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Abstract
This paper provides a theoretical and conceptual framework for the determination of static
breakdown inception thresholds in quasi-uniform gas gaps bounded by dielectric layers of
thickness s and relative permittivity ε ′

r . The special case of uncoated metallic electrodes is
included in the limit s/ε ′

r → 0. Moreover, a review of breakdown mechanisms and the
underlying physical processes in quasi-uniform gas gaps is provided, and the applicability of the
associated breakdown criteria is discussed. The results include a parametrization of the partial
discharge inception voltage of wedge-shaped air gaps at atmospheric pressure as a function of
the reduced coating thickness s/ε ′

r . The predicted results for this prototypical insulation
geometry agree well with a broad array of literature data and own measurements. Finally, a
physically motivated parametrization of the ionization threshold K(d) is suggested for
atmospheric pressure air in terms of secondary electron feedback by energetic photons and
ion-enhanced field emission. This contrasts with the ad hoc introduction of modified ‘streamer
constants’ often found in literature to explain breakdown voltages that deviate from the
predictions of the classical Raether–Meek–Loeb criterion.
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Symbol Value Unit Name

α m−1 Ionization coefficient
αeff m−1 Effective ionization coefficient
d m Gap length
E V ·m−1 Electric field
Eg V ·m−1 Electrode electric field value in the gas
Ecrit V ·m−1 Critical electric field (above which αeff > 0)
Eb V ·m−1 Static breakdown electric field
Eth V ·m−1 Threshold electric field value below which ionic space charge enhances the ionization yield

of secondary avalanches
E/N Td Reduced electric field
e 1.602 · 10−19 C Elementary charge
γ — Effective secondary electron emission coefficient
γi — Secondary electron emission coefficient due to positive ions
γph — Secondary electron emission coefficient due to photoelectric effect at the cathode
ε0 8.854 · 10−12 F ·m−1 Permittivity of free space
εr ε ′

r − jε ′ ′
r — Relative permittivity of the coating

η m−1 Electron attachment coefficient
j0 A ·m−2 Seed electron current density at the cathode surface
K — Ionization threshold
N m−3 Neutral gas density
ncrit — Critical number of electrons for single-avalanche streamer inception
p N · kB · T bar Gas pressure (note: T= 300 K is used for the conversion between p and N)
Uel V Electrode voltage
Ug V Gap voltage
Ub min(UT,US) V Static breakdown voltage
UT V Townsend threshold voltage
US V Single-avalanche streamer threshold voltage

1. Introduction

Since the discovery of static electricity, the electrical spark had
been a well-known physical phenomenon. In the early 1700s,
the English scientist Francis Hauksbee beautifully described
the electric sparks he observed in the dark emanating from a
glass tube rubbed by hand [1] (p 60):

‘if another Hand was held near the Tube, a
Light would evidently break forth from it,
and That accompanied with a Noise, resem-
bling that of the cracking of a green Leaf in
the Fire’

It was not until much later, however, that the physical
mechanisms underlying the formation of the electric spark
were elucidated, starting at the turn of the 19th century with
the first atomistic theory of breakdown developed at the
Cavendish laboratory by a team of physicists—including J.S.
Townsend—under the lead of J.J. Thomson [2].

Despite its long history, the theory of the electric break-
down of a gas—the abrupt transition of the insulating state
into an electrically conducting plasma when a certain voltage
threshold between the electrodes is exceeded—remained a
subject of intense study throughout the 20th century up to the
present time. Besides scientific curiosity, the sustained interest
in the phenomenon is certainly also driven by its high practical

relevance in numerous areas of technology, ranging from the
design of particle detectors [3] to the dimensioning of new
nanosecond pulsed ignition systems for internal combustion
engines [4], to the determination of appropriate clearance dis-
tances in high voltage apparatus [5].

More recently, the determination of partial breakdown
thresholds in so-called wedge-shaped gas gaps bounded by
insulating dielectric coatings has attracted increasing attention
due to its relevance in suppressing the ignition of unwanted
dielectric barrier plasma discharges in the turn-to-turn insula-
tion of electric motors driven by inverter output voltages [6–8].
The wedge-shaped gas gap bounded by a dielectric electrode
coating, shown in figure 1(a), can be used to represent this
type of insulation system. In such a gas gap, a partial electrical
breakdown—by convention called a partial discharge (PD)—
can occur when the electrode voltage exceeds a threshold
known as the PD inception voltage (PDIV). The reason for
the partial as opposed to complete breakdown of the config-
uration lies in the gas’ lower electric strength compared to the
solid insulation, as well as the electric field enhancement in the
gas by the induced bound charges at the dielectric boundaries.
If the insulation material is organic (e.g. a polymer), repetit-
ive PDs cause its gradual erosion until a full breakdown ter-
minates the lifetime of the insulation barrier [8]. Being able
to determine the PDIV of wedge-shaped insulation geometries
based on the relevant physical parameters of the system is thus
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Figure 1. (a) A wedge-shaped gas gap bounded by dielectric
electrode coatings representing, for instance, the turn-to-turn
insulation in an electric motor winding. Typical wire diameters are
on the order of 1 mm, while coating thicknesses range from roughly
20 µm to 100 µm. The coating is typically a polymeric material
with a dielectric permittivity ε ′

r between 2.5 and 5 (at room
temperature). (b) Approximate reduction of the geometry in (a) to a
parallel connection of uniform discharge cells. (c) Single discharge
cell with an electron avalanche and the release of a secondary
photo-electron at the cathode boundary. The special case of metallic
electrodes is obtained by letting s/ε ′

r → 0.

of utmost importance for the reliable design of these insulation
systems.

