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ABSTRACT 
Lap-shear tests carried out on Externally Bonded (EB) FRP strips or, more recently, prestress force-
release tests have established in the scientific community as experimental methods intended at deter-
mining the actual bearing capacity of EB FRP strips glued to concrete. The results of these tests are 
employed to scrutinize the interface behavior between FRP and supporting materials, which is generally 
modelled as a pure mode II fracture process. This paper shows the results of a numerical study intended 
at further unveiling the role of mixed-mode fracture parameters in the debonding process between FRP 
strips and concrete in lap-shear and prestress force releasing tests. 
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INTRODUCTION 
Existing reinforced concrete (RC) structures are often in need for strengthening due to either ageing of 
materials, damage induced by service life actions or flaws in the original design and realization 
(Biondini & Frangopol, 2016). Strengthening techniques based on utilising Fiber-Reinforced Polymer 
(FRP) composite systems have been gaining general consensus across the last two decades and are 
nowadays established as a competitive technical solution in several conditions (Meier et al., 2016). 
More specifically, the use of Externally Bonded (EB) FRP strips glued to RC members with the aim to 
enhance their strength is a widely adopted solution both in buildings and in bridges (Czaderski & 
Motavalli, 2007).  
However, the resulting effectiveness of strengthening interventions based on the use of FRP in RC 
structures is often controlled by the FRP-to-concrete interface behaviour, as the so-called “debonding” 
failure often occurs earlier than the FRP strip can actually develop all its tensile strength (Breveglieri 
et al., 2018). Therefore, since the beginning of research activities in composites for construction, people 
have paid a great attention to the phenomenological aspects related to debonding failure, its possibly 
different initiation points in FRP strengthening tested in bending and the complex mechanical processes 
that stand behind those empirical observation (Teng et al., 2002). 
As a general point, it should be noticed that the wide majority of mechanical models available in the 
scientific literature, including those which are the bases of the current code provisions, assume that 
debonding is a fracture process, which develops in pure mode II (Caggiano et al., 2013). This 
assumption has been widely accepted and allows understanding the main features of the debonding 
process for FRP strips EB to concrete (or other quasi-brittle material) substrates, as it leads to simplified 
expressions for the maximum load that can be transferred by the FRP-to-concrete joint under 
consideration and the distribution of relative displacements (slips) and bond stresses throughout the 
adhesive interface (Martinelli, 2021). 
However, experimental observations and mechanical considerations show that the excentricity between 
the axial stresses arising within the FRP strip cross section and the bond stresses distributed beneath it, 
should result in a bending action on the strip itself, which leads to both out of plane relative 
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displacements with respect to the interface plane and normal (peeling) stresses throughout the adhesive 
interface (De Lorenzis & Zavarise, 2008). 
Allthough some early analytical solutions developed for steel plates epoxy-glued to concrete (according 
to the so-called béton plaque technique) showed that an elastic distribution of peeling stresses can be 
determined by assuming a beam on Winkler soil scheme, more recent developments have tried to go 
deeper into the investigation of actual distribution of shear and peeling stresses throughtout the interface 
at various stages of the fracture process that leads to peeling (Roberts, 1989). Specifically, the authors 
have already proposed a numerical procedure based on an uncoupled formulation for shear and peeling 
stresses (and, correspondingly, relative axial and normal displacements) (Martinelli et al, 2011).
The present paper is a further development of that past model as it assumes a fully coupled formulation 
for the mixed-mode fracture process. Specifically, the formulation is based on the flow theory of 
plasticity including softening as a result of the fracture process controlled by two independent values of 
fracture energy for the two ideal modes I and II (Carol et al., 1997). Specifically, zero-thickness 
interface elements are derived with the aim to connect the FRP strip and the concrete substrate. 
Furthermore, the present formulation ideally covers both the case of lap-shear and stress-release tests, 
the latter being realised by gluing an initially prestressed strip which is then released from one side, 
possibly up to debonding of the interface (Moshiri et al, 2023).
That said, the paper is structured as follows. Section 2 proposes the mathematical formulation of the 
mechanical model and its numerical solution based on the finite element method. Section 3 summarises 
the results of some experimental tests carried out on FRP strips glued to concrete according to the 
Externally Bonded Reinforcement On Grooves (EBROG) technique (Moshiri et al., 2023). Both the 
case of a lap-shear test of (non prestressed FRP strips) and the one of a stress-release test are considered 
herein. Section 4 shows the comparisons between experimental results and numerical simulation with 
the aim to show the potential of the present model to simulate debonding phenomena of FRP strips EB 
to concrete. Section 5 summarises the main findings of this study, show some limitations of the current 
formulation and figures out some of the possible future developments.

