This distribution has a
mean given by
E½YLM2 jYLM1 ; H; W; N ¼ yLM2 ðÞ þ ðEL1;2 þ BL1;2 ÞL2 ;L1
M

1

L1

 ðEL1 þ BL1 Þ ðy
M

yLM1 ðÞÞ
(32)

and a variance-covariance matrix
Var½YLM2 jYLM1 ; H; W; N ¼ EL2 þ BL2
M

1

 ðEL1 þ BL1 Þ ðEL1;2 þ
M

M

M

(35)

 Var½BLM1 jYLM1 ; H; W; N1


T

This equation with E½YLM2 jYLM1 ; H; W; N and Var
½YLM2 jYLM1 ; H; W; N according to (32) and (33) and
fH;W;NjYL1 ð; ; jyL1 ; xÞ according to (26) will be used in
M
section 3 to derive a numerical procedure for estimating the
distribution of new observations YLM2 jYLM1 . As shown in Appendix B by setting ðEL1;2 ÞL2 ;L1 ¼ 0 in the equations (32)
and (33) and EL2 ¼ 0 in equation (33), this equation also
provides the predictions of the ‘‘true’’ state yLM2 þ BLM2 jYLM1 .
[41] As shown in Appendix B, we can also derive mean
and variance-covariance matrix of bias and observation
error at layout L2 :

ðEL1;2 þ BL1;2 ÞL2 ;L1

BL1;2 ÞTL2 ;L1

M

:

M

(33)

(36)

ðBL1;2 ÞL2 ;L1 ðEL1 þ BL1 Þ1  ðBL1;2 ÞTL2 ;L1
M

M

M

E½EL2 jYLM1 ; H; W; N ¼ ðEL1;2 ÞL2 ;L1 ðEL1 þ BL1 Þ1 ðyL1
M

yLM1 ðx; ÞÞ
(37)

and
Var½EL2 jYLM1 ; H; W; N
¼ EL2

ðEL1;2 ÞL2 ;L1 ðEL1 þ BL1 Þ1 ðEL1;2 ÞTL2 ;L1 :

(38)

M

However, note that under the typical assumption of independent observation errors, the matrix ðEL1;2 ÞL2 ;L1 will be 0
so that the equations (37) and (38) degenerate to their priors. This is not true for the equations (35) and (36) as the
nondiagonal elements linking the two layouts ðBL1;2 ÞL2 ;L1
M
are essential for the bias.
2.2.2.4. Summary
[42] To summarize, the suggested calibration technique of a
deterministic model yLM ðx; Þ consists of the following steps:
[43] 1. Set-up a parameterization of the covariance matrix of the observation process in equation (21) and
(ideally) an informative prior of its parameters, W.
[44] 2. Specify a prior for the parameters N of the Gaussian process characterizing prior knowledge of the bias for
an arbitrary observation layout L (see equations (22) and
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(24)). The prior for the bias should reﬂect the degree of
bias we are willing to accept for the different output variables and it should reﬂect the desire to avoid bias if possible
by an increasing probability density with decreasing value
of the standard deviation.
[45] 3. Set-up a prior for the model parameters H.
[46] 4. Using observations yL1 for an observation layout
L1, derive the joint posterior of the parameters H, W and
N, and model bias, B, based on the equations (26), (27),
and (28).
[47] 5. For a ‘‘prediction layout,’’ L2, quantify the posterior knowledge about new observations, YLM2 jYLM1 , or about
the ‘‘true’’ system output, yLM2 þ BLM2 jYLM1 , according to
equation (34) using the equations (26), (32), and (33)
with either EL2 an estimate of the variance-covariance matrix of the observation error for the new layout or with
ðEL1;2 ÞL2 ;L1 set equal to zero for the ‘‘true’’ system output.
[48] The numerical implementation of this procedure is
described in section 3.

3.

parameters H, W, N from the distribution given by the
equations (32) and (33) with either using or omitting the
terms EL2 and ðEL1;2 ÞL2 ;L1 for sampling either from
YLM2 jYLM1 or from yLM2 þ BLM2 jYLM1 , respectively.

4.

