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In this study, the high-cycle fatigue behavior of bridge connections subjected to distortion-induced loadings
(generating multiaxial stresses) and strengthened with prestressed elements were experimentally investigated.
Thereafter, appropriate critical plane-based multiaxial fatigue thresholds based on the modified Wohler curve
method (MWCM) and Fatemi-Socie’s (FS) criteria were used to predict the initiation of cracks in the angles
considering the estimated fully reversed uniaxial and shear fatigue limits as well as residual stresses. The pre
stressed strengthening system was effective in reducing the mean values as a result of the prestressing force,
enabling a shift in the stress state to below the initiation threshold.

1. Introduction
In many steel structures, the steel connections are subjected to a
combined loading of tension/compression, bending, and shear. The ef
fect of this complex loading often makes these details prone to fatigue. In
bridges, the longitudinal beams are connected to the cross-girders using
double-angle connections (see Fig. 1). These connections are one of the
most fatigue-prone details in metallic bridges [1]. Distortion-induced
loadings are the main cause of the fatigue problems in these connec
tions [2-5]. Fatigue failures can occur in two forms: initiation of cracks
near the fillet of the angles, or popping out of the rivet head [2,6]. The
cracks in the fillet areas of the angles occur due to the distortion-induced
bending stresses [7]. The popping out of the rivet head originates from
the prying effect as well as an insufficient clamping force in the rivets
[8]. In this study, the initiation of fatigue cracks in the fillet area was
investigated.
These connections are traditionally designed to carry only shear
forces. Modern codes have provided specifications to improve the de
tailing of new connections. However, thousands of aging bridges are
prone to fatigue cracks [3]. Therefore, to prolong the fatigue life,
different strengthening solutions have been proposed, such as (i)
applying stop holes [9], (ii) replacement of the rivets with high-strength
bolts [10,11], and (iii) softening the connections by removing the fas
teners [12]. However, these retrofitting techniques do not permanently
prevent the re-initiation of cracks [13].
In recent years, carbon fiber-reinforced polymers (CFRPs) have been

used for retrofitting metallic structures, thanks to their superior prop
erties in regards to high strength, light weight, and high corrosion
resistance [14]. As bonded strengthening systems (see [15-17]) cannot
be applied on the surface of riveted structures, prestressed unbonded
systems have been proposed for strengthening the girders of metallic
structures using mechanical clamping systems [18-24]. For bridge
connections, both CFRP materials [25,26], and shape memory alloy
materials have been used [27,28]. In this study, the prestressed
strengthening system developed in [25] was employed for the fatigue
strengthening of connections.
To consider the strengthening effect, a proper fatigue criterion is
required for the prediction of fatigue cracks. In the following sub
sections, previous experimental and numerical studies on the high-cycle
fatigue behaviors of these connections are reviewed.
1.1. High-cycle fatigue behavior of the connections
1.1.1. Experimental studies
A large number of tests have been conducted on several full-scale
riveted members dismantled from old bridges in recent decades, with
the rivets essentially subjected to shear. A common conclusion from
these studies is that the detail category C71 (71 MPa is the characteristic
fatigue strength at 2 million cycles) in Eurocode 3 [29], corresponding
to category D from the American Association of State Highway and
Transportation (AASHTO) [30], provides a lower bound for the pre
diction of fatigue strength in new riveted members [9,10,31-34].
However, these studies did not specifically focus on riveted connections
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Fig. 1. Fatigue tests on riveted/bolted connections from literature.
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Fig. 2. Fatigue test setup (the dimensions are in mm).

hot-spot stresses. However, the accumulated damage in the angles and
rivets was computed without considering the effect of the mean stress,
which is more pronounced in rivets with high tensile residual stresses.

subjected to secondary distortion-induced tensile loading.
Wilson and Coombe [7] conducted fatigue tests on three series of
riveted connections subjected to tensile loading, as shown in Fig. 1(a). It
was reported that fatigue failures occurred in the angle fillets and rivet
heads. An analytical model was also provided but considerably over
estimated the stresses in the angles, thus triggering the comment that
one should always be careful regarding the ways stress range/number of
cycles (S-N) data are presented, that is, how is the stress range is eval
uated/plotted.
Wang [35] conducted fatigue tests on 16 double-angle connections
cut from an old riveted bridge girder and subjected to tensile loading, as
shown in Fig. 1(b). The main findings of this study were as follows: (i)
fatigue cracks initiated exclusively from the angle fillets, except for one
case, in which after crack initiation in the fillets, another fatigue crack
developed in the outstanding leg at the bolt line; (ii) the strain mea
surements showed that the flexural stresses at the angles were always
lower than those the model proposed in [7]; and (iii) the stress distri
bution, both across and along the depth of the connection, was uneven.
Higher stresses were registered near the angle fillet than near the bolt
line.
Abouelmaaty [36] performed fatigue tests on bolted stringer-tofloor-beam connections. In the tests, high-strength bolts were used
instead of rivets. Two newly manufactured full-scale specimens were
tested under constant-amplitude loading. Each test specimen consisted
of a 3-m-long hot-rolled stringer connected to a 1.2-m welded girder
representing a floor-beam. A view of this connection is shown in Fig. 1
(c). In all of the tests, the fatigue cracks initiated in the web of the floorbeam at the locations where the upper and lower flanges of the stringer
came into contact with the floor-beam web. This was owing to the local
out-of-plane bending in the web of the floor-beam. Therefore, the results
of this study cannot be used for the fatigue behavior of connections, as
the cracks initiated somewhere else.

