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Abstract

Two approaches to simulations of phonon properties of solids beyond the harmonic approxima-
tion, the Self-Consistent ab-initio Lattice Dynamics (SCAILD) and Decoupled Anharmonic Mode
Approximation (DAMA) are critically benchmarked against each other and molecular dynamics
simulations using a density-functional-theory description of electronic states, and compared to
experimental data for fcc aluminium. The temperature-dependence of phonon dispersion and the
phonon density-of-states, heat capacity, and the mean atomic displacement for fcc aluminium are
examined with these approaches at ambient pressure. A comparison of results obtained with the har-
monic approzimation to the ones predicted by SCAILD and DAMA reveal a negligible anharmonic
contribution to phonon frequencies, a small, but significant influence on heat capacity, and a strong
effect on atomic mean-square displacement. The phase space accessed with SCAILD and DAMA s
reduced relative to molecular and harmonic lattice dynamics simulations. In particular the DAMA
results are in good agreement with displacement amplitudes determined by the Debye- Waller factor

in X-ray diffraction experiments.

I. INTRODUCTION

Electronic and structural properties of metallic aluminium are well reproduced by Kohn-
Sham (KS) density-functional-theory (DFT) [e.g., 1-3], because of a small number of valence
electrons and free-electron like properties of electronic states with low dispersion. Aluminium
has thus served as a reference system for the development and testing of new theoretical
and computational approaches [e.g., 4, 5]. At ambient conditions, aluminium crystallises
in the face center cubic (fecc) structure, in which it is stable up to the melting point (Thy =
933 K) [6]. Physical properties of aluminium are well known experimentally over a wide
temperature (T') range, including phonon dispersion curves [e.g., 7] and density-of-states,
the latter available up to 800 K [8]. Also, the Debye-Waller (DW) factor has been measured
by X-ray diffraction up to Ty [9] which provides access to the atomic dynamics in the system,
as electron-electron and electron-phonon contributions to the DW factor are expected to be
negligible for aluminium, documented by the Debye-like behaviour of electronic conductivity

well beyond the T-range considered here [e.q., 3, 10]. Combined, high-quality T-dependent
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phonon data and mean atomic displacements for aluminium provide a well defined system
for testing the performance of computational methods for simulations of metallic solids and
the quantification of anharmonic effects in particular.

Thermodynamic and thermo-elastic properties of crystalline materials have usually been
modeled at the DFT level either by using the molecular dynamics (MD) or the harmonic
lattice dynamics (h-LD) approach. In MD, atoms in a supercell are propagated as classical
particles according to the Hellmann-Feynman forces acting on them [11], and the ensemble
average of physical properties is obtained by averaging a time series of atomic configurations
based on the ergodic theorem [12]. As a consequence, MD simulations fail to describe low-T
properties of materials, i.e., below the Debye temperature (©p = 428 K for Al [13]), where
quantum effects matter. By contrast, h-LD computes effective phonon frequencies w for the
eigenmodes which are T-independent and populated according to Bose-Finstein statistics,
taking the quantum-nature of lattice vibrations into account. This approach is implemented
either in linear response theory [14] or the finite displacement method, e.g., the PHON [15]
or PH [1}] codes. The LD approach is appealing for a number of reasons:

i. Phonon frequencies can be directly compared to measurements.

1. By integrating the phonon density-of-states, or directly computing the partition sum,
one has direct access to the vibrational contribution to Helmholtz energy (Avip), while

the computation of energies from MD simulations requires thermodynamic integration

le.g., 1, 16, 17].

11 Simulations of thermodynamic properties by LD require significantly less computational

resources as fewer configurations are evaluated compared to MD.