The quasi-universal approach for determining the (partial)
breakdown voltage in gases—bounded by dielectric layers
or not—is the application of a Townsend–Schumann–Loeb–
Meek–Raether type criterion of the form [9–12]

ˆ
αeff · dl

!
= K, (1)

where αeff is the effective ionization coefficient, and the integ-
ral is performed along field lines in the region where αeff > 0,
i.e. where the electric field is above the critical electric field
Ecrit. Breakdown can occur if the criterion is fulfilled along
at least one field line (a suitably placed seed electron is also
required to initiate the breakdown process). Unfortunately,
the value of the so-called ‘streamer constant’ K predicting
the measured breakdown voltages in various insulation con-
figurations has been found to be less constant than its name
suggests [13, 14], the main influencing variables being the
the pressure p × gap distance d product and the gas type
itself. For example, Malik [13] found K to vary from 1.4 to
74 for predicting breakdown voltages in a quasi-uniform elec-
tric field in air when p · d was varied from 0.01 bar · cm to
40 bar · cm. While the values of K above 23 are unphysical
[15] (e23 ≈ 1010 avalanche electrons, e74 ≈ 1032) and caused

by the sensitivity of the calculatedK value on the zero-crossing
of αeff (see appendix C), the measurements do illustrate
that the ionization threshold predicting the measured break-
down voltage can be significantly lower than the ‘conven-
tional’ value K= ln(ncrit)≈ 18..20 derived from the classical
streamer theory [12]. The classical streamer theory imposes
the condition that the electric field created by the space charge
of the avalanche ‘significantly’ distorts the electrode field,
which leads to ncrit ≈ 106..108 for atmospheric pressure air
[12, 16]. It will be shown in this paper that while the exact
value of the parameter K is less relevant for the determina-
tion of breakdown voltages in large (mm to cm-sized) gaps
(because variations inK produce only moderate changes in the
calculated breakdown voltage), it does matter for small gap
lengths (d≪ 1 mm), applying for example to the configura-
tion shown in figure 1. Indeed, using the value K= 18 leads
to an overestimation of the PDIV in these configurations by
a factor of about 2 [8, 17]. Some authors suggest to do away
with such questions by arguing the constant K to be devoid of
a clearly defined physical meaning for the streamer mechan-
ism and hence necessarily of purely empirical character [18].
In [16] it is shown, however, that even when the the pressure
and gap distance as well as the statistical nature of the single
avalanche growth are considered in the calculation of PDIVs
within the single-avalanche streamer theory, the results are
still incompatible with the observed PDIVs in wedge-shaped
air gaps bounded by dielectric coatings.

The more obvious way out of the disagreement between
theory and experimental results would be to abandon the
single-avalanche streamer mechanism as the appropriate the-
ory ‘behind’ the constant K for calculating (partial) break-
down thresholds in quasi-uniform, atmospheric pressure air
gaps, at least up to the centimeter gap spacing range. As indic-
ated in the designation of the criterion (1), the assumption of a
fundamentally different mechanism (Townsend mechanism),
which is based on secondary avalanches initiated at the cath-
ode by feedback from the primary avalanche [10], formally
leads to the same sparking criterion in quasi-uniform fields.
The streamer constant is then replaced by the natural logar-
ithm of the inverse of the secondary electron feedback coef-
ficient γ, which is defined as the average amount of sec-
ondary electrons emitted per ionization event in the primary
avalanche:

ˆ
αeff · dl

!
= ln

(
γ−1

)
. (2)

This would also ‘solve’ the problem of the low value of the
streamer constant (K≈ 5..7) which is needed to accurately pre-
dict the PDIV in typical twisted pair geometries (figure 1) [8,
17], because γ−1 can in principle take any value≳ 1 in quasi-
uniform configurations. However, a number of arguments have
been raised against the validity of the Townsend mechanism
for partial breakdown in dielectric-bounded gas gaps. The
raised objections will be discussed in detail in section 5 in light
of the results presented in sections 3 and 4. Suffice it here to
list the questions raised against a multi-avalanche generation
(Townsend) mechanism:
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• Can secondary electrons be liberated efficiently from the
dielectric cathode? [17, 19, 20]

• Is the Townsend criterion valid in the slightly non-uniform
electric field occurring in configurations of the type shown
in figure 1(a)? [17, 19–21]

• Can a Townsend discharge generate a sufficient discharge
current magnitude (i.e. measureable by standard PD meas-
urement techniques) before the discharge is quenched by
charge deposition on the insulating coatings? [22]

• How can formative times and PD pulse current durations of
some 10 ns be explained in a multi-avalanche theory?

The goal of this work is to present and validate a multi-
avalanche discharge inception theory for quasi-uniform gas
gaps in general (figure 1(c)) and wedge-shaped gas gaps in
particular (figure 1(a)), which aims to address all of the raised
concerns against such a multi-avalanche inception mechan-
ism. The present paper deals with the determination of the
static inception threshold of such configurations by propos-
ing a physically motivated parametrization of the secondary
electron emission coefficient γ that is based on the photoelec-
tric effect at the (dielectric) cathode and the ion-enhanced field
emission of electrons from the (dielectric) cathode. The the-
ory is applied to the twisted pair geometry (figure 1(a)) and
validated against a large body of literature data and own meas-
urements. A subsequent publication will address the dynamics
of the discharge mechanism, which is relevant for calculating
breakdown probabilities under transient voltages, as well as
for clarifying the above-mentioned questions about the form-
ative time of the Townsend discharge and the magnitude of the
discharge current.

2. Short historical overview on the development of
breakdown criteria

In the vast literature devoted to the discussion of the static
sparking threshold, there is a general agreement on the math-
ematical form of the static breakdown criterion. It was formu-
lated in its generalized form shown in equation (1) as early
as 1923 by Schumann [9]. In Schumann’s formulation, which
considers both positively and negatively charged particles to
ionize with respective ionization coefficients β and α, the con-
stant K is given by ln(k)

1−1/k , where k= α/β is the ratio of the
impact ionization coefficients. While direct impact ionization
by positive ions is negligible with respect to impact ioniz-
ation by electrons (β ≪ α), the consideration of secondary
electron generation at the cathode by positive ions (γi mech-
anism), energetic photons (γph mechanism) and other mechan-
isms lead to essentially indistinguishable functional paramet-
rizations of the sparking criterion. The assumption of e.g. ionic
feedback relates β = α · γi to the secondary electron emission
coefficient γi. For γi ≪ 1, this leads to K≈ ln(γi−1), which
yields the Townsend criterion (2) for the static breakdown
voltage. As its name suggests, it had already been formulated
in the pioneering works of Townsend [10] and Thomson [2] in
the first decade of the 20th century, albeit with the same mis-
conception of seeing impact ionization of positive ions as the
predominant electron supply mechanism. Schumann derives

the values of K for a given parametrization of α(E) by com-
paring measured breakdown voltages with the model’s pre-
dictions. He chose this semi-empirical approach because the
value of K (and hence the derived sparking threshold) depends
on the value of β, whose value was not known accurately,
not least because of the missing understanding of the various
cathode processes implicitly subsumed under the parameter β.
The empirically derived values of K range from about 8 to 23
for atmospheric pressure air gaps ranging from d= 0.1 cm to
1 cm. From today’s perspective, this amounts to an estimation
of the effective secondary electron feedback coefficient as a
function of the gap width (electric field), as discussed below
in section 3.2.