1.2. Gaps to be filled in this study
In the experimental and numerical studies mentioned above, no
criteria were proposed for the prediction of crack initiation under highcycle fatigue in connections. In addition, no one has considered the
multiaxial state of stress in the critical location of the angle connections,
except in [38], where only the equivalent maximum principal stress was
considered, and without any experimental evidence of its accuracy.
In this study, for the first time to the authors’ knowledge, the
multiaxial stress state in the critical location of the connections was
measured using rosette strain gauges, and a multiaxial criterion was
validated. The residual stresses due to the manufacturing process and
fastening of the bolts were considered in the prediction models. The
critical location of the connections was identified. Finally, using a crit
ical plane-based multiaxial fatigue theory, an appropriate threshold for
the prediction of crack initiation in the angles was proposed, enabling
the consideration of the positive effects of a strengthening system.
The fatigue tests were performed on two angles subjected to
distortion-induced loadings using the setup shown in Fig. 2. In the setup,
the actuator applied a vertical load of F near the cantilever tip, thereby
applying a shear force of F and bending moment of MF to the connec
tions. In addition, the mechanical clamping system held a prestressed
element. The prestressing element applied a compressive force of P and a
bending moment of MP, which counteracted MF.
As shown in Fig. 2, in addition to the normal stresses in different
directions due to the out-of-plane deformation, shear stress is present at
the critical location of the angles (in the fillet area). Therefore, using this
setup, the multiaxial stress and strengthening effects are simultaneously
considered.

1.1.2. Numerical studies
Al-Emrani and Kliger [37] developed finite element (FE) and
analytical models for a double-angle web-to-web connection, and veri
fied the models based on experimental results. The results of this study
showed that the rivet clamping force does not have a significant effect on
the stiffness of the connection. This was also observed by Imam et al.
[38]. Nevertheless, it was shown that a higher rivet clamping force
resulted in a lower stress range in the rivets. However, no fatigue model
was proposed for predicting the fatigue life of the connections.
Imam et al. [38] developed global–local FE models for identifying
the most fatigue-critical locations in stringer-to-floor-beam connections
using plain S-N curve and Miner’s rule for fatigue damage calculations;
they used the rain flow technique for counting the stress cycles due to
the passage of a train. The possible locations for initiation of the cracks
in the angles and rivets were identified, based on the maximum principal

1.3. Outline of this study
In this paper, first, the critical plane approach is briefly described,
and the fatigue models used in the analyses are introduced. Second, the
calculation procedure for the multiaxial fatigue analysis is explained.
Third, the formulations for the multiaxial fatigue models and estima
tions of the fatigue limits are presented, and then are compared with the
existing test data. Fourth, different parts of the fatigue test setup and
instrumentation are described. Fifth, the results of the fatigue tests are
presented, considering the different sources of residual stresses prior to
fatigue loading. Sixth, the appropriate threshold for the prediction of
crack initiation in the angle is determined. Finally, the effect of the
prestressed strengthening system on increasing the fatigue strength of
the angles is highlighted.
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(i) Determination of the stress state in the critical location
Fig. 4 shows an arbitrary state of stress for all six stress components
at the critical location. As shown in the figure, the stress cycle corre
sponding to each stress component is identified by the stress amplitude
(the amplitude, and not the stress range, is used) and mean stress.
(ii) Cyclic and static stress matrices
As the critical plane is defined according to the cyclic portion of the
stress cycles, it is necessary to divide the stress cycle corresponding to
each stress component into a cyclic [σa] and static [σm] portion, as given
in Eq. (1).
⎤
⎤
⎡
⎡

Fig. 3. Required parameters in the stress-based critical plane approach.

σ ax

2. Critical plane approach

[σ a ] = ⎣ τaxy

τaxz

The fatigue cracks in ductile materials such as mild steel nucleate on
the plane with the maximum shear stress amplitude τa known as the
critical plane [39,40]. In addition to the maximum shear stress ampli
tude, the maximum normal stress acting on the critical plane, σn,max,
affects the fatigue strength. σn,max helps to open the microcracks and
reduce the interlocking and friction between the surfaces of the crack
[41], as shown in Fig. 3.
Various stress- or strain-based critical plane models have been pro
posed by different researchers [40]. The difference between the models
lies in how the maximum shear stress/strain amplitude is combined with
the maximum normal stress/strain on the critical plane. In this study,
two different critical plane-based models were employed for the multi
axial fatigue analysis, that is, the modified Wohler curve method
(MWCM) [41,42] and Fatemi-Socie (FS) model [39]. The detailed for
mulations for each model are briefly presented in later sections.

τaxy τaxz
σ mx τmxy τmxz
σay τayz ⎦ and [σm ] =⎣ τmxy σmy τmyz ⎦
τayz σaz
τmxz τmyz σmz

(1)

(iii) Determination of the cyclic stress components on the critical
plane
The critical plane is defined as the plane with the maximum shear
stress amplitude τα. To calculate τα, the eigenvalues of matrix [σa] are
calculated to obtain the principal stresses σa1, σ a2, and σa3. The expres
sion for τa is obtained using Eq. (2).

τa =

σ a1 − σa3
2

(2)

The normal stress on the plane with the maximum shear stress
amplitude due to the cyclic portion of the stress cycles is calculated using
Eq. (3).

σ na =

3. Calculation procedure for multiaxial fatigue analysis
In this section, the step-by-step calculation procedure implemented
in a MATLAB code (version R2018a) for the stress-based multiaxial fa
tigue analysis is described. The proposed procedure is valid only for
proportional loadings.

σa1 + σa3
2

(3)

(iv) Determination of the critical plane directions
The principal stress directions, i.e., na1, na2, and na3, as shown in
Fig. 5, are the eigenvectors of the matrix [σ a]. The directions of the

Fig. 4. Arbitrary stress state in the critical location.
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Fig. 6. Modified Wohler curve method (MWCM) diagram.

σ n, max = σna + σ nm

Fig. 5. Principal directions and directions of the critical plane.