The major drawback of h-LD is the fact that it does not account for T-dependence of
lattice vibrations and fails completely when the potential energy surface shows negative cur-
vature. To address this shortcoming, a number of strategies have been pursued to generalise
the LD method for applications in which anharmonicity contributes significantly to the vi-
brational behaviour. The available methods range from using anharmonic force constants
derived from multiple displacement amplitudes, as implemented in the ALAMODE code

[18], to iteratively optimizing Ay in an inherently harmonic potential and computing an
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atomic probability distribution, the STOCHASTIC SELF-CONSISTENT HARMONIC APPROX-
IMATION (SSCHA) [19]. Within generalised LD approaches, the SELF-CONSISTENT AB-
INITIO LATTICE DYNAMICS (SCAILD) method [20] and the DECOUPLED ANHARMONIC

MODE APPROXIMATION (DAMA) [21] can be viewed as two endmembers:

i. SCAILD self-consistently determines the mean atomic displacement at given T by
searching for the repulsive region of the potential. In that region the effective force
constants are obtained. The harmonic approrimation is then applied to calculate the
crystallographic eigenmodes; SCAILD thus partly accounts for the anharmonicity of
the atomic displacement along the mode-eigenvectors as well as for the coupling of

different modes (phonon-phonon interactions).

1. DAMA stays within the independent phonon approxzimation by decoupling the vibra-
tional modes using the harmonic mode eigenvectors, but accounts for the full potential

along these directions.

In this work, we use DAMA and SCAILD to compute phonon w and physical properties of
solid aluminium at ambient pressure. Results are compared to MD simulations and experi-
mental data. Due to the stability of the fcc structure, anharmonic effects are less pronounced
than those typically found in crystals that are dynamically stable only at high T', including
the bce phase of some group-1V metals (titanium, zirconium and hafnium) [22-27]. For alu-
minium, we explore the influence of anharmonicity on the T-dependent phonon w, the heat

capacity and mean atomic displacement.

II. METHODS

Sitmulations of aluminium in the fcc structure are performed at T = 500 K, 700 K and
900 K, i.e., above ©p. Lattice parameters at T are taken from the DAMA results (Figure
1) in all other approaches. The simulation supercells contain 32 cells for PH and DAMA
(4 x4 x2), 64 cells for PHON and SCAILD (4 x 4 x 4) and 256 atoms for MD (4 x 4 x 4
of the conventional unit cell). SCAILD and DAMA simulations are based on initial guesses
of the eigenvectors from h-LD results obtained with PHON [15] and PH [1}], respectively.
Molecular dynamics simulations are performed in the canonical ensemble, keeping the number

of atoms N and the cell volume V' fized; T is controlled by a Nosé thermostat [28, 29]. The
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equations of motion are integrated with a time step of 1 fs, and equilibrium trajectories
comprise 20 ps.

Energies and Hellmann-Feynman forces are evaluated with KS-DF'T based methods. The
electronic structure is calculated with a plane-wave basis set, using the VIENNA AB-INITIO
SIMULATION PACKAGE (VASP) [30] for the PHON, SCAILD and MD simulations, and
QUANTUM ESPRESSO [31] for PH and DAMA. The generalised gradient approzimation [32]
is used to describe the exchange and correlation potential combined with ultrasoft pseudopo-
tentials [33, 34] for a 3s*3p' valence electron configuration. Reciprocal space is sampled with
the I'-point for MD, and a 4 x 4 x 4 Monkhorst-Pack grid for the LD-based methods, respec-
tively. Iterative optimisation is performed to enforce convergence of total energy to < 1076
eV/atom and that of the Hellmann-Feynman forces to < 107* eV/A.

In SCAILD simulations the eigenvectors obtained with the PHON code provide an initial
guess for the collective displacement of the atoms using the SCPH software [20]. These
are used to excite all phonon modes that are commensurate with the supercell by varying
displacement amplitudes depending on w and T. Resulting forces are projected onto the
polarisation vectors of the phonon modes to determine effective w. This procedure is iterated
until all w are converged. Here we use an w-difference of 1 GHz as a convergence criterion,
which typically can be achieved within 20 iterations. Tests with smaller (3 x 3 x 3) and
larger (5 x 5 x 5) supercells show slight shifts in the phonon dispersion curves, mostly due
to different reciprocal space vectors q being commensurate with the cell, but the resulting
phonon density-of-states obtained with different supercells are indistinguishable.