MODEL FORMULATION

The present numerical model is based on the following assumptions:
- the FRP strip behaves elastically and is modelled according to the Bernoulli beam;
- the concrete substrate is rigid;
- the epoxy adhesive layer is modelled in plane-strain elasticity;
- the connection between the epoxy layer and the concrete substrate is modelled via a zero-

thickness layer where mixed mode fracture develops according to the flow theory of plasticity
with softening (Carol et al., 1997).

In principle, the numerical model is meant to simulate the behaviour of FRP strips glued to concrete, 
either prestressed or not, and subjected to the load conditions realised in either prestress-release (Figure 
1b) and lap-shear (1a) tests. However, the present formulation and the corresponding validation is 
limited to the case of FRP strips subjected to lap-shear tests.

a) Lap-shear test b) Prestress-release test
Figure 1: Layout examples of possible tests on FRP strips glued to concrete

The mechanical assumptions of the model can easily lead to the fundamental equations for the present 
model, which is formulated in a 2D context as represented in Figure 3. Thus, each node is associated 
with the three usual degrees of freedom u, v and .
The possible prestressing affects the axial response of the beam, as the compatibility equation between 
axial displecements u and total axial strains can be described as follows:
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 el

elΔσ K Δu          Eq. 1 
 
Therefore, special emphasis should be placed upon the description of the fracture process via the 
aforementioned zero-thickness elements, whose linear response can be represented by means of the 
elastic matrix Kel: 
 

 el
elΔσ K Δu   

el
N N N

el
T T T

k 0 u
0 k u

    Eq. 2 

 
which relates the generic stress increment   at each node to the corresponding elastic displacement 
increment uel, the latter being, in turn, one of the two parts of the total displacement increment u 
(consisting of the two vectorial components in the normal “N” and tangential “T” directions): 
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where ucr is the cracking displacement increment. 
The cracking phenomenon is assumed to begin at a certain point as the corresponding stress state 

N T  reaches a “cracking surface” described by the following equation (Figure 2): 
 
 2 22

T N( , ) c tan c tan 0F σ q      Eq. 4 
 
where q=( ,c,tan ). 
 

 
Figure 2: General shape of the cracking surface 

 
The work spent in the fracture process can be evaluated as follows 
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where the second expression takes into account the possible contribution of friction in the case of 
compressive normal stresses. A non-associated “flow” rule relates the cracking displacement increment 
ucr and the current stress state: 

 
 cru m          Eq. 6 
 
where  is the increment of the cracking multiplier and the vector M can be expressed as follows: 
 

 m A n  with  
T

N T

F Fn  and 
dil dil

cf f 0
0 1

A  . Eq. 7 

 
The terms f dil and fc

dil are equal to 1 if N> N,dil and vanish as compressions are higher than the latter, 
which realises the non-associate flow in the fractire process. 
The softening behaviour of the farcture process is regulated by the following degradation function: 
 

 eS( )
1 ( e 1)

        Eq. 8 

 
which multiplies the q parameters in Eq. (4) as the fracture process develops, which is regulated by the 
ratio: 
 

 
cr

*
F*

W
G

         Eq. 9 

 
where fracture energy in mode I, GF,I, is considered for the cohesion term c, and fracture energy in 
(asymptotic) mode II, GF,II, is taken into account for both  and tan . 
Therefore, by combining Eq. (2) and (3), the following relationship can be obtained between the 
increment of both cracking increment u, fracture multiplier , and the corresponding stress increment 

: 
 
 elΔσ K Δu A n        Eq. 10 
 
Therefore, the definition of a “consistent” tangent stiffness matrix can be obtained by properly 
combining Eq. 4 and Eq. 10: 
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       Eq. 11 

 
where H is the is the hardening/softening parameter:  
 

 
T Tcr

cr cr

F W QH
W
q

q σu
       Eq. 12 

and Q( ,q, )=0 is the so-called “plastic potential” with a collecting the evolution parameters  of Eq. 
8 concerning the properties collected within the A matrix in Eq. 7, and  
 

 Q m
σ

 .         Eq. 13 
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Further details on the mathematical derivation of Eqs. 11 and 12 and on the mechanical meaning of the 
obtained quantities are omitted herein for the sake of brevity and can be found in Carol et al (1997).
The solution of the system of nonlinear equations resulting by combining Eq. 4 and Eq. 10 can be 
obtained via alternative iterative numerical methods (Carol et al, 1997; Caballero et al, 2007). 
In the present paper, the model is implemented into 2-node zero-thickness interface elements connecting 
the adhesive layer with the (rigid) concrete substrate. Therefore, the model consists of (Figure 3):