(vii) Predicting the fatigue failure using a critical plane-based criterion

planes with the maximum shear stress amplitude n’a1 and n’a3, i.e., the
critical plane directions, are obtained by rotating the principal coordi
nate system by 45◦ around the second principal direction na2.
The transformation matrix [α] is defined as follows:
[
]T
[a] = →
n a1 →
n a2 →
n a3
(4)

In the final step, the maximum shear stress amplitude, τa, and
maximum normal stress acting on the critical plane, σn,max, are used in a
stress-based critical plane model for fatigue failure prediction.
4. Stress-based critical plane models

The normal directions of the critical planes are defined as follows:
⎡
⎤
⎡ ⎤
cos45
0
′
′
′
T
T
→
→
⎣
⎦
n a1 = [a] ×
0
, n a2 = [a] × ⎣ 1 ⎦, and →
n a3
− sin45
0
⎡
⎤
sin45
= [a]T × ⎣ 0 ⎦
(5)
cos45

In this section, the MWCM [43] and FS [39] critical plane-based
fatigue models are considered, and the required formulations are pre
sented and derived.
4.1. Modified Wohler curve method (MWCM)
The equation proposed in the MWCM is as follows [43]:

The transformation matrix constructed with the critical plane di
rections is calculated using Eq. (6).
]T
[
′
′
′
′
n a1 →
n a2 →
n a3
(6)
[a ] = →

τa + (τA −

ρ=

The stress components on the critical plane due to the static portion
of the stress cycles must be calculated to obtain σ n,max. The static stress
matrix in the critical plane directions [σ ’m] is computed using Eq. (7).
[ ′]
′
′
σm = [a ] × [σ m ] × [a ]T
(7)
Considering that only the normal static stress affects the fatigue
strength, i.e., the static shear stress does not have an influence on the
fatigue strength [40], only the normal stress components in the n’a1 and
n’a3 directions, i.e., σ’m11 and σ’m33 are considered. The plane with the
maximums (σ ’m11, σ ’m33) is considered as the critical plane. The normal
stress due to the static portion of the stress cycles σ nm is obtained as
follows:
′

2

)ρ = τA

(10)

σ n,max
τa

(11)

The MWCM diagram is shown in Fig. 6. Based on Eq. (10), a fatigue
crack initiates when the combination of the shear and normal stresses on
the critical plane on the left side of the equation exceeds τA. The MWCM
threshold is plotted using two sets of experimental data. For the cases of
fully reversed shear and uniaxial cyclic loading, the ρ values equal 0 and
unity, respectively.
The mean stress effect is accounted for by the parameter ρ; an in
crease in the mean stress, and consequently the ρ value, results in a
smaller permissible τa. Considering Eqs. (10) and (11), the MWCM
mathematically leads to a maximum limit ρlim, as follows:

(v) Determination of static stresses in the critical plane directions

′

σA

In this equation, τA and σ A are the fully reversed shear and uniaxial
fatigue limits, respectively. The parameter ρ is the critical plane stress
ratio; it is defined as the ratio between τa and σn,max, as follows:

This matrix is used to obtain the mean stress components in the
critical plane directions.

σ nm = max(σ m11 and σm33 )

(9)

ρlim =

τA
2τA − σ A

(12)

In the diagram shown in Fig. 6, the fatigue limit remains constant for

ρ values greater than ρlim because for large ρ values, it is assumed that

the microcracks are always fully open. Thus, a further increase in the
normal mean stress, and consequently the ρ value, does not result in a
reduction in the friction and interlocking between the crack surfaces.
Therefore, for ρ > ρlim, the fatigue limit τa does not decrease with an
increase in ρ [43].

(8)

(vi) Determination of the maximum normal stress on the critical plane
The maximum normal stress σ n,max is the sum of the normal stresses
due to the cyclic and static portion of the stress cycles, and is obtained
using Eq. (9).
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Fig. 7. Comparison of the MWCM, FS, and design thresholds with the existing experimental results.

4.2. Fatemi-Socie’s (FS) model

nA =

The FS model is originally considered as a strain-based model, as
follows:
γ a (1 + k

σ n,max
Sy

In the above, k and β are constants, and γ a and Sy are the shear strain
on the critical plane and material yield strength, respectively. The value
of the constant β can be obtained based on calibrating the model with
the results of the fully reversed shear tests, where σ n,max = 0. The value
of k can be determined based on calibration with experimental data.
When the test data are not available, the first approximation is k = l
[44]. As the stresses are elastic in this study, γa = τa/G, where G is the
shear modulus. Thus, the FS model can be rewritten as follows:

τa (1 + k

σn,max
Sy

σA =

This hypothesis has been verified based on a large amount of
experimental data, and has been found to lead to a relatively accurate
estimations for the prediction of multiaxial fatigue for different stress
ratios [41].
4.4. Comparison with experimental data

4.3. Estimation of the fully reversed fatigue limits

In this subsection, the thresholds based on the MWCM and FS models
are compared with existing experimental data on the mild steel from
uniaxial and multiaxial fatigue tests. For the fatigue limits, the estimated
values presented in Section 4.3 are applied.
Fig. 7(a) shows the experimental results for mild steel, with Sut =
410 MPa, under uniaxial cyclic stresses with the non-zero mean stress
taken from [49]. In this figure, the MWCM threshold was calibrated
using two experimental datasets: one with zero mean stress and the
other with non-zero mean stress, resulting in a threshold with nA = 0.46.
The MWCM thresholds with nA = 0.4 and 0.45 are also plotted.
Furthermore, the threshold based on the FS model is plotted using Eq.
(15), considering τA = 106.5 MPa, k = 1, and Sy = 300 MPa (which was
not provided in [49]).
Fig. 7(b) depicts the experimental results for mild steel, with Sut =
382 MPa subjected to in-plane, in-phase, and out-of-phase fully reversed
shear and normal stresses [50,51]. The calibrated MWCM threshold
using two experimental datasets, with nA = 0.62, as well as those with
nA = 0.45 and 0.55 are plotted in this figure. For the FS threshold, τA =
135.7 MPa, k = 1 and Sy = 300 MPa are used.
The two plots in Fig. 7 show that the ratio nA can be adjusted to fit the

4.3.1. Fully reversed uniaxial fatigue limit σA
The fully reversed uniaxial fatigue limit for a rotating beam, σ’A, has
a correlation with the material tensile strength Sut [45,46]. The ratio
between σ’A and Sut is considered using the ratio n’A, as follows:
′

′

σA

(16)

Sut

As σ’A is obtained under controlled laboratory conditions, the fully
reversed uniaxial fatigue limit σ A, is smaller than σ ’A in service condi
tions, and is estimated as follows:
′

σ A = ka kb kc kd ke kf × nA Sut

(17)

The Marin factors ka, kb, kc, kd, ke, and kf serve as reduction factors
for considering the detrimental effects of the surface condition, size,
loading, temperature, and miscellaneous effects, respectively [46,47].
The ratio nA is defined as follows:
′

nA = ka kb kc kd ke kf × nA

(20)

4.3.2. Fully reversed shear fatigue limit τA
The fully reversed shear fatigue limit τA can be estimated based on
the von Mises hypothesis, as follows:
√̅̅̅
τA = σ A / 3
(21)

For consistency, the FS model is expressed with the ρ value defined in
Eq. (11), and reformulated as follows:
√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
S
S
S
τa = ( y )2 + y τA − y
(15)
2kρ
kρ
2kρ

nA =

Sut
3

Estimation of σA using Johnson’s formulation leads to nA = 0.33.