In the DAMA simulations, the total energy is evaluated from configurations with atoms
displaced along the eigenvectors of harmonic vibrational modes. The resulting energy curves
(vs. atomic displacement) are used to calculate the anharmonic eigenstates. Convergence
of low-energy phonon excitations is critical for an accurate determination of Ay, while
numerical errors due to the energy contribution of higher-w states are suppressed in the
population statistics. With an energy cutoff of 30 eV for vibrational energies, differences in
w in the DAMA simulations are also converged to within 1 GHz.

For the purpose of this study we have extended the DAMA formalism to reciprocal space
sampling (q-DAMA). The previous implementation was restricted to I'-point sampling [21],
and it only permitted the computations of eigenstates at q-vectors commensurate with the

supercell setup. In q-DAMA, a linear-response calculation is performed and the full linear-
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FIG. 1. Temperature dependence of lattice constant for fee aluminium. Results from DAMA
simulations (blue) at T = 500 K (2.879 A), T =700 K (2.896 A) and T = 900 K (2.913 A) are
compared to experimental data [36] (black) and [37] (grey). Inset: Lattice constant determination
at T = 700 K by Helmholtz energy minimisation from a discrete set of V and fit by a second-
order polynomial to the results. Results show a marginally lower coefficient of thermal expansion

a=252x10"% K~ than experiments with o = 26.6 x 1075 K1 [36, 38].

response Hamiltonian is retained; then a set of q-points and calculated harmonic polarisation
vectors €*(q) (for atom number s and coordinates x ) are transferred to a supercell commen-
surate with the q-point grid. In this cell, vibrational modes along the polarisation vectors
€**(q) are compuled using the full Hamiltonian. Following the same approach as in harmonic
theory [15, 35], the phonon dispersion is interpolated between the discrete set of q-vectors at
which they are evaluated explicitly.

The influence of anharmonic effects is evaluated comparing phonon properties computed
with SCAILD and DAMA to the resulls of the underlying harmonic approximation (i.e.,
PHON and PH, respectively).
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III. RESULTS AND DISCUSSION

A. Phonons

Phonon dispersion curves computed by h-LD using the PHON and PH codes closely repro-
duce previously computed dispersion curves [39] for fcc aluminium and low T data (80 K)
from neutron diffraction experiments [7] (Figure 1 in the supplemental material). Small
differences in w between PHON or PH arise from the implementations of the small displace-
ment method and the numerical strateqy for diagonalization in the respective codes, as well as
the underlying electronic structure computations and the slightly different pseudopotentials
used. The overall agreement of computed w in both sets of simulations with low T neutron

diffraction data shows the robustness of h-LD for phonon calculations in Al.

Increasing T with associated lattice expansion lead to a shift of w to lower values due to
a decrease in strength of interatomic interactions (Figure 2; Figure 2 of the supplemental
material for a comparision of the phonon-density-of-states each method with experiment).
For the PHON simulations, the density-of-states (evaluated with a smearing of 0.5 THz)
shows a bimodal distribution with mazxima in the range between 4.0-4.5 THz and around
8.0 THz. With increasing V' (or equivalently T'), they shift to slightly lower w (Figure 2 in

the online supporting material).

The maximum above 4.0 THz reflects T-averaged mazima in w for the transverse acoustic
(TA) modes at high symmetry points at the Brillouin zone boundary, X (0, 1/2,0), L (1/2,
1/2, 1/2) and K (3/8, 3/8, 3/4), as well as a nearly dispersionless branch along X-K.
The mazimum near 8.0 THz represents the longitudinal acoustic (LA) branch at X and
L, with some contribution from the maximum along the K-I' direction, consistent with the
analysis of experiments [e.q., 40]. The phonon density-of-states are qualitatively consistent
with the neutron diffraction data [8], although the neutron experiments show the mazimum
representing the TA modes just below 5 THz both at T =525 K and T = 775 K (Figure 2).