Another seminal contribution to the understanding of gas
breakdown was the description and experimental study of the
single-avalanche streamer breakdown mechanism during the
late 1930s [11, 12]. This type of breakdown is characterized by
the direct transformation of a single primary avalanche into a
weakly-ionized plasma channel connecting the electrodes. Its
characterizing feature is the supply of secondary avalanches
originating in the gas phase, whose electron yield is enhanced
by the space charge electric field created by the avalanche
itself. This mechanism is observed under conditions where
the Townsend mechanism is suppressed dynamically by using
voltages with short rise times to bring the gap to a large over-
voltage before the Townsend mechanism is able to become
operative [12] or configurationally by having a low γ value
(intrinsically low secondary electron yield, nonuniform fields,
large gap spacings, etc). The latter has been hypothesized to
apply for dielectric-bounded gas gaps by some authors, as dis-
cussed in section 5. As mentioned above, the associated sim-
plified breakdown criterion (1) also takes the Schumann-type
mathematical form with another physical model behind the
constant K (see equation (33) in appendix I), and with physic-
ally motivated values ranging from about 14 to 20, depending
on gas parameter and electric field values [12, 16, 23].

3. Theory

3.1. Approximate reduction of arbitrary quasi-uniform
electrode configurations into parallel connected discharge
cells

A quasi-uniform electrode configuration may be approxim-
ated as a parallel connection of uniform discharge cells
(figure 1(b)). Assuming the dielectric coating to be of uniform
thickness s and described by its complex relative permittiv-
ity εr, a discharge cell is fully characterized by its gap width di
and its associated cathode surface areaAc,i. Any quasi-uniform
electrode configuration is then approximatively reduced to
a set of Nc tuples {(di,Ac,i)|i = 1, . . . ,Nc}, where Nc is the
chosen number of discharge cells. An adequate value of Nc

is obtained by a mesh convergence study analogous to other
discrete numerical schemes. The electrode area is not relevant
for calculating the static breakdown threshold, which is why
in this paper only the gap distance d(x) parametrized by the
continuous variable x will be used (see figure 1). The variable
x is the ordinate of the point where the field line crosses the
horizontal axis (cylindrical or rotational symmetry is assumed

4



J. Phys. D: Appl. Phys. 56 (2023) 435204 R Färber et al

for simplicity, but the concept of discharge cells is applicable
to any geometry). The function d(x) obviously depends on
the investigated electrode geometry—an example of a simple
approximate parametrization for contacting spheres or cylin-
ders with insulating coatings in the limit s ≪ D is given in
appendix A. The associated voltages in the gas gaps are given
by the quasi-uniform approximation (capacitive voltage divi-
sion between the gaseous and solid dielectric),

Ug(x) =
Uel∣∣∣1+ 2s
εr·d(x)

∣∣∣ , (3)

and the average electric field along the field line reads

Eg(x) =
Ug(x)

d(x)
=

Uel∣∣∣d(x)+ 2s
εr

∣∣∣ . (4)

The (partial) breakdown threshold of the whole configuration
is simply given by the lowest electrode voltage for which at
least one of the gas gaps exceeds its corresponding breakdown
electric field Eb(d(x)):

Uel,b = min
x∈[0,∞)

Eb(d(x)) ·
∣∣∣∣d(x)+ 2s

εr

∣∣∣∣ . (5)

A partial breakdown is obtained in the presence of an insulat-
ing coating, s> 0, in which case Uel,b is called the PDIV. In
low-loss dielectric materials, εr = ε ′

r − j · ε ′ ′
r ≈ ε ′

r and thus

PDIV= min
x∈[0,∞)

Eb(d(x)) ·
(
d(x)+

2s
ε ′
r

)
. (6)

The breakdown electric field Eb as a function of gap dis-
tance d was determined from own measurements as well as
an extensive compilation of measured breakdown voltages
of quasi-uniform gas gaps with metallic electrodes in atmo-
spheric pressure air [9, 24–27]. The following parametrization
is obtained:

Eb(d) =min
(
e f(ln(d/m)V ·m−1,EFE

)
, (1µm< d⩽ 10 cm)

(7)
where f is the polynomial

f(x) = 1.460 · 101 − 1.245 · 10−1 · x− 2.3055 · 10−2·
× x2 − 2.935 · 10−3 · x3 (8)

and EFE = 82 kV ·mm−1 is a measured threshold value [28]
that characterizes the transition to the field-emission (FE) con-
trolled breakdown mechanism (with typical values ranging
from 50 kV ·mm−1 to 150 kV ·mm−1 depending on the char-
acterstics of the cathode surface [29]). In the FE-controlled
mechanism, electron multiplication by impact ionization in
the gas is no longer relevant. In large gaps, the above para-
metrization is validated by measured data up to d= 10 cm,
above which the breakdown field will level off further from
Eb(10 cm) = 2.67 kV ·mm−1 towards Ecrit = 2.37 kV ·mm−1

[30].
The validity of the quasi-uniform approximation,

equations (3) and (4), is investigated in appendix B for the

example of contacting enameled wires of a total diameter
of 1 mm and a coating thickness of s= 30 µm. The differ-
ence in calculated PDIVs obtained by the full numerical field
calculation and integration as compared to the simple uni-
form approximation with geometric field line length determ-
ination is less than 3%. A parametric study shows that the
approximation is valid down to a total wire diameter of about
0.3mm (at atmospheric pressure), below which the discharge
gradually moves out to the more non-uniform electric field
region.