(14)

) = τA

(19)

Considering that for carbon steel, the value of n’A is between 0.4 and
0.6, and that the upper limit of each Marin factor is unity [20,46], the
upper limit for nA is equal to 0.6. In general, the smaller the value of nA,
the more conservative the obtained threshold. A more conservative
estimation of σ A, which can be used for design purposes, is obtained
using Johnson’s formulation [48], as follows:

(13)

)=β

σA
Sut

(18)

Therefore, Eq. (17) can be reformulated as follows:
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Fig. 8. Different parts of the test setup.

MWCM threshold to the experimental data; a reduction in the ratio nA
results in a more conservative threshold. For the uniaxial and multiaxial
fatigue results, different nA ratios, i.e., nA = 0.4, and nA = 0.55,
respectively, lead to MWCM thresholds below the experimental data
points. For the FS model, except for a single data point with a high mean
stress from the uniaxial test results, all of the other data points are above

the model threshold. For all the experimental data, the most conserva
tive criterion is the threshold based on Johnson’s formulation in Eq.
(20), with nA = 0.33.

Fig. 9. Presetting and prestressing the CFRP rods.
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Fig. 10. Measurement of the strain in the critical location of the angles using rosette strain gauges.

5. Description of the test setup

strength of 150 kN. Each CFRP rod was held by two wedge-barrel an
chors on both sides. The reliable static and fatigue performances of
wedge-barrel anchors are presented in [53]. The steel elements were
anchored using nuts in the threaded area.
The prestressed elements applied a compressive force of P to the
connections, resulting in a reduction of the distortion-induced stresses in
the angles. The prestressing force was transmitted to the beam purely
through friction, using the clamping system shown in Fig. 8. The
clamping system consisted of different plates bolted to each other, and
was attached to the top flange of the beam. The static and fatigue
behavior of the clamping system are reported in [25]. On the other end,
the prestressed elements rested on the supporting plates. Each sup
porting plate was fixed to the shear wall through four M20, 8.8 bolts.
A hydraulic pump was used to pull the rods, as shown in Fig. 9. Nuts
and threads were used for the steel rods. For the CFRP rods, the pre
stressing force was applied to the wedge-barrel anchors using the
connector shown in Fig. 9. This connector was also used to preset the
wedges. Detailed information regarding the prestressing and presetting
procedures of the CFRP rods can be found in [25]. The dimensions of the
setup are shown in Fig. 2.

5.1. Different parts of the setup
The setup used for the fatigue tests is illustrated in Fig. 8. In this
setup, a cantilever IPB 240 beam, made of S235 steel with a length of
0.5 m, was connected to a stiff shear wall using two L70 × 70 × 7 angles,
each with a length of 160 mm. The angles were hot-rolled S235 steel,
with Sut = 440 MPa, Sy = 325 MPa, and an elasticity modulus of E = 192
GPa, according to the coupon test results based on DIN EN ISO 6892-1
[52].
An attaching plate was placed between the angles and shear wall,
with a thickness of 40 mm. Each angle was connected to the front surface
of the attaching plate using three M16, 10.9 bolts. The back surface of
the attaching plate was connected to the shear wall by eight M20, 8.8
bolts to provide sufficient stiffness against out-of-plane deformations.
Vertical cyclic loads were applied to the cantilever beam using a 125-kN
Amsler hydraulic actuator located at a distance of 395 mm from the
fixed end of the cantilever (see Fig. 2).
The connections were strengthened with two prestressed elements
positioned symmetrically on both sides of the beam. CFRP rods and steel
rods were used as the prestressed elements. The diameter of the unidi
rectional CFRP rods was 8 mm, and they were manufactured by S&P
Clever Reinforcement Company AG, Switzerland, with a nominal tensile
strength of 102.9 kN (equivalent to 2047 MPa), a fiber volume fraction
of 65%, and an elastic modulus of 160 GPa in the fiber direction. The
steel rods were high-strength M13 threaded elements with a tensile

5.2. Instrumentation
Fig. 10(a) shows a rosette strain gauge type RY8x-3/120 (HBM, AG,
Darmstadt, Hesse, Germany), which was applied on each angle in the
fillet area considered as the critical location. The rosette strain gauge
measured the strains in three different directions: the b-direction was
8

H. Heydarinouri et al.

International Journal of Fatigue 153 (2021) 106470

Fig. 11. Residual stresses due to manufacturing process.

horizontal, and the a- and c-directions had a 45◦ deviation from the bdirection. The grid length was 3 mm. The critical location of the angle is
shown in Fig. 10(b), and was determined using an FE model before being
verified based on test results. The descriptions of the developed FE
model are beyond the scope of this study, and will be presented in a
separate study. The rosette strain gauges were partly applied on the
fillets of the angles in the back leg, i.e., the leg that was bolted to the
beam.
The strains were measured on the xy-plane, as shown in Fig. 10(c).
Using the measured strains in the a-, b-, and c-directions as well as
Mohr’s circle, as schematically shown in Fig. 10(c), the stresses were
calculated in the xy-plane. As there was a plane-stress condition at the
surface, σz = τxz = τyz = 0. The calculations were implemented in a
MATLAB code using the equations given in Appendix A.