L1 ¼ yL1

yLM1 ðx; Þ

bL1 :

(39)

[53] This results in a sample of the joint posterior distribution of all relevant variables H, W, N, B and E. This sample represents the probability distribution of our knowledge
about these variables given the observations. The knowledge of bias and observation error is here only available for
the observation layout, L1. See the next paragraph for the
generation of a sample representing the knowledge for a
different layout.
3.2. Prediction
[54] For prediction we ﬁrst follow the steps 1 and 2 of
the inference procedure outlined above for the observation
layout L1 with available data. We then replace step 3 of the
procedure by drawing for each realization, , , , of the

Didactical Example

[55] We demonstrate the performance of the suggested
approach with a relatively simple didactical example by
generating data with a more complex model than that we
use for calibration and prediction. The simpler model is
then biased and we can investigate the effect of different
priors for the bias that are used to specify trade-offs
between multiple calibration objectives.
[56] As a didactical example we use a simple model for
microbial growth in a continuously operated, stirred tank
reactor. Under the assumption of a simple growth parameterization, the microbes concentration, CM , and the substrate concentration, CS , fulﬁll the following mass balance
equations:
dCM
¼
dt
dCS
¼
dt

Numerical Implementation

3.1. Inference
[49] Numerical implementation of the technique
described in section 2 can proceed along the following
steps:
[50] 1. Maximize the posterior of the parameters H, W,
and N given by equation (26) using a global maximization
technique such as the Shufﬂed Complex Evolution (SCE)
algorithm [Duan et al., 1993], the Particle Swarm Optimization (PSO) algorithm [Kennedy and Eberhart, 1995; Trelea, 2003], or any other numerical optimization technique
[Nocedal and Wright, 2006]. This step improves the efﬁciency of the Markov chain sampling in the next step by
avoiding slow convergence to the posterior during a burnin phase.
[51] 2. Calculate a Markov chain Monte Carlo sample of
the posterior of the parameters H, W, and N given by equation (26) using the optimum derived in the preceding step
as a starting point [Gelman et al., 2004; Gamerman, 2006].
[52] 3. For each point of the Markov chain, apply equations (27) and (28) to draw a sample realization of the bias,
B and calculate the corresponding observation error according to

W09543

CS
CM exp ðc ðT T0 ÞÞ b CM q CM
K þ CS
(40)
CS
CM exp ðc ðT T0 ÞÞ þ q ðCS;in CS Þ
Y K þ CS

subject to the initial conditions
CM ð0Þ ¼ CM;ini

(41)

CS ð0Þ ¼ CS;ini

and the temperature variations
T ¼ T0 þ A sin ð2 ðt

0:25dÞÞ:

(42)

In these equations, CM is the concentration of microbes in
the reactor (ML 3), CS is the concentration of substrate in
the reactor (ML 3), t is time (T), is the maximum speciﬁc
growth rate of the microbes (T 1), K is the concentration of
substrate at which the microbes grow with half of their
maximum speciﬁc growth rate (ML 3), b is the speciﬁc
death rate of the microbes (T 1), q is the volumetric ﬂow
rate through the reactor per unit of reactor volume (T 1),
Y is the yield (produced amount of biomass per consumed
amount of substrate) (), CS;in is the concentration of substrate in the inﬂow (ML 3) (the concentration of microbes
in the inﬂow is assumed to be zero), T is temperature, T0 is
a reference temperature assumed to be 20 degree Celsius,
A is the amplitude of temperature variations, c is a temperature dependence coefﬁcient assumed to be 0.046 per degree
Celsius, CM;ini is the initial concentration of microbes in the
reactor (ML 3), and CS;ini is the initial concentration of
substrate in the reactor (ML 3).
[57] We generate synthetic data from this model for a
simulation period of 4 days with a temperature variation
amplitude of 4 C and an observation error of 0.5 in model
output units. We then try to estimate the parameters of a
simpliﬁed model without temperature dependence from the
data of the ﬁrst 2 days. Due to this simpliﬁcation, this
model is biased. This allows us, in the presence of known
bias, to discuss parameter estimates and model predictions
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for the full period of 4 days based on different model
assumptions.
[58] With the notation used in section 2, for outputs at
the times t1, . . . , tn, and for given inputs A and parameter c,
the solution to the system of differential equations (40) can
be formulated as a deterministic model function
yLM ðÞ ¼ ðCM ðt1 ; Þ; . . . ; CM ðtn ; Þ; CS ðt1 ; Þ; . . . ; CS ðtn ; ÞÞT
(43)

with the parameter vector  ¼ ( , K, b, q, Y, CS;in , CM;ini ,
CS;ini )T. The error model consists of independent normal
distributions with standard deviations ECM and ECS for the
variables CM and CS at all points in time. This leads to the
parameters ¼ ðECM ; ECS ÞT of the error model. Finally,
we assume a Gaussian stochastic process in time according
to equation (22) with standard deviations BCM and BCS for
each of the model variables CM and CS , for describing the
prior of the bias. Using the correlation time
1
¼p