At 500 K, phonon dispersion curves and especially phonon density-of-states (Figure 2) of
the harmonic approximation, SCAILD and DAMA differ only slightly, which indicates that
thermal excitations and atomic displacement amplitudes are small and thus anharmonic

effects are negligible (Section IIIC). If we compare the phonon density-of-states between
PH and SCAILD at T = 900 K (Figure 2 d-f), the blue-shift of modes due to smaller
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atomic displacement in SCAILD becomes significant. This blue-shift is small not only for
T = 500 K, but also for 700 K, where thermal excitations and therefore vibrational amplitudes
are reduced. A subtle increase in the phonon density-of-states at intermediate w — shifting
from 6.2 THz (T =500 K) to 6.6 THz (T = 900 K) — is visible in all simulations and the
neutron experiments at T = 525 K; its origin can not directly be deduced from dispersion
curves along the high symmetry directions in the Brillowin zone, but is also visible in the
experiments at 80 K [40].

The shape of the phonon density-of-states and maxima at T = 500 K from neutron
experiments [8] are better reproduced by the DAMA than the PHON or SCAILD simulations
(Figure 2). However, in the experiments maxima are less pronounced and broader, and a
significant contribution persists to larger w. These features suggest that in the experiments
higher-order contributions are not completely filtered out. This could also cause the scattering
visible in the experimental data.

The changes of mode frequencies with V' can be quantified with the mode Grineisen pa-
rameter vq, = —0 (Inw (q,v)) / (0InV), in which the frequency w for mode v is evaluated.
These values are reported in Table I at the high-symmetry boundary points of the Brillouin
zone, X and L (Figure 2). The LA mode shows a significantly larger ~ than the TA mode.
Differences in ~ between the PHON and PH results reflect the variability of w in the har-
monic approximation already discussed. Positive values of v indicate a red-shift of phonon
modes (decreasing w), directly visible in the phonon dispersion curves (Figure 2; Figure 1 in

the supplemental material).

X point L point

LA mode TA mode|LA mode TA mode

PHON 1.92 2.90 2.03 2.88
PH and DAMA| 1.87 2.45 1.95 2.61
SCAILD 1.19 1.68 1.18 1.78

TABLE I. Mode Griineisen parameters for the longitudinal and transverse modes at the X and L
high symmetry points on the Brillouin zone boundary. As the TA modes are degenerate on the

zone boundary, only one value is reported.

Phonon-phonon interactions, as accounted for in the SCAILD approach, slightly coun-
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teract the decrease in w in response to the shallower potential well due to the V -increase,
and lead to slightly larger w relative to the h-LD results (Figure 2). The blue-shift of the
SCAILD results compared to those from PHON increases with T, leading to smaller values
of v at the Brillowin zone boundary by a factor of ~ 0.6. This shift of phonon w and the
increased dispersion (reduced mazimum) is reflected in the phonon density-of-states, most
prominently for the TA peak in the w-range of 4.0 —4.5 THz. Larger w in the SCAILD simu-
lations compared to PHON can be expected, as the effective curvature and associated atomic
displacement (Section III C) are determined iteratively. At larger displacements, the inter-
action between atomic cores adds repulsion to the potential, leading to increased curvature,
and therefore w.

Contrary to SCAILD and the harmonic approach, where excitation energies (E, for a
specific mode) are equally spaced and all transitions appear at the same w, anharmonicity in
the DAMA approach leads to an increase in higher excitation energies [21] which results in
a finite w-range of transitions: There is a sharp onset that corresponds to the fundamental
excitation and a distribution at higher w which we illustrate for the TA frequency at the
L-point (Figure 3). This effect can be large for strongly anharmonic systems like NazAlFg
cryolite [21], but for aluminium it is insignificant. Even at 900 K — where it is largest —
the w-shift in response to T following the Boltzmann distribution for occupation is negligibly

small and does not exceed a few 10 GHz.