- n Berboulli beam elements representing the FRP strip;
- n quadrilateral elastic elements representing the adhesive layer;
- n+1 2-nodes zero-thickness elements where both the elastic and cracking response of the FRP-

to-concrete interface is lumped.
Therefore, the model consists of 3(n+1) nodes, each one of which is generally characterised by 3
degrees of freedom (DoF), as the problem is formulated in 2D. More specifically, the FRP strip is 
modelled as already proposed by the authors in a previous work of theirs (Martinelli et al, 2011). The 
main difference between that model and the present one are highlighted below:

- the present numerical implementation of the model is based on an Matlab® code (The 
MathWorks Inc., 2022) entirely coded by the authors and based on an incremental-iterative 
procedure in displacement control;

- the beam elements representing the FRP strip are connected to an adhesive layer of thickness 
ta, characterised by a Young’s Modulus Ea and a Poisson’s ratio a represented by 4-node plane 
strain elements;

- the adhesive layer is, in turn connected to zero-thickness elements where all the non linear 
features of the cracking phenomenon are concentrated.

- the formulation of the complete incremental-iterative procedure implemented to simulate the 
debonding phenomenon is run in displacement control;

- for each imposed displacement increment, a recursive solution scheme is adopted to solve Eq. 
4 and Eq. 10 for each zero-thickness element, whose q parameters are updated after 
convergence is reached and before proceeding with the subsequent displacement increment;

- at convergence for the current displacement increment (which is achieved as in two subsequent 
iterations the global response variation is below a given threshold defined in terms of 
displacements), a further increment is applied at the displacement controlled node.

Figure 3: Graphical sketch of the main features of the present numerical model

OUTLINE OF TWO LAP-SHEAR TESTS

The model formulated in this paper is validated by considering the results of two lap-shear tests carried 
out on two different FRP strips specimens realised according to either the Externally-Bonded 
Reinforcement (EBR) or the Externally-Bonded Reinforcement on Grooves (EBROG) techniques
(Figure 4). The consideration of these two different specimens is intended at emphasising the different 
values assumed in EBR and EBROG systems by the parameters describing the fracture process 
(especially the three quantities collected in the vector q of Eq. 4). Besides the inherent difference 
between the two connection systems, the main geometric properties are common for the two specimens. 
In fact, in both cases, the FRP strip is bf=100 mm wide and tf=1.4 mm thick. Moreover, the bonded 
length is L=300 mm. 

1 2 i n+1n

[1] [2] [i] [n]

kT
kN

F

FRP strippp
(Bernoulli beam element)

Adhesive layeryy
(Quadrilateral elements)
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interface elements

T

N

N
T
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a) EBR interface b) EBROG interface
Figure 4: EBR. Vs EBROG. Techniques for FRP strip connection to concrete

The experimental results obtained from lap-shear tests on EBR-FRP specimens are summarised by 
Figure 5 and Figure 6. Specifically, Figure 5 shows the observed relationship between the applied lap-
shear force and the resulting interface slip at the loaded end of the bonded length. 

Figure 5: Lap-shear test on EBR-FRP strip: force-displacement response

a) Interface slips b) Relative transverse displacements
Figure 6: Lap-shear test on EBR-FRP strip: interface slips and relative transverse displacements 

Moreover, Figure 6 depicts the distribution of both interface slips s and relative transverse (out-of-
plane) displacements observed throughout the bonded length at three different load levels: the first one 
(20.56 kN) at the end of the quasi-linear branch that can be observed in Figure 5, the third one (46.90 
kN) is close to the full debonding condition and the second one (34.59 kN) is intermediate between the 
other two. Therefore, the plotted experimental results correspond to different development levels of the 
debonding phenomenon and, hence, different levels of nonlinearity in the mechanical response of the 
tested specimens. Figure 7 and Figure 8 show the corresponding experimental results obtained from the 
lap-shear tests on EBROG-FRP specimens.
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Figure 7: Lap-shear test on EBROG-FRP strip: force-displacement response

a) Interface slips b) Relative transverse displacements
Figure 8: Lap-shear test on EBROG-FRP strip: interface slips and relative transverse displacements

A comparison between Figure 5 and Figure 7 shows the superior load bearing capacity of the EBROG 
system with respect to the standard EBR solution. Although the initial stiffness of the two force-slip 
curves is similar, the EBROG system is characterized by a strength that is almost twice than the one 
observed in EBR systems and also the displacement capacity is significantly magnified by the presence 
of a more articulated interface in the EBROG system (Moshiri et al, 2023).