(44)

instead of  to parameterize equation (22), leads to the parameter vector  ¼ ðBCM ; BCS ; ÞT for the bias. Note that
the correlation times could be different for the two variables but are kept equal in this example.
[59] Note that microbial growth and substrate consumption are coupled by the yield, Y (see the ﬁrst terms on the
right hand sides of the equation (40)). If the shapes of the
measured time courses of CM and CS are not perfectly
matching this constraint, this leads to a conﬂict between ﬁtting either CM or CS better. Such conﬂicts often occur in
environmental modeling. We use the priors of the bias in
CM and CS to specify how much bias we are willing to
accept in each of these variables. This illustrates how ideas
from multiobjective calibration are linked to bias description. To express our willingness to accept some bias but
also our desire to have as little bias as possible, we use
prior probability densities for the standard deviations of the
bias that decrease with increasing values. This leads to a
prior of the bias that favors small values unless there is
strong evidence for the presence of bias from the comparison of model results with data.
[60] We produced synthetic output data of this model
with the temperature dependence of microbial growth by
using the parameter values ¼ 4, K ¼ 10, b ¼ 1, q ¼ 1,
Y ¼ 0.6, CS;in ¼ 100, CM;ini ¼ 10, CS;ini ¼ 40, ECM ¼ 0.75,
and ECM ¼ 0.75.
[61] To simulate a (typical, but simpliﬁed) situation in
which the model is biased because not all relevant processes are taken into account, unless otherwise stated, we
use the simpliﬁed model that omits temperature dependence in the equation (40) for inference and prediction. For
Bayesian inference, we used independent lognormal priors
with the means at the correct values given above and standard deviations of 50% for all parameters , lognormal priors with the means at the correct values given above and
standard deviations of 10% for the parameters (assuming
that the accuracy of the sampling procedure and the measurement device is better known than the parameters of the
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deterministic model) and for the correlation time , and we
will compare different choices of the priors of the standard
deviations of the bias components BCM and BCS to illustrate the choice of different objectives regarding a better
representation of either CM or CS by the model. These priors for the standard deviations are represented by normal
distributions with mean zero truncated at zero to avoid negative values. The different choices correspond to different
standard deviations of these normal distributions.
[62] Figure 2 shows the results of the marginals of the
posterior parameter distribution for various choices of the
priors of the standard deviations of the bias in CM and CS .
The ﬁgure clearly shows that the choice of the prior of the
bias parameters has an effect on the marginal posterior distributions of all parameters. The direct effect is on the
posterior marginals of BCM and BCS which shift to larger
values for a larger standard deviation of the prior and to
smaller values for a smaller mean standard deviation (solid,
dashed and long-dashed lines). In this particular application,
the effect on the posterior marginals of the model parameters is not very large, as the nature of the bias (neglecting
daily temperature variations over a period of several days)
does not lead to deviations of the model that can be
accounted for by adapting parameter values. Ignoring bias
leads to signiﬁcantly narrower posterior marginals in particular for the parameters , b, q, CM;ini and CS;ini (dash-dotted
lines). This indicates overconﬁdence. Having in mind the
true values (indicated by vertical lines), overconﬁdence is
evident for the observation errors, ECM and ECS (true value
in the far tail of the posterior marginal) and also to some
degree for the parameter K. This effect of getting wrong estimates would be even stronger, if the model inadequacy could
be ‘‘corrected’’ by a choice of different parameter values (in
our example this would, e.g., be the case if we would simulate
only a fraction of a day instead of several daily cycles).
[63] Figure 3 shows the predictions of the simpliﬁed (biased) model for the true system outputs without observation
error, represented by the random variables yLM2 þ BLM2 jYLM1
and the predictions of potential observations, represented
by YLM2 jYLM1 . These predictions are calculated according to
equation (34), for three choices of the prior distribution of
the bias. The probability distributions represent our posterior knowledge about these quantities. The results demonstrate that (1) our posterior knowledge is much more
precise in time domains with data than in the extrapolation
range (this is a quite obvious result that is, however, not
represented by many calibration and uncertainty analysis
techniques applied in the environmental sciences), (2) that
the suggested technique is able to divide the residuals probabilistically into bias and observation error, (3) that in case
of conﬂicting objectives (good ﬁt of variable CM versus
good ﬁt of variable CS ) the prior standard deviation of the
bias is a crucial value for trading off one objective versus
the other (this effect is not very large in this example as the
systematic deviation resulting from neglecting temperature
variations over several days cannot be strongly reduced by
adapting the parameters of the model).
[64] (1) The top row of Figure 3 shows the results of the
deterministic model (long-dashed line), the median of the
predicted results (solid line) and the uncertainty bands
of our knowledge of the true state (dark gray areas) and of
the distribution of new observations (light gray areas)
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Figure 2. Prior (dotted lines, supported by light gray shading of the areas below the lines) and posterior
marginals (supported by dark gray shading of the areas below the lines) of the model parameters for
the cases with prior standard deviations of O'Bc and a 8 Cs equal to (0.5,0.5) (solid lines), (1,0.25) (Jong
dashed lines), (0.25,1) (dashed lines), and fo;' a (conventional) model that ignores bias (dash-dotted
lines). Vertical lines indicate the true values of the model parameters used for producing the synthetic
data (there are no true values of the parameters of the bias). Units are arbitrary in this didactical
example.