B. Heat capacity

In computing the Helmholtz energy Ay, from the partition sum of the excitation spectrum,
the increase for higher E, in DAMA has a stronger influence. We explore this effect by
computing the heat capacity from the three LD-based approaches at T of our simulations.
As we consider equilibrium volumes only (P = 0), isochoric and isobaric heatl capacities
are the same, with cpy, = —T (0*Gyin/0T?)p = =T (8% Ay /OT?),,. In order to compare
to experimental data [{1] we add the electronic contribution cpe to cpvi, (Figure 4). At
500 K, differences between the approaches are negligible, and we obtain results that are in
good agreement with both prior computations [39] and experiments. For higher T', the PHON
and DAMA results closely follow those of Grabowski et al. [39], but start to deviate from

the experimental measurements due to multi-phonon processes that play a significant role
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b) Sketch illustrating the full potential (DAMA) and its harmonic approximation as well as the
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DAMA (red). The wave functions ¢(q) are plotted at energy levels E corresponding to different w.
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as the solid approaches melting. The DAMA results are lower in cp, e.g., by 0.03 kg at
700 K, reflecting the steeper potential (Figure 3) and the resulting non-equidistant excitation
spectrum. In the phonon dispersion curves these deviations between qh-LD and SCAILD,
on the one hand, and DAMA, on the other hand, are not evident because only the lowest
excitation is considered in the latter.

While at first glance this effect appears to lead to a worse agreement with the experimental
measurements (Figure 4), multi-phonon contributions at high T will result in an increase
in cp. Katsnelson et al. [42] explored three- and four-phonon processes for fec potassium,
as an alkaline also a simple metal, and find a contribution of ~ 0.13 kg at T/T,, = 0.75
(corresponding to 700 K in Al) to ¢y. Tentatively adding this to the DAMA results at 700 K,
total cp reaches a value of 3.54 kg, in good agreement with the experimental measurements,
with 8.50 kg at 676 K [{1]. At 900 K, just below Ty of Al, such a consideration is no longer

meaningful.

C. Structure and Atomic Dynamics

In a solid, atoms vibrate about their equilibrium position, the amplitude of which can
be measured by the Debye-Waller factor in X-ray diffraction experiments [9] in the absence
of strong electron-phonon coupling. The displacement amplitudes in the different computa-
tional approaches serve as an independent measure to assess the applicability of the SCAILD
and DAMA approzimations for aluminium, complementarily to w-based properties. In MD
simulations, the mean square displacement (MSD) can be calculated directly, and we find
the MSD to reach a stable plateau after the wvelocity auto-correlation has decayed to zero
(~ 100 fs), with values significantly larger than the experimentally determined amplitudes
(Figure 5). A similar discrepancy has been reported for the MSD in vitrious SiO,, where
experiments find a MSD of 0.0285(8) A% at room T [43], while ab-initio MD simulation [44]
predict values of ~ 0.05 A2 for Si and ~ 0.08 A2 for O. In this context it is worth pointing
out that the equilibrium structure in the MD simulations in terms of the radial distribution
function (RDF) (Figure 6) appears to differ from the input structure and the experimental
lattice, with distances to the nearest (and higher) neighbour shells determined from the peak
(mode of the distribution) of the RDF shifted to smaller values by 0.05—0.10 A, and skewed

to larger distances in MD for the first coordination shell. The mean of the distribution,

12
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500 700 900
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FIG. 5. Atomic mean square displacement in fee aluminium inferred from the experimentally mea-
sured Debye-Waller factor (P96) [9], DAMA (green diamonds), SCAILD (black triangles down),

PHON (red quares) and MD calculations (blue triangles up).

determined up to the first minimum in the RDF remains at the same distance, reiterating

that the mean is more appropriate in describing interatomic distances than the mode [45].