3.2. Ionization threshold and value of the secondary electron
feedback coefficient

The Townsend criterion (equation (2)) and the single-
avalanche streamer criterion (equation (1)) can be combined
into a single threshold value for the ionization integral I=´ d
0 αeff · dl, which for a quasi-uniform electric field reads

I≈ αeff · d
!
= ln

[
min

(αeff

α
· γ−1,ncrit

)]
≡ K. (9)

Note that for the multi-avalanche (Townsend) mechanism,
the effect of electron attachment is added here by the factor
αeff/α, which equals the probability of non-attachment of a
seed electron and is significantly smaller than 1 only in attach-
ing gases near to the critical field value [16, 31]. The static
breakdown electric field Eb is the electric field value satis-
fying the above equation, and Ub = Eb · d is the associated
static breakdown voltage. The corresponding value of the ion-
ization integral is called the ionization threshold and denoted
K= αeff(Eb) · d. Figure 2 shows the ionization thresholds cor-
responding to measured static breakdown voltages for atmo-
spheric pressure air over a large range of gap distances. The
shaded regions demarcate the ionization threshold range that
would have been obtained for breakdown voltages deviating
by ±5% and ±10%, respectively, from the measured values.
Conversely, the corresponding range indicates the error on
the calculated breakdown voltage resulting from the use of a
‘wrong’ threshold value. For example, using K= 18 (dashed
horizontal line) leads to a reasonable accuracy (±10%) on
the calculated static breakdown voltages for gap distances of
some mm to cm. On the other hand, the smaller the gap, the
more sensitive the calculated breakdown voltage is to changes
in the chosen ionization threshold K, and using the conven-
tional streamer threshold (even if corrected for the effect of gap
electric field as shown by the continuous black line [16]) will
grossly overestimate the inception threshold. Yet, the range
d< 0.1 mm is just the range that is relevant for PD incep-
tion in wedge-shaped gas gaps (see dashed blue dmin line in
figure 5). This would explain why the streamer threshold,
which is obtained by requiring a single avalanche to signific-
antly distort the electrode field, and which works with reas-
onable accuracy for larger gaps, is not even approximatively
applicable in this case. On the other hand, the small val-
ues of the modified ‘streamer constants’ (appropriate desig-
nation: ionization thresholds) for the calculation of PD incep-
tion voltages in wedge-shaped gas gaps (e.g. K≈ 6 for dmin ≈
50 µm in [17], K≈ 5 for dmin ≈ 20 µm in [8]) agree very well
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Figure 2. Critical ionization thresholds K= αeff(Eb) · d in atmospheric pressure air as a function of gap distance, calculated from measured
breakdown voltages referenced in the the legend. The dashed red line is a fit to the shown experimental data. The K-values in the colored
bands predict the breakdown strength to within ±5% and ±10%, respectively. The green dotted line is a physically motivated
parametrization K= ln(γ−1) in terms of the secondary electron emission coefficient given in equation (10).

with the values shown in figure 2 for the corresponding gap
widths.

4. Results

4.1. Expected transition between breakdown modes for
static breakdown

The data shown in figure 2 indicates that one should expect a
transition from the Townsend to the single-avalanche streamer
mechanism for static breakdown (i.e. without significant over-
voltage) as the gap distance exceeds about 1 cm to 2 cm.
However, the determined values of K (or γ) do not satur-
ate at the expected streamer limit of K≳ 18 (γ ≲ 10−8). As
pointed out in the introduction, values of K> 23 (an aver-
age amount of >1010 electrons in the avalanche head) are
not physically meaningful, because the the effect of the space
charge electric field of the avalanche on the ionization dynam-
ics in the gap cannot be neglected in this regime. The reason
for the excursion of the determined ionization threshold to
large values K≫ 23 (instead of the expected saturation) in
cm-sized gaps lies in its large sensitivity to the used αeff(E)
parametrization. As illustrated in appendix C, the applied para-
metrization from BOLSIG+ with the detachment correction
from [32] seems to overestimate the net ionization rate in
low electric fields (2 kV ·mm−1 < E< 3 kV ·mm−1). This
leads to a lower critical field value (∼2.2 kV ·mm−1) than

measured experimentally (∼2.37 kV ·mm−1 [30]), and thus
large relative differences in the calculated values of the ioniz-
ation thresholds in cm-sized gaps.

The activation of the single-avalanche streamer mechan-
ism is thus expected in cm-sized gaps, and explained within
the model described in section 3.2 by the increasing diffi-
culty for photons to reach the cathode due to their increased
absorption in the gas in larger gaps. The average number of
electrons in the single avalanche at the breakdown electric
field thus increases with increasing gap size, until it reaches
streamer-forming proportions. As discussed in appendix H,
the feedback of photoelectrically active photons to the cath-
ode in atmospheric pressure air gaps longer than about 2 cm
is effectively stifled (αeff ≈ ηph), and hence photo-ionization
in the gas gradually gains in importance as the gap distance
approaches this value. Thus, a rather seamless transition from
the Townsend to the single-avalanche streamer mechanism
would indeed be expected around 2 cm, which is in line with
experimental observations [33].

4.2. Physical parametrization of the secondary electron
feedback coefficient

In appendix H the following parametrization of the secondary
electron emission coefficient is motivated:

γ = γph ·
1

1− ηph

αeff

· e−ηph·d+ γFE · e−
D
E . (10)

6
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Figure 3. Derived values of the (effective) secondary electron emission coefficient in dry atmospheric pressure air as a function of gap
distance for metallic electrodes by using measured breakdown voltages from the indicated references. The green dotted line is a physically
motivated parametrization (see section 4.2) based on photon feedback (γph = 1.5 · 10−3) with absorption in the atmospheric pressure air
(ηph = 8 cm−1) and ion-enhanced field emission of secondary electrons (γFE = 0.9). In this model, photon absorption explains the sharp
drop of γ in larger gaps (d> 1 mm), while the strong increase below about d= 30 µm is due to the activation of ion-enhanced field
emission by the large electric field values reached in small gaps before breakdown.

The first term is a contribution from energetic photons free-
ing electrons by photoelectric effect at the (dielectric) cathode,
with consideration of the absorption of photons by the gas
molecules (transformation of photon energy into non-radiative
channels or low-energy photons). The second term is activated
only in large electric fields (small gap widths), and describes
an ion-enhanced field emission process [34].