according to equation (34). Due to a very strong negative
correlation of the distribution of model results with that of
bias, we get much narrower uncertainty bands around the
observations than the bands of bias alone (compare with
rows 2 and 3 of Figure 3). This strong negative correlation
is a consequence of conditioning with the data. After the
observation period, the uncertainty bands widen strongly.
[6s] (2) The middle and bottom rows of Figure 3 show
our posterior knowledge of the bias (solid line and shaded
area) and observation errors (markers with error bars). It
becomes evident that within the observation period, the time
course of the bias can be identified. This leads to a mean of

the bias that is often different from zero and a smaller uncertainty band of the bias than within the extrapolation period.
When the data ends, the bias may still be centered at a different value than zero. This deviation decays within a time
span of a few correlation lengths, r, and the bias widens to a
width given by the identified parameters of the Gaussian stochastic process and their uncertainty.
(66] (3) The three fits shown in the three columns of
Figure 3 illustrate the dependence of the results on the prior
of the bias parameters. For a smaller prior of the standard
deviation of the bias for Cs than for CM we get a better fit
of Cs and, consequently, a smaller bias than for CM (middle
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Figure 3. Results of the simplified (biased) model without temperature dependence. The left column
represents results for truncated normal priors with standard deviations of (0.5,0.5) for O"Bo and O"Bes, the
middle column uses ( l ,0.25), and the right column (0.25, l ). (top) Observations used for Mcalibration are
marked by solid symbols, those not used for calibration by open symbols; output of the deterministic
model (long-dashed line), bias-corrected output (deterministic model plus bias; median as solid line,
95% credibility bounds as dark gray areas bounded by dashed lines), and prediction for new observations
(including observation error; median as solid line (same as for bias-corrected output), 95% credibility
bounds as dark and light gray areas bounded by dotted lines). (middle and bottom) Results of the median
and 95% credibility intervals for the bias (solid line and dark gray areas bounded by dashed lines) and
of the observation error (dots and vertical line segments) for the variables (Figure 3, middle) CM and
(Figure 3, bottom) Cs. Units are arbitrary, but the same in all panels.

column) and vice versa (right column) (as both variables
are assumed to have the same units, in this example we can
choose both standard deviations to be equal; this is done in
the left column). As mentioned before, this effect is not
very large in this particular example, as the systematic
deviations cannot strongly be reduced by adapting the
model parameter values. As discussed earlier, the bias estimates are strongly autocorrelated whereas the observational
errors are not.
(67] Finally, Figure 4 compares the results of the suggested technique shown in Figure 3 with a calibration of
the simplified, biased model without consideration of bias
(left column), with a calibration of the full, unbiased model
without consideration of bias (middle column), and with
the full, unbiased model but accounting for potential bias

(right column). The results in the left column clearly show
that the model predictions are overconfident (more than 5%
of the observations are outside of the light gray area for the
variable Cs) and that the identified observation errors are
strongly autocorrelated. Both of these violations of the statistical assumptions do not occur when considering bias
(see results shown in Figure 3). The results in the middle
row demonstrate that calibration of the correct model
works without consideration of bias; there is no obvious
violation of the statistical assumptions. Finally, the results
in the right column show that using bias unnecessarily for
an unbiased model does not cause strong problems. The
technique identifies some "bias," but the identified bias for
both variables, CM and Cs, is much smaller than in the case
of the biased model shown in Figure 3.
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Fi~ure 4. Resul.ts analogo~sly t? those .in Fi~e 3 for different model assumptions. (left) Simplified
(biased) model without consideration ofb1as. (middle) Complex (unbiased) model without consideration
of bias. (right) Complex (unbiased) model with consideration of bias.

5.

Application to River Water Quality Modeling

[68] To demonstrate the usefulness of the approach

described above for the evaluation of real, environmental
data, we applied it to a model that simulates time series of
dissolved oxygen, ammonium and nitrite in the River Glatt,
Switzerland [Berg, 1991]. The model is a simplified version
of the River Water Quality Model No. 1 [Shanahan et al.,
2001; Reichert et al., 2001; Vanrolleghem et al., 2001] focusing on dissolved oxygen and dissolved inorganic nitrogen compounds. As there was an emphasis on prediction
uncertainty in the didactical example in section 4, we
focused in this application on the effect of bias on parameter estimates and their uncertainty. This was motivated by
the reason for the sampling by Berg [ 1991] that intended to
provide data for investigating the dependence of model parameters on external influence factors. However, this section will not provide a comprehensive analysis of these
data sets. It rather discusses the methodology to evaluate
these data based on a single data set.
5.1. Study Site a nd Data
[69] The data set consisted of hourly online observations
of ammonium, nitrite, dissolved oxygen and temperature at