For the LD-based approaches, averaging is performed over vibrational eigenstates: For
each polarisation vector the mean value of the amplitude can be calculated, and individual
contributions to displacement can be summed up through the variance matriz: The eigenvec-
tors of the variance matrixz correspond to the main axes of the vibrational ellipsoid which is
a sphere for the cubic system considered here [21]. Mean square displacements from the MD,
PHON and the SCAILD are similar at 500 K (Figure 5); with increasing T, MD and PHON
values remain close to one another, i.e., significantly larger than inferred from the DW fac-
tor. Approximating anharmonicity and many-body interactions in calculating vibrational w,
SCAILD vyields notably lower values for the MSD compared to MD and PHON. Considering
anharmonicity for vibrational w and the phonon wave functions in an independent mode
approzimation, DAMA simulations lead to MSD values that are in good agreement with the
DW factors for all T'. This suggests that for aluminium the approrimation to many-body in-
teractions provided by SCAILD is insignificant, and thatl the anharmonic potential (DAMA)

sufficiently describes the underlying atomic dynamics.

Both SCAILD and DAMA simulations rely on the underlying lattice for the determination
of vibrational amplitudes, and consequently their RDF mazima are centered at the equilibrium

positions (Figure 6). The distribution of distances in both approaches is symmetric around

13
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the equilibrium position, which is a consequence of the underlying harmonic potential in
SCAILD; a narrower potential shape in DAMA and in turn stronger localised wave functions
(Figure 3) result in a slightly narrower distribution.

The displacements that we find with both the SCAILD, but particularly the DAMA simu-
lations, suggest that investigations of electron-phonon coupling that are based on the frozen-
phonon approach may be biased towards too large displacements [e.qg., 46, 47]. Similarly,
electrical conductivity estimates of solid metals using a Kubo-Greenwood approach [e.q., 48—
50] may suffer from too large changes in electronic band structure from the MD configurations

they are based on.

IV. CONCLUSIONS

We have benchmarked three different approaches based on Hellmann-Feynman forces from
DFT-based methods to compute the high-T structural and dynamic properties of fecc alu-
minium: molecular dynamics, the self-consistent ab-initio lattice dynamics (SCAILD) and
the decoupled anharmonic mode approximation (DAMA) in order to calculate vibrational
eigenstates beyond the harmonic approrimation typically used in lattice dynamics. The ba-
sic idea of SCAILD 1is to simultaneously excite phonon modes with a finite amplitude and
to calculate the dynamical matrixz according to the observed forces within the harmonic ap-
prozimation. At given T, amplitudes — and thus also the repulsive forces — increase until
self-consistency is achieved, which leads to a blue-shift of phonon modes with SCAILD (Fig-
ure 2). In contrast to harmonic lattice dynamics, DAMA takes into account the full potential
enerqy surface along the eigenmodes in an independent particle approximation and — similar
to harmonic lattice dynamics — describes the phonon interaction up to second order. From
the small differences of phonon frequencies between DAMA and the harmonic approxrima-
tion we infer that for stiff materials, like aluminium, vibrational frequencies can reliably be
calculated in the harmonic approximation. The implementation of q-DAMA and its appli-
cation to aluminium shows that vibrational modes can be calculated robustly for stable-mode
materials, at low computational costs. This encourages its future exploration for materials
with strong anharmonicities, including materials with soft modes.

Beyond phonon frequencies we have explored the radial distribution function and the mean

square displacement in fcc aluminium. Anharmonicity is most prominent for physical quanti-
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55
56 in DAMA (Figure 8). The stronger localisation of the phonon-wave functions in DAMA
57
58 yields smaller atomic displacements (Figure 5), in good agreement with experiments. As
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such, the corresponding radial distribution functions calculated with DAMA (Figure 6) are
expected to be accurate for aluminium and beyond. The stronger confinement of the atoms
in DAMA, in turn, lifts the excitation energies with high index and reduces the vibrational

contribution to the lattice heat capacity (Figure 4) compared to harmonic lattice dynamics

and SCAILD.
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