The values of the coefficients for the plotted line in figure 3
are γph = 1.5 · 10−3 and γFE = 0.9. The value ηph = 8 cm−1

of the effective absorption coefficient is in reasonable agree-
ment with the value of ∼5 cm−1 applying to the absorption
of photoionizing radiation from a corona discharge in dry air
[35]. The parameter D= 178 kV ·mm−1, which character-
izes the field-emission onset threshold, is taken from [36].
This threshold value predicts the onset of the ion-enhanced FE
regime very well (increase of γ below a gap width of∼30 µm,
see figure 3).

4.3. Parametrization of the static inception voltage

The Townsend threshold voltageUT satisfying the criterion (2)
with the secondary feedback γ from figure 3 is shown in
figure 4 for a range of gas gap widths d and reduced coat-
ing thicknesses s/ε ′

r (the variables s and ε ′
r only appear as

a ratio in the model). The corresponding geometry is shown
in the upper-left corner. If the electrode voltage is below UT,

the probability of an avalanche chain growing to measureable
proportions or even (partial) breakdown is negligible, whereas
this probability increases rapidly when the electrode voltage
exceeds UT [16, 37].

Figure 4 also illustrates that for a given reduced coating
thickness s/ε ′

r , there is a minimum threshold voltage UT,min

at a specific gap width dmin. The corresponding minimum val-
ues are indicated by the dashed white line. For s/ε ′

r → 0, the
value levels off to the Paschen minimum of atmospheric pres-
sure air (∼340 V). Note, however, that the onset of a pure
FE controlled mechanism (i.e. negligible electron multiplic-
ation in the gas) occurring in gap widths below about 7 µm
in atmospheric pressure air allows these gaps to break down
at voltages below the Paschen minimum (see equation (7))
[28, 29].

For s/ε ′
r > 0, the thresholdUT,min is larger than the Paschen

minimum, because part of the electrode voltage drops across
the solid dielectric. UT,min then corresponds to the PDIV of a
wedge-shaped gas gap, such as the one shown in the lower-
right corner. As mentioned in the previous paragraph, lower
PDIVs can be obtained if the purely FE controlled break-
downmechanism is activated. The conditions under which this
mechanism can occur are specified in the next section. The
following section also contains an experimental validation of
the PDIVs of wedge-shaped gas gaps in contacting enameled
wires as a function of s/ε ′

r .
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Figure 4. Minimum breakdown thresholds in dry atmospheric pressure air (in volts peak of electrode voltage) as a function of gas gap
length d and the reduced dielectric layer thickness s/ε ′

r . The color coding and the dashed iso-lines indicate the Townsend threshold voltage
according to the criterion (2). The dashed white line indicates the minimum voltage UT,min at which a quasi-uniform wedge-shaped gap
characterized by a certain s/ε ′

r will fulfill the Townsend criterion (at the corresponding gap length dmin).

4.4. Case study: PDIV of contacting enameled wire pair

For quasi-uniform wedge-shaped gas gaps (s/ε ′
r > 0, as illus-

trated in the lower-right corner of figure 4), the PDIV equals
the lowest value of the Townsend thresholds of all the dis-
charge cells, and is given by

PDIV(s/ε ′
r ) = UT,min(s/ε

′
r ) = min

d∈(0,∞)
UT(d,s/ε

′
r ). (11)

Note that on the basis of the observation described in
section 4.1, the Townsend criterion alone is used instead of
the combined criterion (9).

The gap width of the discharge cell that incepts at the low-
est voltage is a certain dmin. As mentioned in section 4.3, for
very thin reduced coating thicknesses (s/ε ′

r ≲ 1µm), the smal-
lest gas gaps (d≲ 7 µm) can break down by a FE controlled
mechanism below the minimumTownsend threshold. The cor-
responding (macroscopic) electric field threshold is estimated
to lie between 50 kV ·mm−1 and 150 kV ·mm−1, which is
a typical order of magnitude for the measured onset field for
FE-controlled breakdown in microscale gaps with metallic
electrodes [28, 38]. Note, however, that FE starts to play a
contributing role already in larger gaps below about 30 µm
[34, 39] as explained in section 4.2 and appendix H.1. The

discharge mechanism in these gaps is still a proper gas break-
down as opposed to the pure FE-regime (E> EFE), where the
presence of the gas molecules in the inter-electrode volume
becomes negligible (→ vacuum breakdown).

For better readability, the PDIV (=minimum Townsend
threshold UT,min) for wedge-shaped gas gaps characterized
by the reduced coating thickness s/ε ′

r is shown separately in
figure 5 together with the associated gap length dmin at which
breakdown can first occur. The threshold voltages for FE-
controlled breakdown of gas gaps bounded by coatings with
small s/ε ′

r is shown for the theoretical limit d→ 0 as well as
d= 1 µm and d= 2 µm.

A compilation of literature data of measured PDIV in
wedge-shaped air gaps at atmospheric pressure is shown in
figure 6 together with model predictions. It can be seen that the
single-avalanche streamer criterion grossly overestimates the
PDIV, while a commonly used value of the secondary feed-
back coefficient in atmospheric pressure air, γ = 2.2 · 10−4

[40], also overestimates the PDIV, albeit less drastically. A
very satisfactory agreement with experimental data is obtained
when the PDIV is calculated from the actual breakdown
voltage values between metallic electrodes, which correspond
to the ionization threshold (or effective secondary electron
emission coefficient) shown in figure 2 (or figure 3). The data
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Figure 5. Minimum voltage UT,min for which the Townsend threshold is reached along the field line of length dmin within the wedge-shaped
gas gap. With thin coatings, FE controlled breakdowns of the smallest gaps can occur below the Townsend threshold.

Figure 6. Comparison of various model predictions for PDIV in wedge-shaped air gaps (atmospheric pressure) as a function of the reduced
coating thickness s/ε ′

r . The length dmin of the gas gap breaking down at PDIV is indicated on the right vertical axis. The shaded region
indicates where ion-enhanced FE is active according to the secondary feedback model shown in figure 3. The pure FE regime (delineated by
the straight lines), in which the ionization dynamics in the gas is negligible, is activated below the Townsend threshold in wedge-shaped
gaps with coatings of reduced thicknesses below a few micrometers.