the upstream and downstream ends of a 9 km reach of the
River Glatt with only minor tributaries [Berg, 1991]. The
data from the upstream site as well as discharge and irradiance data were used as model input, the data from the
downstream site for model calibration.
5.2. Model Description
[10] The deterministic model consists of partial differential equations for cross-sectionally averaged water flow and
transport-reaction equations for the concentrations of dissolved oxygen, ammonium, and nitrite. It considers transformation of these substances through primary production,
respiration and nitrification and oxygen exchange with the
atmosphere across the water surface. Table 1 summarizes
process stoichiometry and process rates. This table is based
on the process table notation used for describing the River
Water Quality Model No. 1 of which this model is a submodel [Shanahan et al., 2001; Reichert et al., 2001; Vanrolleghem et al., 2001]. We applied the parameterization of
the Monod-term of nitrification suggested by Ratkowsky
[1986] to facilitate parameter estimation.
[11] The stoichiometric coefficients v in Table 1 were
derived from assumptions about the mean chemical composition of organic material, algae and bacteria [McCarty,

13 of20

W09543

REICHERT AND SCHUWIRTH: STATISTICAL DESCRIPTION OF BIAS

W09543

Table 1. Process Table of the Nitrogen and Oxygen Modela
Substances
Process
Primary production
Respiration

O2 gO m
1
1

First step of nitriﬁcation

N1;O2

Second step of nitriﬁcation

N2;O2

Gas exchange

1

3

NHþ
4 gN m
fNH4

NO
2 gN m

3

NO
3 gN m

3

ð1

P;NH4

fNH4 Þ

3

P;NO3

1
1

CNH4 þCNO3
w
PI KProd;N
þCNH4 þCNO3 A
w
R KR;O2CO2
þCO2 A
CNH4
CO2
N1;1 CNH4 þN1;2 KN1;O2 þCO2
CNO2
CO2
N2;1 CNO2 þN2;2 KN2;O2 þCO2

R;NH4

1

Rate

1

K2 ðCO2sat

w
A
w
A

CO2 Þ

a

See text for explanations.

1975; Stumm and Morgan, 1981] according to the procedure
outlined in Reichert and Schuwirth [2010]. The half-saturation concentrations for oxygen were set to a ﬁxed value of
KN1;O2 ¼ KN2;O2 ¼ KR;O2 ¼ 0.5 g m 3. The simulations
were insensitive to these values, because the oxygen concentrations in the river were most of the time signiﬁcantly
above 5 g m 3. Oxygen limitation was only included to
make the model general enough for application to rivers
with low dissolved oxygen concentrations. The gas exchange
parameter K2 along river reaches and the exchange efﬁciency, E, at river cascades are temperature and discharge
dependent and were estimated from tracer experiments (see
discussion in the next paragraph). The parameter fNH4 is the
fraction of NHþ
4  N uptake of primary producers (depend
N and NO3  N concentrations in the river),
ent on NHþ
4
w and A are river width and cross sectional area, and I is the
photosynthetically active radiation. The parameters P, R,
N1;1 , N1;2 , N2;1 , N2;2 used in the transformation rate of primary production, respiration, and nitriﬁcation were included
in the parameter estimation procedure.
[72] The joint estimation of the production parameter, P,
respiration parameter, R, and the gas exchange parameter, K2
is difﬁcult because of identiﬁability problems [Brun et al.,
2001; Reichert et al., 2009]. In order to overcome these problems, the gas exchange parameter was estimated by experiments with volatile organic compounds [Cirpka et al., 1993]
and by SF6 tracer experiments [Uehlinger et al., 2000]. This
led to a parameterization of the gas exchange parameter, K2,
along river reaches and of the gas exchange efﬁciency, E, at
river cascades. For this study, we used the parameterization
given by Uehlinger et al. [2000] but multiply the exchange
rates with a factor fO2;ex that is used to account for the uncertainty of these parameterizations.
5.3. Model Comparison
[73] In order to analyze the effect of considering bias and
multiple modeling objectives, the performance and results
of three cases of model assumptions were compared.
[74] (A) The model described in section 5.2 with observation error but without considering bias.
[75] (B) The model with observation error and bias,
using different priors of the standard deviations of the bias
in each of the model output variables, but the same for each
variable at different points in time.
[76] (C) The model observation error and bias with a
time-varying prior of the standard deviation of the bias to
account for higher model uncertainty at times of the day
with more rapidly changing dissolved oxygen concentrations