] [
]
[
[σ res ] = σres, m + σres, b

6.1.1. Residual stress due to manufacturing process
Generally, the residual stress distribution due to the manufacturing
process in hot-rolled steel profiles is attributed to the cooling process, as
well as the cold work for straightening the profiles [54]. In the corre
sponding codes, there are recommendations to consider these residual
stresses [55,56]. For steel angle (L-shape) profiles, the residual stresses
in the longitudinal direction are considered to reach 20–30% of the steel
yield strength [55-57]. In these recommendations, only longitudinal
residual stresses are addressed, as they play an important role in the
buckling of the profiles. For the angles used in this study, the residual
stresses in different directions were of interest, and were unavailable
from the above-mentioned recommendations. In addition, the effects of
the bolt holes as well as cutting the long profiles into 160-mm-long
pieces could change the residual stress state in the critical location of
the angle. For this reason, it was not possible to predict the state of the
residual stresses; therefore, a series of destructive tests were conducted
to obtain a rough estimation of the values at the locations of interest, as
explained below.
The sectioning method has been commonly used to measure the re
sidual stresses in angle profiles [58]. This method was previously used
for measuring the residual stresses in I-shaped profiles [59], but again,
only in the longitudinal direction. In this study, a crack-compliance (or
cut-compliance) method [60] was used to measure [σ res, m] in the critical
location of the angles in both the longitudinal and transverse directions.
In this method, a cut was introduced into the surface, and the strain in
the vicinity of the cut was measured as a function of the cut depth a. The
setup is shown in Fig. 11(a). The cuts were introduced by a diamond

6. Initial stress state
The stress state in the critical location of the angle before the
application of the actuator loads [σ0] was considered as the initial stress
state. The initial state depended on the residual stresses [σres], as well as
on the compressive stresses due to the prestressing force [σP], which is
expressed as follows:
[σ 0 ] = [σ res ] + [σ P ]

(23)

(22)

6.1. Residual stresses
The residual stresses originate from the manufacturing process [σres,
and fastening of the bolts [σ res, b] owing to the existence of geometric
imperfections in the angles. Therefore, the total residual stress at the
critical location was obtained using the following formulation:

m]
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However, it was observed that the geometrical imperfections led to a
different stress state at each angle.
For all of the tested angles, the stress components during fastening
the bolts were measured using the rosette strain gauges (see Fig. 10) and
the results of the measurements are shown in Fig. 12. In Fig. 12, the
angle A1-L indicates the angle in specimen 1 located on the left-hand
side of the cantilever beam. As shown in the figure, a consistent
pattern was not observed for [σres, b]. For example, the stress in the xdirection for the angle A2-L is approximately 200 MPa, whereas for
angles A1-L and -R, it is 20 and 102 MPa, respectively. This demon
strates a significant scatter in the results. For the angle A3-A5-L, the
residual stresses have a lower scatter, that is, the stress in the x-direction
was in the order of 150–170 MPa.
6.2. Effect of the prestressing force

Fig. 12. Residual stress components in different angles due to fastening
the bolts.

In addition to the residual stresses, the application of the prestressing
force changed the stress state in the angle before the application of the
actuator loads. Due to the application of the prestressing force, the
stresses in different directions, which were measured by the rosette
strain gauges, were simultaneously reduced for all angles. As an
example, Fig. 13 shows that for the angles A1-L and A1-R, the applica
tion of a prestressing force of P = 39.2 kN resulted in a reduction of
approximately 280 and 80 MPa in the stresses in the x- and y-directions,
respectively, without a significant effect on the shear stresses. The same
trend was observed for the other angles.
It is noted that Fig. 13 shows also the development of stress com
ponents during the fastening of the bolts (i.e., installation of the angle
connections) prior to the application of prestressing force to the angles
A1-L and A1-R. The measurements indicated a significant difference for
the stresses components in these two angles (as also shown in Fig. 12).

cutting disk with a diameter of 20 mm and thickness of 0.5 mm. A strain
gauge was applied at a distance of s = 2.61 mm from the cut edge.
The residual stresses were derived based on the unique mathematical
relations between the measured strains and residual stresses acting prior
to the introduction of the cut perpendicular to the cut plane. In this
study, the residual stress was considered as the equivalent average stress
acting on a surface layer of thickness a, which would produce the same
stress intensity factor at the tip of a hypothetical crack. For detailed
information regarding this method, see [60-63].
The measurements were performed on four samples (angles). The
residual stresses depended on the cut depth. The equivalent residual
stresses as a function of the cut depth a are presented in Appendix B. To
consider [σ res, m] for the analyses, a cut depth of 0.3 mm was chosen. The
results of the measured equivalent stresses in the x- and y-directions
corresponding to a cut depth of 0.3 mm are shown in Fig. 11(b). The
results show that the residual stresses in the x-direction (transverse di
rection) are significantly greater than those in the y-direction.
All of the residual stresses [σ res, m] in the different directions, as
shown in Fig. 11(b), were compressive, which would increase the fatigue
strength. As the most conservative approach, the maximum values were
assumed for [σres, m] in the angles. Therefore, σ res, m-x = − 135 MPa and
σ res, m-y = − 44 MPa were chosen in the x- and y-directions from samples
3 and 2, respectively. It should be noted that for the sample 4, the
measurement in the y-direction was not correctly performed.

7. Fatigue test results
7.1. Effective stresses in the fatigue tests
The goal of the fatigue tests was to find a multiaxial fatigue threshold
based on the critical plane approach to predict the fatigue crack initia
tion at different angles. As mentioned previously, conservative values
were chosen for [σres, m]. Therefore, using the strain gauge measure
ments for [σres, b] and [σ P], the initial stress state [σ0] was obtained using
Eq. (22) and (23), respectively. With the stress components due to the
actuator loads, [σF], the effective stresses [σ eff] during the fatigue tests
were obtained using Eq. (24), as follows:

6.1.2. Effect of fastening the bolts
The residual stresses due to fastening of the bolts, [σ res, b], depended
mainly on the geometrical imperfections of the angles and clamping
force of the fasteners. In all of the tests, the bolts were fastened to a
standard torque, and the clamping force in all bolts were identical.

[σ eff ] = [σ 0 ] + [σ F ]

(24)

The minimum and maximum effective stresses for the tested angles
are presented in Table 1. In this table, the angle A1-L-1 indicates the

Fig. 13. Stress components for the angles A1-L and A1-R during fastening the bolts and prestressing up to P = 39.2 kN.
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Table 1
Effective stress components in the fatigue tests.
Specimen No.

P (kN)

F (kN)
Min.

S1

39.2

Angle

Effective stress components (MPa)

Max.