9
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points indicating the transition into the pure FE regime (green
circles in figure 6) have been obtained by using sphere-plane
(R= 5 mm) aluminum electrodes with an aluminum oxide
layer (obtained by hard anodizing) with a thickness of s≈
50µm as a dielectric coating. These coatings exhibit a dielec-
tric permittivity increasing significantly with the air relative
humidity, thus allowing to reach reduced coating thicknesses
in the range from 7µm (dry air) down to 1µm in humid air
(80% relative humidity at 25 ◦C, 1 kHz). Also, when the relat-
ive air humidity is not close to zero, the imaginary part of the
permittivity can in general not be neglected in these coatings.
Appendix E shows how to calculate an effective reduced coat-
ing thickness (s/ε ′

r )eff, which takes into consideration both
real and imaginary parts of the permittivity, and which allows
to locate these data points on the horizontal axis in figure 6.

In practice, when the determination of the PDIV and not its
parametrization in terms of a real (effective) reduced dielec-
tric coating thickness is the main goal, the PDIV can be cal-
culated most directly and without the restriction ε ′ ′

r ≪ ε ′
r by

using equations (5) and (7):

PDIV(s/εr) = min
d∈(0,∞)

Eb(d) ·
∣∣∣∣d+ 2s

εr

∣∣∣∣ . (12)

Note that the use of equation (12) in general leads to more
accurate PDIV values than the use of equation (9) with the
physical parametrization (10), because the latter slightly over-
estimates the value ofK around d= 20 µm, which is a relevant
gapwidth for typicalmagnet wire configurations (see figure 6),
and the PDIV depends more sensitively on the chosen value
of K for these small gaps (see figure 2: the green dotted line
touches the ±10% region around d= 20 µm).

For ease of practical reference, the following polynomial fit
to equation (12) is provided,

PDIV(s/ε ′
r )

V
= 4.64 · 102 + 4.66 · 101 · s/ε

′
r

µm
− 6.16 · 10−1·

×
(
s/ε ′

r

µm

)2

+ 5.08 · 10−1 ·
(
s/ε ′

r

µm

)3

(13)

which is accurate to within a relative error of <1.3% for
4 µm< s/ε ′

r < 50 µm.

5. Discussion

For breakdown inception in quasi-uniform atmospheric pres-
sure air gaps under negligible overvoltage (static breakdown
threshold), the presented analysis suggests the presence of
a photon-assisted cathode feedback as the main source of
secondary electrons driving the discharge development in
gaps ranging from some dozens of micrometers to a few
centimeters. Noticeable photon absorption starts for gaps
d≳ 1 mm and practically stifles this feedback process (γ <
10−10) when the gap width reaches a few centimeters, where
presumably secondary feedback from the gas bulk starts
to dominate (streamer mechanism). Incidentally, note that

a single-avalanche streamer mechanism is still possible in
smaller gaps if a sufficient overvoltage is reached before the
Townsend breakdown collapses the gap voltage [16]. The
associated conditions on the rate of rise of the applied gap
voltage as a function of relevant system parameters will be dis-
cussed in a follow-up paper which deals with the dynamical
aspects of the multi-avalanche breakdown mechanism con-
sidered here.

As mentioned in the introduction, a number of concerns
have been raised against a multi-avalanche (Townsend) mech-
anism occurring in wedge-shaped gas gaps of the prototypical
geometry shown in figure 1(a). The authors in [17] claim for
example that the Townsend mechanism is not plausible ‘since
the emission of secondary electrons from the insulated cath-
ode by positive ion or UV bombardment is extremely unlikely’
because ‘the work function of e.g. copper is 4–5 eV, whereas
in an insulator it is 9 eV’ (p 10). This concern seems to be
unfounded, however, because according to [41], the measured
work functions of typical insulating polymers lie between
4 eV–5.5 eV, which are very similar to the work functions of
metals typically used as electrodes (aluminum, copper, brass,
steel). Moreover, the average valueK≈ 6, obtained in [17] as a
good fit to the experimentally measured PDIVs in various wire
geometries amounts to a critical amount of some eK ≈ 400
avalanche electrons for the assumed avalanche-to-streamer
transition. This is a questionable result, because no noticeable
distortion of the background electric field is achieved with
this small amount of electrons in the avalanche head [16].
Rather, this low number of electrons in the primary avalanche
at breakdown points towards a multi-avalanche (Townsend)
process as the initiating stage of a PD in the considered system.

Another common misconception is that the Townsend
mechanism is only suitable to describe the ‘onset of break-
down phenomena in uniform fields’ (p 10) [17]. In fact, sec-
ondary feedback can be active even in strongly non-uniform
electrode geometries, albeit with a position-dependent value
of the secondary feedback coefficient [42], which drops off
rapidly away from the cathode. In quasi-uniform fields, which
are the focus of this work, the approximation of a position-
independent γ value is found to be a valid approximation for
the calculation of PDIVs in wedge-shaped gas gaps (as shown
in section 4.4), and it leads to the form given in equation (2).
In [21], the applicability of the uniform approximation

´ d
0 αeff ·

dx≈ αeff(Ug/d) · d is questioned for the twisted pair geometry
(d is the length of the considered field line in the gas, and Ug

the voltage across the gas gap). In the present paper, using the
value of αeff evaluated at the average electric field Ug,uni/dgeo,
where Ug,uni is the gap voltage determined by means of the
uniform field approximation (3) and dgeo is the field line length
determined by the geometric approximation (14), was found to
be accurate for all the investigated wire geometries taken from
five different literature sources. This result questions the gen-
eral need for numerical field simulation in dry air that is often
employed for calculating the PDIV of contacting enameled
wires (e.g. [17, 21, 43]). Also, it should be emphasized that the
quasi-uniform approximation (3) has been used successfully
by Halleck as early as 1956 to calculate the PDIV of twisted
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wire samples [44], and is thus not to be regarded as an original
contribution of this paper.