than during early afternoon and night when concentrations
are less variable. This application demonstrates the trade off
between multiple calibration objectives even within a time
series of a single model variable.
5.4. Prior Distribution
[77] Prior information of the model parameters of the
deterministic model, H, was formulated by the relatively
wide marginal distributions given in the upper part of Table 2
to account for the high prior uncertainty due to the dependence of model parameters on the poorly known density of
benthic algae and nitriﬁers. As the gas exchange parameters
were measured carefully, the parameter fO2;ex was assumed to
have a much smaller relative uncertainty. The prior marginals
of the parameters of the observation error model for the concentrations of O2, NHþ
4 and NO2 are given in the middle
part of Table 2. Finally, the prior marginals of the parameters
of the bias model are given in the lower part of Table 2. The
joint prior distribution of the parameters was assumed to be
the independent combination of all required marginals (the
model ignoring bias does not need priors for parameters of
the bias model).
[78] We compared the performance when using model
assumptions A (see section 5.3) without consideration of
Table 2. Prior Marginals of the Parametersa
Name
P
R
N1,1
N1,2
N2,1
N2,1
fO2,ex
E,O2
E,NH4
E,NO2
B,O2
B,NH4
B,NO2
a

Unit

Distribution

Mean

SD

(gOs)/(m Ed)
gO/(m2d)
(m2d)/gN
dm 1
(m2d)/gN
dm 1
gN m 3

Lognormal
Lognormal
Lognormal
Lognormal
Lognormal
Lognormal
Lognormal

0.01
20
0.1
0.1
0.1
0.1
1

0.02
40
0.2
0.2
0.2
0.2
0.1

Lognormal
Lognormal

0.05
0.025

0.005
0.0025

Lognormal
Exponential
Exponential
Exponential
Lognormal

0.01
0.1b
0.05
0.02
0.2

0.001

gO m
gN m

3

gO m
gN m
gN m
d

3

3

3
3

0.04

Prior marginals of the parameters, H, of the deterministic model (upper
part; see Table 1 for their meaning), of the parameters W of the error
model (middle part; see equations (21) and (23)); and of the parameters N
of the error model with consideration of bias (lower part; see equations
(22) and (24) with k 2 and  k 1= 2 ).
b
For option C (see section 5.3) 0.025 during the night and early afternoon and 0.4 otherwise.
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bias with the two cases B and C of considering bias. For
the cases B and C with explicit consideration of a bias term
we used the additional prior marginals listed in the lower
part of Table 2. T hese marginals consist of informative priors for r and exponential priors for the standard deviations
of the bias. As we are primarily interested in accurate representation of the dissolved oxygen amplitude and less in a
precise timing of the daily increase and decrease, for case
C we specified narrower priors of the standard deviation of
the bias of dissolved oxygen during the night and early
afternoon compared to concentrations during the steep
increases and decreases.
5.5. Model Implementation
[19] The model was implemented in the computer
program AQUASIM (version 2.lf) which was developed
for the identification and simulation of aquatic systems

p

[Reichert, 1994]. The spatial discretization of the model
was designed to describe the river section of the River
Glatt, Switzerland, between Hochfelden and Rheinsfelden.
To account for maj or drops, the modeled reach was divided
into nine river compartments linked by advective links.
The parameter estimation was performed using the statistics and graphics package R (see http ://www.r-project.org).
This program was linked to the simulation software
AQUASIM by the interface described by Reichert (2006].