3.3

21.6

3.3

22.6

σx-eff

Test observation

σy-eff

τxy-eff

Min.

Max.

Min.

Max.

Min.

Max.

A1-L-1
A1-R-1
A1-L-2
A1-R-2

− 300.6
–233.1
− 302.3
–

105.9
163.8
135.4
–

− 88.5
− 105.5
− 86.5
–

34.4
34.9
47.3
–

9.3
− 55.5
8.4
–

17.3
− 75.1
25.9
–

Run-out
Cracked
Cracked
–

S2

41

3.1
4.6

18.6
21.4

A2-L-1
A2-L-2

− 122.5
− 106.2

98.5
148.9

− 21.5
− 18.3

39.3
55.6

10.4
11.6

21.6
22.0

Run-out
Run-out

S3

34.5

2.1
2.1
2.05

19.2
20.8
21.95

A3-L-1
A3-L-2
A3-L-3

− 154.8
− 153.3
− 156.8

169.9
193.8
216.5

− 38.7
− 38.5
− 38.6

67.5
71.3
69.9

37.5
37.5
23.2

40.8
41.2
35.7

Run-out
Run-out
Run-out

S4

30.7

4.2
3

12.6
14.4

A4-L-1
A4-L-2

− 71.8
− 106.9

153.7
195.1

− 17.0
− 26.5

47.2
57.1

4.1
− 0.15

8.1
8.7

Run-out
Run-out

S5

38.4

3.6

20.6

A5-L-1

− 80.6

303.9

− 41.9

84.0

− 3.9

11.1

Cracked

fatigue test, the maximum load of the actuator was increased to
Fmax = 2 2.6 kN, resulting in a crack at the angle A1-R-2.
(ii) For the other specimens S2–S5, it was decided to focus only on the
left angles, and to control the measurements at these angles.

Table 2
Critical plane parameters for the tested angles.
Angle

σnm (MPa)

σna (MPa)

τa (MPa)

ρ

Test observation

A1-L-1
A1-R-1
A1-L-2
A1-R-2
A2-L-1
A2-L-2
A3-L-1
A3-L-2
A3-L-3
A4-L-1
A4-L-2
A5-L-1

− 48.3
− 12.4
− 40.6
–
− 4.8
11.6
4.4
10.7
16.3
20.6
22.2
55.9

101.7
99.6
109.7
–
55.5
63.9
81.2
86.8
93.5
56.4
75.6
96.3

101.7
99.6
109.7
–
55.5
63.9
81.2
86.8
93.5
56.4
75.6
96.3

0.53
0.88
0.63
–
0.91
1.18
1.05
1.12
1.17
1.37
1.29
1.58

Run-out
Cracked
Cracked
–
Run-out
Run-out
Run-out
Run-out
Run-out
Run-out
Run-out
Cracked

To compute the critical plane parameters σ nm, σ na, and τa, the values
in Table 1 were used as inputs in the calculation procedure presented in
Section 3. The corresponding ρ values were obtained using Eq. (11). The
critical plane parameters calculated for each angle are listed in Table 2.
7.2. Comparison of the test results with the MWCM and FS thresholds
Using the obtained values for the parameters τa and ρ in Table 2, the
experimental results are plotted in Fig. 14. In the plots, the green and red
data points represent the run-out cases after two million cycles and
cracked cases, respectively. The MWCM and FS thresholds are plotted in
Fig. 14(a) and (b) based on Eqs. (10) and (15), respectively.
For the MWCM threshold that lies below the cracked data points, the
estimated value for the fully reversed uniaxial fatigue limit is σ A = 192
MPa. Using Eq. (21), the fully reversed shear fatigue limit is found to be
equal to τA = 110.9 MPa. This threshold corresponds to nA = 0.44 ac
cording to Eq. (19), as shown in Fig. 14(a). In addition, the threshold
according to Johnson’s formulation, with σA = 146.7 MPa, is plotted in
Fig. 14(a). For this threshold, nA = 0.33, which is 25% smaller than that
considered for the MWCM threshold (i.e., nA = 0.44). Therefore, the use
of this criterion for design purposes will lead to a conservative
prediction.

angle A1-L in the first fatigue test. The fatigue tests were conducted on
five specimens, i.e., S1–S5. Each specimen consisted of two angles on the
left and right sides of the cantilever beam. Each specimen was subjected
to a presetting force of P and the minimum and maximum actuator loads
(Fmin and Fmax).
The fatigue tests on the specimens were conducted based on the
following scheme:
(i) For S1, in the first fatigue test, the angle A1-L-1 did not crack after
two million cycles, but the angle A1-R-1 was cracked. In the next

Fig. 14. Comparison of the fatigue test results with the multiaxial fatigue thresholds.
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Fig. 15. Effect of [σres, m] on the MWCM threshold.

Fig. 16. Strains in the angles A1-L and A1-R during fatigue test and the fatigue crack.

The FS threshold is plotted in Fig. 14(b) for different values of k and

circular data points shown in Fig. 15 are obtained. If no residual stresses
due to the manufacturing process are considered, i.e., [σ res, m] = 0, the
triangular data points in Fig. 15 are obtained using Eq. (24). As shown,
the consideration of [σres, m] corresponds to a reduction in the ρ value, i.
e., the compressive [σres, m] reduces the mean values of the stress
components.
As shown in Fig. 15, consideration of the compressive stress [σ res, m]
results in an MWCM threshold with nA = 0.44, while ignoring it leads to
a threshold with nA = 0.48. This shows that consideration of the
compressive stress [σ res, m] leads to a more conservative threshold. As an
example, the angle A1-R, which is predicted as a cracked angle using the

τA. It indicates that when using k = 1 and τA = 121.2 MPa or k = 0.5 and
τA = 110.9 MPa, the thresholds lie below the crack test data. The use of k
= 1 and τA = 110.9 MPa leads to a conservative prediction. The

conservatism arises from two reasons: it has a greater k value (compared
to 0.5), which amplifies the influence of the mean stresses (see Eq. (14)),
and has a smaller τA value relative to 121.2 MPa.
7.3. Effect of [σres, m] on the threshold
Considering σres,

m-x

= − 135 MPa and σres,

m-y

= − 44 MPa, the
12
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Fig. 17. Effect of the strengthening on the measured stress components and flexural stiffness of the angle A3-L.