Another concern raised against the Townsend mechanism
(or, rather, in favor of the single-avalanche streamer mech-
anism) is its seeming inability to incept discharges with cur-
rents of sufficient magnitude (⩾1 mA) in dielectric-bounded
gas gaps [16]. In [22] the authors suggest that the streamer
type PD is the discharge type which ‘produces pulse charges
of sufficient magnitude to be detectable by standard PD meas-
urement techniques in technical equipment’ (p 732). In this
work we argue that the Townsendmechanism can initiate a PD
of conventionally measureable pulse charge, if space-charge-
assisted ionization is taken into account. An example of such
an ionization mechanism known to be operative in metallic-
bounded gas gaps [24] is the constriction of the electric field
into the cathode fall by a space charge ionization wave con-
sisting of positive ionic space charge deposited by many ava-
lanche generations driven by fast photon secondary feedback.
A more detailed account of this mechanism and a discussion
of its sensitivity to the presence of the dielectric boundary will
be given in the follow-up paper focusing on the dynamics of
the discharge process. Moreover, the role of the dynamics of
surface charges on the dielectric boundaries will be discussed.

Finally, the Townsendmechanism is commonly regarded as
a ‘slow’ mechanism, because it forms over several avalanche
generations. In contrast, streamer formation is fast, its form-
ative time being mainly determined by the time required for a
single avalanche to reach streamer forming properties, which
is on the order of or less than the electron transit time in the gap
[12, 16]. Breakdowns under transient voltages are observed
to form with delay times as short as a few nanoseconds
[4] (depending on the gap width and the amount of over-
voltage), which leaves no time for positive ions generated by
the primary avalanche to drift back to cathode and generate
secondary electrons. This argument is still used in modern
textbooks (e.g. [45], chapter 8.3.2) as part of the motiva-
tion for the ‘fast’ single-avalanche streamer breakdown mech-
anism, which does not depend on secondary electrons from
the cathode, to explain formative times less than ∼100 ns in
mm-sized quasi-uniform gaps. However, this line of reason-
ing loses its standing when the photoelectric effect at the cath-
ode is considered as the main source of secondary electrons.
Even if the associated formative time diverges as the over-
voltage approaches zero, a photon-driven secondary feedback
features a rapid drop of the formative time as a function of
overvoltage, such that its value can reach 50 ns at only 10%
overvoltage, as will be shown in the follow-up paper on the
discharge dynamics.

Notwithstanding all these objections, the Townsend cri-
terion has been previously used extensively to model the PDIV
of wedge-shaped air gaps (e.g. [46–48]), even though the
above concerns have not been addressed conclusively, if at
all. Moreover, there is no agreement among reported values
of the secondary electron emission coefficient γ, even for the
same coating material [20, 21]. In fact, γ is mostly used as
a ‘fit factor’, i.e. its value is chosen such as to obtain the
best agreement with the measured PDIV. Because somewhat
different γ values are obtained to best fit the PDIV of different

wire geometries under different environmental conditions, the
secondary electron emission coefficient is thusmade to depend
on these factors through the fitting procedure (for example γ
as a function of temperature [21]). This is not to say that γ can-
not in principle be a function of, e.g. temperature, but that often
the actual physical mechanisms are not fully considered (e.g.
the change of ε ′

r with temperature in [21]), and the temperat-
ure dependence is then—at least in part—misattributed to the
secondary electron emission coefficient. This strongly reduces
the predictive power of the model, because it is not quite clear
which value should be used a priori for a new insulation con-
figuration and environmental condition. Furthermore, there is
generally no clear picture of the physical processes behind the
observed variation of γ with various system parameters. It is
hoped that the physical parametrization of the secondary elec-
tron emission coefficient γ suggested in this paper will help to
distinguish more clearly in the future between actual physical
influences on γ, and influences merely enforced on γ by its
use as a ‘fit factor’.

From the scatter of the measured data points in figure 6
it can be inferred that the measurement of the PDIV of a
wedge-shaped air gap is itself associated with a non-negligible
measurement uncertainty. Possible reasons for this variation
include the different sensitivities of the employed PD instru-
ments, inaccuracies in the determination of the coating thick-
ness and the dielectric permittivity as well as possible small
differences in the ambient conditions (e.g. ‘atmospheric pres-
sure’ is usually not controlled to the standard atmosphere of
1013.25mbar, or the amount of air humiditymay vary between
investigators). Thus, although the approximations used in this
paper (quasi-uniform electric field, using Eb from metallic
electrodes for dielectric boundaries) necessarily introduce a
certain error, this error should be compared to the practically
achievable measurement accuracy. This is the meaning behind
the term ‘valid approximation’ used in this paper.

Finally, it can be argued that while the parametrization (10)
provides useful insight into the physics of the discharge pro-
cess, the use of a breakdown criterion of the form αeff · d=
K= ln(γ−1) for the determination of PDIVs in wedge-shaped
gas gaps is unnecessarily complicated compared to a direct
equation of the form (12). This conclusion is further supported
by the observation presented in this paper that the values of the
secondary electron emission coefficient derived from break-
down measurements with metallic electrodes lead to accurate
predictions of the PDIV in gaps with dielectric boundaries.
This suggests, in line with the above-cited literature values,
that indeed the work functions for metals and polymers are
not in general significantly different, such that secondary elec-
trons can be liberated with a similar yield from both substrates
(similar values of γph and γFE).

More fundamentally, it is emphasized in this paper
(appendix C) that using the ionization coefficient for
describing the avalanche development in typical enameled
wire geometries may still be reasonably accurate at atmo-
spheric pressure, but most likely not in partial vacuum, which
is an important application case for PDIV modeling in the
context of more-electric aircraft [49]. This again suggests the
use of experimentally determined breakdown electric fields
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Eb(d) between metallic electrodes in combination with an
equation of the type (12) for determining the PDIV of wedge-
shaped gas gaps. For the ambient conditions investigated in
this paper (atmospheric pressure air at room temperature),
the breakdown electric field measured between metallic elec-
trodes under the same conditions was found to predict the
PDIV in wedge-shaped, dielectric-bounded gas gaps accur-
ately in combination with the quasi-uniform approximation
for the gap electric field. It will be interesting to investigate
if the same holds true when the ambient conditions are varied
within the full range relevant for practical applications (e.g.
pressure <1 bar, temperature >25 ◦C, low or high air humid-
ity). In its present form, the model presented in this paper
considers such variations of ambient conditions through the
Paschen substitution d→ N · d (with N= p/kBT) in the func-
tion Eb, as well as their influence on the value of the reduced
coating thickness (expected by their influence on the dielectric
permittivity εr = εr(T,RH)). Future work will thus be dedic-
ated to determine the limits of the presented model, and find
suitable extensions where needed.