5.6. Results
[so] Figure 5 shows the prior and posterior marginals of
all model parameters for the three cases of not considering
bias (A), considering a constant bias (B), and using a timedependent prior of bias for dissolved oxygen concentrations
to more precisely represent the objectives of the modeler as
explained in section 5.4 (C). The most striking difference is
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Figure 5. Prior parameter marginals (dotted lines) and posterior marginals for a model without consideration of bias (case A; dash-dotted lines), for a model with constant prior bias (case B ; short dashed
lines) and with a time-varying bias (case C; solid lines). See Table 2 for the units.
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the overestimation of the observation error (with standard
deviation O'E) when ignoring bias in the model description
compared to the prior as well as to the other sets of assumptions. In addition, the width of the marginals of all the six
model parameters in the first two rows in Figure 5 is
smaller when ignoring bias then for the cases that consider
bias. This is an indication of a potential underestimation of
parameter uncertainty when ignoring bias. The posteriors
of the parameter / o2ex are nearly the same for all cases and
very close to the prior. This indicates poor identifiability of
this parameter. As mentioned before, this is an expected
outcome. The purpose of including this parameter into the
analysis was to consider the effect of its uncertainty on the
estimates of the other parameters. In contrast to the significant differences between the posteriors of the case A without bias to the cases B and C with consideration of bias, the
differences between the posteriors for the cases B and C
(constant and time varying priors of the bias) are much
smaller. The main differences are for two of the four nitrification parameters and, obviously, for the standard deviation
of the bias (the standard deviation of the bias during the
night and early afternoon, denoted by O'Bc02.,,.a1c is only
·
needed for case C).
(81] Figures 6 and 7 show the results corresponding to
the maximum posterior parameter estimates for the first
two cases A and B. The results for case C are not shown as
they are nearly identical to those of case B. Although the
top row of Figure 6 shows that the model is able to describe
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5.7. Discussion
(82] This example clearly demonstrates that bias can be
relevant for models that are used to describe observed environmental data. It also showed that the choice of the prior
for the bias introduces subjectivity into a calibration procedure that would not be present in the absence of bias. In
this particular application, the results were not very sensitive to this choice. The choice of the prior of the bias can
be seen as a way to weigh different calibration objectives.
This links the suggested bias description technique to multiobjective model calibration.
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the key pattern of the data, the bottom row clearly indicates
a high autocorrelation of the residuals over many hours and
an average size of the residuals larger than expected for the
observation error (quantified by its prior). Both observations are indications for the presence of bias. Figure 7
shows the same results when considering bias with the
same prior over the whole simulation period. Obviously,
the observation errors are now much smaller and less correlated. They still show some heteroscedasticity (larger values during the peaks) that could probably be removed by
transforming results and observations before applying the
approach with a constant standard deviation of bias.
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Figure 6. Model without consideration of bias (case A). (top) Data (markers) and maximum posterior
simulation results of the deterministic model (solid lines). (bottom) Residuals corresponding to the maximum posterior parameter values.
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Figure 7. Model with constant bias (case B). (top) Data (markers) and maximum posterior simulation
results of the bias-corrected model (deterministic model plus estimated bias; solid lines) and of the
uncorrected model (output of the deterministic model without correction; dashed lines). (bottom) Estimated observation errors (markers) and estimated mean bias (solid line) both corresponding to the maximum posterior parameter values.
2001; Higdon et al., 2004; Bayarri et al., 2007] with ideas
underlying multiobjective model calibration techniques
[Gupta et al., 1998; Yapo et al., 1998; Madsen, 2000;
Madsen et al., 2002; Gupta et al., 2003; Boyle et al.,
2003; Vrugt et al., 2003; Efstratiadis and Koutsoyiannis,
2010]. By combining the experience in the literature with
the theory and examples outlined in this paper, we can
draw the following conclusions:
(84] 1. As demonstrated by the application in section 5
and based on many similar experiences documented in the
literature, results of deterministic, environmental models
are nearly always biased and this bias is often larger than
the observation error. (As an example, see residuals in the
bottom row ofFigure 6.)
[8s] 2. If there is bias, not accounting for it in the model
description can lead to biased parameter estimates and to an
underestimation of parameter and prediction uncertainty.
(See the narrower posterior marginals for most of the model
parameters when not accounting for bias (dash-dotted lines)
in Figures 2 and 5; some of these marginals indicate overconfidence by having only minor overlap with the true value
indicated by the vertical line in Figure 2.)
(86] 3. There is an identifiability problem between model
and bias (usually not between model plus bias and observation error, as the different statistical properties support
identifiability). This identifiability problem can partially be
resolved by specifying a meaningful prior for the bias. Set-