8. Strengthening effect

threshold with nA = 0.44, is not predicted to crack using the threshold
with nA = 0.48, as it lies below this threshold.

The strengthening system used in the setup would improve the fa
tigue strength of the connections in two ways: (i) adding flexural stiff
ness to the connections, and (ii) applying a compressive force to the
connections due to prestressing. The additional flexural stiffness de
pends on the longitudinal stiffness of the prestressing element and its
eccentricity from the center of rotation of the connection. In the
following subsections, each effect is discussed.

7.4. Initiation and propagation of the fatigue cracks
At all of the cracked angles, the crack initiated under the strain gauge
area. Fig. 16 shows the strains in different directions during the fatigue
tests at the angles A1-L and A1-R. As shown in Fig. 16(a), the fatigue test
resulted in no crack in the angle A1-L-1 after two million cycles, while
the angle A1-R-1 cracked after more than 1 million cycles, as shown in
Fig. 16(b). For the angle A1-R-2, the crack initiated after approximately
0.4 million cycles, as depicted in Fig. 16(c). It was observed that the
initiation of the crack at one angle did not affect the stress state at other
angle.
For the angle A1-R-1, first, the strain gauge grids in the c-direction
were broken by the fatigue crack, and then, the grids in the b- and adirections were broken, respectively. For this angle, the grids along the
c-direction are located above the horizontal grids in the b-direction, as
shown in Fig. 10(a). For the angle A1-L-2, the grids in the a-direction
were broken first, followed by the breaking of the grids in the b- and cdirections, respectively. For this angle, the grids along the a-direction
are located above the horizontal grids in the b-direction.
This observation shows that for both angles A1-R-1 and A1-L-2, the
crack initiated under the upper area of the strain gauges and propagated
downward and upward. Fig. 16(d) shows the long crack at angle A1-R-1
after propagation. This observation was repeated in the other cracked
angles. Notably, for a number of cycles (approximately 50,000 cycles)
after the breaking of the first grids, no crack was detected beyond the
strain gauge area, indicating that the crack initiated under the strain
gauge area.

8.1. Additional flexural stiffness
For the angle A3-L, the increase in the stress components under the
application of static actuator loads is shown in Fig. 17. In this figure,
three different cases are considered, i.e., the connections without
strengthening, and those strengthened with CFRP and steel rods,
respectively. As shown, the stresses in the x-direction are dominant;
however, the stresses in the y-direction cannot be neglected. The shear
stress is negligible compared to the normal stresses, as shown in Fig. 17
(c).
The slopes of the increase for σ x and σ y as estimated by lines are 18.3
and 4.9, respectively. These slopes are not affected by the strengthening
system, showing that the flexural stiffness added to the connections by
the strengthening system was negligible. It is clear that using a great
eccentricity for the prestressing element would result in a greater flex
ural stiffness; however, this is not the case for the current test setup.
8.2. Prestressing effect
The reduction in the stress components as a result of the prestressing
force for the angle A3-L is shown in Fig. 18. In this figure, the plot
corresponding to each stress component is approximated with a line as a
13
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A3-Ex in Table 3. Angle A1-Ex is subjected to a prestressing force of P =
35 kN and actuator loads of Fmin = 1 kN and Fmax = 20 kN. Assuming
[σres, m] = 0 and considering kx, ky, and kxy in Fig. 17, the effective stress
components are computed using Eq. (25). Table 3 lists the effective
stress components and multiaxial fatigue parameters ρ and τa. The point
corresponding to angle A1-Ex is shown in Fig. 19, and is beyond the
MWCM threshold. Thus, it is predicted that a crack is initiated in the
fillet of the angle.
Under the same actuator loads, the application of a prestressing force
of 50 kN for the angle A2-Ex brings the point below the threshold, as
shown in the figure. The transition from A1-Ex to A2-Ex follows a hor
izontal path (1) because only the mean stress is reduced by the pre
stressing force. If under the prestressing force of 50 kN, the maximum
actuator load increases to 21.5 kN, the point moves up just beyond the
threshold, as shown for the angle A3-Ex in Fig. 19. This shows that under
greater prestressing forces, the applied superimposed loads can be
increased.
Notably, in this example, a small increase in Fmax, i.e., from 20 to
21.5 kN, can result in a crack in the angle. This is because in the setup
used in this study, the actuator load is applied to a cantilever beam.
Therefore, the bending moment applied to the connections changes
considerably as a result of a change in the actuator load. In real appli
cations, however, where the two ends of the beam are supported, greater
superimposed loads are required to change the distortion-induced
stresses in the angles, as the connections on both ends contribute to
carrying the bending. This example is given here only to show the pre
stressing effect in improving the multiaxial fatigue behavior of the angle
connections. This effect can be considered to determine the prestressing
force in real applications.

Fig. 18. Reduction in the measured stress components due to prestressing force
P for the angle A3-L.

function of the prestressing force P. The figure shows that prestressing
significantly reduced the stress in the x-direction (as the dominant stress
component). The slope of the reduction for the stress in the y-direction is
− 1.6, which is less than one-third of that in the x-direction. The effect of
the prestressing force on the shear stress is negligible.
The stress components during the application of the prestressing
force are considered as σ x-P, σ y-P, and τxy-P in Fig. 18. As the prestressing
force is applied after fastening the bolts, the residual stresses due to
fastening the bolts, [σ res, b], serve as the values corresponding to P = 0 in
Fig. 18. After the prestressing, due to the actuator loads, the stress
components increase with the slopes of kx, ky, and kxy, respectively, as
shown in Fig. 17. Considering the residual stresses due to the
manufacturing process, [σres, m], under the application of a prestressing
force of P and an actuator load of F, the effective stress components are
estimated as follows:

σx− eff = σ res, m− x + σ x− P (P) + kx × F
σy− eff = σ res, m− y + σy− P (P) + ky × F
τxy− eff = τres, m− xy + τxy− P (P) + kxy × F

9. Conclusions
In this study, a multiaxial fatigue theory based on the critical plane
approach was employed to find an initiation threshold criterion for steel
connections, as strengthened with prestressed elements and subjected to
distortion-induced fatigue loadings. The main conclusions are as
follows.