ANALYSIS AND RESULTS

After a sensitivity analysis intended at understanding the relationship between the number of nodes and 
elements, the resulting accuracy and related computational times, a mesh consisting of n=60 elements 
for both the FRP strip and the adhesive layer (and, hence, a total of 183 nodes) was considered for the 
present work. However, already in the current numerical implementation it can be employed with the 
aim to scrutinise the development of the cracking phenomena that lead the tested specimens to 
debonding.
The EBR FRP strip has been simulated by assuming the following values for the main mechanical 
properties GF,I=0.20 N/mm and GF,II=0.80 N/mm. All the parameters involved in Eq. 8 are set to zero, 
which means that a linear evolution of the fracture surface parameters is currently assumed. Figure 9
represents the distribution of both interface slips and relative transverse displacements throughout the 
bonded length and for different load levels. The two graph show a reasonable agreement in terms of 
slips, whereas the approximation of the transverse displacement is satisfactory only for the first two 
considered load levels.
Figure 10 show the evolution of the Wcr/GF,I ratio in some specific nodes (Figure 3) and demonstrate 
that debonding initiate at node n-1, where it develops with a significant mode I component, 
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a) Interface slips b) Relative transverse displacements
Figure 9: Numerical vs. Experimental comparison: displacement fields throughout the bonded length 

(EBR-FRP strip)

Figure 10: Evolution of the fracture work in some monitored nodes (EBR-FRP strip)

The mechanical behaviour of the EBROG specimen submitted to lap-shear test (Figure 4b) can be 
simulated with the aim to understand the evolution of the displacement fields throughout the bonded 
length. Specifically, the EBROG FRP strip has been simulated by assuming the following values for 
the main mechanical properties GF,I=0.70 N/mm and GF,II=2.20 N/mm. Like in the case of the EBR FRP 
strip, all the parameters involved in Eq. 8 are set to zero, which means that a linear evolution of the 
fracture surface parameters is currently assumed. Figure 11a) shows that the numerical approximation 
of the interface slip distribution is reasonably accurate at the three considered load levels, whereas the 
model – in the present calibration – can only catch the maximum out-of-plane displacements, yet 
determining a limited extension of the distribution determined through the numerical simulation.

a) Interface slips b) Relative transverse displacements
Figure 11: Numerical vs. Experimental comparison: displacement fields throughout the bonded length 

(EBROG-FRP strip)
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Moreover, like in the case of the EBR specimen, Figure 12 shows that debonding does not begins at the 
very end of the of the bonded length, but from a more internal one (nodes n-1 and n-2), where shear and 
normal stresses combine in the most unfavourable way and result in triggering the cracking 
phenomenon and controlling the whole debonding process. 

 
Figure 12: Evolution of the fracture work in some monitored nodes (EBROG-FRP strip) 

CONCLUDING REMARKS 
The present paper reports the formulation of a novel theoretical model intended at simulating the 
debonding phenomenon generally occurring in FRP strips glued on a quasi-brittle substrate material, 
like concrete. Specifically, the model aims at simulating the mixed-mode fracture process developing 
at the interface throughout the FRP-to-concrete interface, as it is observed from both lap-shear or stress-
release tests. The model is formulated by modelling the FRP strip with beam-like elements and 
assuming plane strain conditions for the adhesive layer. Moreover, all the nonlinear behaviour is lumped 
within zero-thickness interface elements, which are intended at simulating both the elastic and inelastic 
response of the adhesive-to-concrete interface. In principle, a proper calibration of the various 
parameters defining both the elastic springs, the fracture surface and the plastic potential of the model 
allows for simulating the different behaviour that characterise two different connection solutions, such 
as EBR and EBROG techniques.  
Although the proposed model is characterised by a more sophisticated mechanical formulation and 
require more computationally challenging numerical solution algorithms, it allows to highlight peculiar 
aspects of the debonding phenomenon (like the actual initiation of the cracking process and its evolution 
in mixed mode) which cannot be caught by means of the more common and simple models based on 
the widely accepted assumption of cracks developing in pure mode II. 
Finally, it is worth highlighting that the proposed model is characterised by a significant level of 
nonlinearity, which results from the solution of Eq. 4 and Eq. 10, which sometimes results in numerical 
issues that should be further investigated with the aim to come up with a more robust numerical 
procedure intended to solve the analysis problem under consideration. This improvement, as well as the 
formulation of a more systematic identification process for the various parameters required to define 
the proposed model are among the future developments of the present research. 
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