ting the prior mean of the bias to zero takes into account
the requirement that known behavior should be considered
by the model (note that the posterior mean of the bias will
typically not be zero). In addition, the prior probability density of the standard deviation of the bias should typically
decrease with increasing values to support the description
of the main features of the data by the model, not the bias.
(See the narrower confidence bands for our knowledge of
the true state represented by the predictions for model plus
bias than those for the bias alone in Figure 3. This indicates
a large negative correlation between bias and parametric
model uncertainty that results from this identifiability
problem.)
(87] 4. Despite these guidelines for specifying a prior of
the bias, the presence and consideration of bias leads to
subjectivity in model calibration as we have to choose how
much bias to accept in which model output variable or in
which temporal and/or spatial domains of a single output
variable. This choice is difficult, but it makes explicit what
an expert does implicitly in manual model calibration. (See
the differences in inference results in Figures 2 and 5 for
the different priors of the bias and the resulting differences
in model results.)
(88] 5. The choice of the prior of bias in different output
variables (or temporal or spatial domains of output variables) links statistical bias description to ideas underlying
multiobjective model calibration. In this sense, statistical
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bias description can be viewed as providing a statistical
foundation for weighing multiple objectives in model calibration. In contrast to multiobjective calibration techniques
the suggested technique easily makes it possible to derive
probabilistic quantiﬁcation of our knowledge about output
variables and their observation both during calibration and
prediction periods. (See the speciﬁcation of priors for the bias
according to the modeling objectives in sections 4 and 5.)
[89] 6. The technique discussed in this paper is a computationally efﬁcient and relatively simple way to address
bias and can thus be recommended as a universal technique
to consider bias in model output. This is certainly much better than ignoring bias as it is still mostly done in environmental modeling. However, the choice of adequate priors
for bias parameters and the choice of how to extrapolate the
bias into the future remain challenges that cannot easily be
resolved without addressing the causes of bias.
[90] 7. In addition to having available a universal, simple
and computationally cheap technique to consider bias as outlined in this paper, we need to strengthen research efforts
that support the improvement of the mechanistic basis of the
model to reduce bias. This requires gathering and including
more knowledge about the structure and function of the system described by the model and adequately considering input
and structural uncertainty [Kavetski et al., 2006a, 2006b;
Kuczera et al., 2006; Renard et al., 2011]. Complementing
the knowledge of experts about the system described by the
model, there are also statistical approaches that can support
the identiﬁcation of model structure deﬁciencies [Vrugt
et al., 2005; Vrugt and Robinson, 2007; Lin and Beck,
2007; Reichert and Mieleitner, 2009; Renard et al., 2010;
Bulygina and Gupta, 2011]. However, in many cases, even
when considering the most relevant sources of uncertainty
explicitly, use of the technique suggested in this paper will
still be required to adequately deal with the remaining bias.
[91] In summary, based on pioneering work in the statistical community, we suggest a technique that accounts for
the consideration of bias in model output and the need of
weighing different calibration objectives (arising due to the
presence of bias). This technique is universally applicable
and can be implemented efﬁciently. The most severe challenges in applying the suggested approach are the choice of
the priors of bias parameters to reﬂect multiple modeling
objectives, the extrapolation of the stochastic bias process
into the future, and the lack of knowledge about bias of variables for which no observations are available. To our
knowledge, the suggested approach provides the ﬁrst
attempt of bringing elements of multiobjective model calibration into a framework that allows us to derive probabilistic model predictions and consider bias in model output.
Bias in model output should ideally be addressed by
improving the model and accounting for input uncertainty.
However, there will nearly always be remaining bias that
requires the suggested technique to be applied.
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normal density in bL that depends on yL and a (marginal)
normal density in yL :
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(A1)

As the integral of
the exponential term quadratic in bL is
p nL q
equal to 2 = det ðEL1 þ BL1 Þ (integral of a nonnorM

malized normal density), we get the following analytical
expression for the likelihood function of the parameters
only (7):
1

fYLM jH;W;N ðyL j; ; ; xÞ ¼ p

2


 exp

1 L
½y
2
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1
q
det ðEL þ BLM Þ

yLM ðx; ÞT ðEL

1

L

þ BLM Þ ½y



yLM ðx; Þ

:

(A2)

This is the obvious result of adding two independent
normal distributions. The explicit derivation given by equation (A1) was still required as we will need it to separate
observation error and bias in equations (27) to (30). For
notational convenience, we did not show the dependences
of EL on and of BLM on  in this appendix.

Appendix A: Derivation of the Likelihood
Function

Appendix B: Prediction

[92] Using the normal distributions (21) and (22), the
joint density of observed output and bias according to equation (5) can be transformed into a product of a (conditional)

[93] To derive the predictive density of the ‘‘true’’ output
without observation error, we ﬁrst write the density of the
joint predictions of observations at layout L1 and bias at
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both layouts L1 and L2 according to equation (16) as an
extension of equation (A1)

manipulations under the use of the inversion formula for
block matrices. Integrating out bL1 in equation (B1) shows
that equations (B2) and (B3) represent the mean and covariance matrix of the conditionally predicted bias.
[95] Substituting the equations (35) and (36) into equation
(20) leads to our ﬁnal predictive probability density for
yLM2 þ BLM2 jYLM1 :
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BM

ðBL1;2 ÞL2 ;L1 ðEL1 þ BL1 Þ1 ðBL1;2 ÞTL2 ;L1 :
M

M

(B6)

M

However, note that under the typical assumption of independent observation errors, the matrix ðEL1;2 ÞL1 ;L2 will be
zero so that the equations (B5) and (B6) degenerate to their
and
Var½EL2 jYLM1 ;
priors
E½EL2 jYLM1 ; H; W; N ¼ 0
H; W; N ¼ EL2 . This is not true for the equations (35) and
(36) as the nondiagonal elements linking the two layouts
ðBL1;2 ÞL2 ;L1 are essential for the bias.
[97] Acknowledgments. We thank Carlo Albert, Mark Honti, three
reviewers, the associate editor and the editor for their constructive comments that led to signiﬁcant improvements of the paper.
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equations (32) and (33) and EL2 ¼ 0 in equation (33).
[96] Analogously to the equations (B2) and (B3) we can
derive mean and variance-covariance matrix of the observation error at layout L2 :
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M

[94] Note that the derivation of the last form of the right
hand sides of these equations requires considerable algebraic
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