(25)

The first two expressions on the right-hand side of Eq. (25) represent
the initial stress state (Eq. (22)). Thus, the residual stresses caused by
fastening the bolts, i.e., σres, b-x, σres, b-y, and τres, b-xy, are already
included in σ x-P (P), σ y-P (P), and τxy-P (P), as shown in Fig. 18. Therefore,
to compute the effective stresses, only the residual stresses due to the
manufacturing process, i.e., σres, m-x, σ res, m-y, and τres, m-xy, were added in
Eq. (25).
From the above, it can be concluded that the strengthening system
improves the fatigue performance of the angles only by reducing the
mean values of the stress components owing to the prestressing force.
The stress range, however, is not reduced, as the slope of the increase in
the stress components due to the actuator loads is not affected by the
strengthening system.
8.3. Example of the strengthening effect
To clarify the effect of the prestressing force in improving the fatigue
behavior of the connections, consider the example angles A1-, A2-, and

Fig. 19. Effect of prestressing force on the multiaxial stress state.

Table 3
Exemplary stress conditions to consider the prestressing effect.
Angle
A1-Ex
A2-Ex
A3-Ex

P (kN)
35
50
50

F (kN)

σx-eff (MPa)

σy-eff (MPa)

τxy-eff (MPa)

Min.

Max.

Min.

Max.

Min.

Max.

Min.

Max.

1
1
1

20
20
21.5

− 35.5
− 124
− 124

312.2
223.7
251.15

0.2
–23.8
–23.8

93.3
69.3
76.65

37.6
39.1
39.1

41.4
42.9
43.2
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ρ

τa (MPa)

1.8
1.29
1.35

86.9
86.9
93.8
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Fig. B1. Equivalent residual stresses due to manufacturing process as a function of the cut depth a.

• The fully reversed uniaxial and shear fatigue limits were estimated as
a function of the material tensile strength using the ratio nA. Using
this ratio, the MWCM threshold was plotted, with a smaller nA
leading to a more conservative threshold.
• Using nA = 0.4 and 0.55 for the uniaxial and multiaxial test data,
respectively, all data points corresponding to fatigue failure lied
beyond the MWCM threshold. For the FS model, except for a single
data point with a high mean stress from uniaxial test results, all other
data points were above the model threshold considering k = 1, Sy =
300 MPa, and τA = 106.5 and 135.7 MPa for the uniaxial and
multiaxial test data, respectively. The threshold based on John-son’s
formulation was the most conservative criterion.
• Rosette strain gauges were applied at the critical location of the
angles to measure the multiaxial stress state at this area. The fatigue
cracks initiated under the rosette strain gauges, and then propagated
downward and upward.
• The residual stresses in the critical location due to the manufacturing
process, [σres, m] were measured using cut-compliance method. The
results showed that the residual stresses in the x- and y-directions
were compressive. At a cut depth of a = 0.3 mm, the maximum
measured equivalent compressive stresses in the x- and y-directions
were − 135 and − 44 MPa, respectively. The measurement of the
residual stresses due to fastening the bolts showed that the geometric
imperfections of the angles resulted in a scatter in the results, ranging
from approximately 20 to 200 MPa in the x-direction.
• The effects of the residual stresses, prestressing force of the
strengthening system, and actuator load were incorporated in the
multiaxial fatigue models based on the critical plane approach.
• The results from the fatigue tests showed that the MWCM threshold
with nA = 0.44 lied below the crack test data. For the FS criterion, the
threshold could predict the crack initiation at the angles using k = 1

and τA = 121.2 MPa or k = 0.5 and τA = 110.9 MPa. Using Johnson’s
formulation with nA = 0.33 being 25% smaller than 0.44 used for the
MWCM threshold, a more conservative threshold (relative to the
other thresholds) was obtained.
• The strengthening system could increase the fatigue resistance only
through the prestressing force, without a considerable effect on the
flexural stiffness of the angles. The prestressing force could reduce
the mean stress of σ x as the dominant stress component, with a slope
of − 5.9, whereas for σy, the reduction slope was − 1.6. In this way, it
could bring the data points from the risky zone into the safe zone.
This shows that a prestressed retrofitting system can be used for the
fatigue strengthening of steel connections.
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Appendix A. Equations for the calculation of stresses from the measured strains
To calculate the stress components from the measured strain values in the a-, b-, and c-directions, the equations proposed in [64] were refor

mulated for an easier implementation in the MATLAB code. First, the value θ was calculated as follows:
(
)
1
εa − 2εb + εc
′
θ = tan− 1
2
εa − εc
′

A1

As tan2θ ≡ tan 2(θ + 90◦ ), the calculated angleθ is not necessarily the angle from the a-direction to the first principal direction, i.e., it can refer to
either principal axes. To address this ambiguity, the data-reduction algorithms proposed in [64] were implemented in the MATLAB code as follows:
′

′

′

′

π

′

π

A2

θ = θ − sign(θ ) × + sign(2εb − εa − εc ) ×
4
4

In the above, the function sign determines the sign of the expressions. Using thisθ value, the stresses in the x-y plane were calculated as follows:
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σx =

E
E
(εa + εc ) + √̅̅̅
2(1 − ν)
2(1 + ν)

σy =

E
E
(εa + εc ) − √̅̅̅
2(1 − ν)
2(1 + ν)
E
2(1 + ν)

τxy = √̅̅̅
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√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(εa − εb )2 + (εb − εc )2 sin2θ
√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(εa − εb )2 + (εb − εc )2 sin2θ

√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(εa − εb )2 + (εb − εc )2 cos2θ

A3

Here, E is the elastic modulus and ν is Poisson’s ratio (equal to 0.3).
Appendix B. Measurement results for σ res,

m-x

and σ res,

m-y

as a function of the cut depth

The equivalent residual stresses due to the manufacturing process as a function of the cut depth a in the x- and y-directions are shown in Fig. B1.
Physically, the equivalent residual stress represents the stress in the surface layer of 0 < z < a that produces the same stress intensity factor in mode I at
the tip of a hypothetical crack as the original residual stresses. Quantitatively, it is close to the mean value of the residual stresses within 0 < z < a.
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