6. Conclusion

A physically motivated parametrization of the secondary elec-
tron emission coefficient γ for atmospheric pressure air is sug-
gested based on the observed variation of γ with gap width.
Within this model, the secondary emission of electrons is
mainly attributed to the photoelectric effect at the dielectric
cathode, with an additional contribution due to ion-enhanced
FE in small gaps (d≲ 30 µm). The associated Townsend the-
ory of breakdown is able to predict in a satisfactory manner the
measured PDIVs of twisted enameled wire pairs as a function
of a single parameter, namely the reduced coating thickness
s/εr of the insulating layer. Moreover, the paper advocates a
more straightforward way of calculating the PDIVs of wedge-
shaped gas gaps bounded by dielectric barriers, forgoing the
use of the breakdown criteria based on the ionization integ-
ral (ionization coefficient), as well as numerical field simu-
lations. This approach is applicable within the quasi-uniform
field approximation, which is shown to be sufficiently accurate
for the vast majority of practical enameled wire geometries.
Future investigations will focus on the extension of the pro-
posed model to the full range of ambient conditions relevant
in practical applications.

Data availability statement

All data that support the findings of this study are included
within the article (and any supplementary files).

Appendix A. Approximate calculation of the field
line length

In the quasi-uniform approximation, the field line length d is
irrelevant for the calculation of the PDIV of wedge-shaped air
gaps starting from a contact point d= 0, because d is simply

the parameter which is varied to find the minimum in expres-
sion (12). It might however be interesting to estimate the dis-
charge location on the horizontal axis (see figure 7). In this
case, a relationship between the horizontal axis coordinate x
and the field line length is required. A simple approach con-
sists in approximating the field line length by the length of the
vertical line connecting the start and end of the field line in the
gas. A small exercise in trigonometry leads to the following
expression:

d(x)≈ dgeo(x) =
x2

R+ s
. (14)

The accuracy of this approximation is demonstrated in
figure 7, where the value of the ionization integral is calculated
with both the actual field line length dnum from the numerical
field simulation and the approximation (14). The next higher-
order goemetric approximation (approximating the field line
length with two line segments of equal length) does not signi-
ficantly increase the accuracy of the predicted PDIV.

Appendix B. Influence of the electric field
non-uniformity on the calculated ionization
threshold

The simplicity of the parametrization of the PDIV on the sole
parameter s/ε ′

r relies on the validity of the ‘parallel-plate capa-
citor approximation’ of the inter-electrode space (figure 1).
It consists in approximating the ionization integral using the
numerical solution E(x) of the Laplace equation,

ˆ d

0
αeff(E(x)) · dx, (15)

(integration along a field line of length d in the gas gap) by the
analytical solution for a parallel-plate capacitor,

αeff

(
Uel

d+ 2s
ε ′
r

)
· d. (16)

The accuracy of this approximation is quantified on the
example of a typical wire geometry, with a total wire diameter
of D= 1 mm, a coating thickness of s= 30 µm and a dielec-
tric permittivity of ε ′

r = 4.1 (example wireW6 from [17]). The
difference in calculated PDIVs with the two equations (15)
and (16) is less than 3%. The approximation thus is adequate
except for very thin wires (D+ s≲ 0.3mm), for which the dis-
charge will be displaced outwards into the more non-uniform
electric field region.

Appendix C. The impact of the choice of αeff on the
value of the ionization threshold

For calculating the ionization thresholdsαeff(Ub/d) · d shown
in figure 2, a parametrization of αeff in terms of the elec-
tric field E is required. Depending on the underlying meas-
urement data and the assumptions in the data analysis, dif-
ferent parametrizations of αeff have been suggested in the
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Figure 7. Investigation of the influence of the electric field non-uniformity in a wedge-shaped air gap on the employed approximations for
the ionization integral (top) and the gas gap voltage (bottom).

literature. How much the choice of the parametrization αeff

affects the determined value of K is a relevant question. This
is especially true for the large electric fields (>10 kV ·mm−1)
occurring in the wedge-shaped air gaps of magnet wires, for
which measurement data and corresponding parametrizations
of αeff are scarce. Figure 8(a) compares the effective ion-
ization coefficient for synthetic air (79% N2, 21% O2) as
obtained from the Boltzmann solver BOLSIG+ [50] based on
the cross section data of the SIGLO data base [51] with meas-
ured data [30, 52–54]. The fit line through the measured data is
given by

αeff(E) = c1 · e−
Eth
E + c2 ·E− c3 · e

− E−Ecrit
E ′ ′
th (17)

with c1 = 910 mm−1, c2 = 23 mm · kV−1, c3 = 6338 mm−1,
E ′ ′
th = 50 kV ·mm−1, Eth = 25.5 kV ·mm−1 and Ecrit =

2.42 kV ·mm−1.
It is important to emphasize that the ionization threshold

derived from measured breakdown voltages depends on the
employed αeff(E) parametrization. For gap widths below
about 0.1mm, using different parametrizations with a given
ionization threshold will lead to significantly different cal-
culated breakdown voltages. This point is illustrated in
figure 8(b), which shows the derived ionization thresholds
for the two αeff(E) parametrizations shown in figure 8(a)

(the shaded regions indicate the range leading to break-
down voltages with a relative deviation of ±5%). While
the conclusions about the underlying physical processes giv-
ing the curves their characteristic shape (results presented in
section 3.2) remain valid in both cases, using one ioniza-
tion threshold with the non-associated αeff(E) parametrization
would lead to breakdown values significantly deviating from
the measured values for d≲ 1 mm. This observation further
supports—in addition to its practical straighforwardness—the
use of a more direct equation such as (12) for determining the
PDIV of wedge-shaped gas gaps, instead of making the detour
via the ionization threshold. Nevertheless, from a more theor-
etical perspective, the physical insights derived from the ana-
lysis of K(d) (or γ(d)) are valuable hints for understanding the
basic phenomena involved in the breakdown process.

For cm-sized gaps, the situation is reversed. The exact
value of the chosen ionization threshold has a comparatively
small impact on the calculated breakdown voltage. On the
other hand, the inverse process, i.e. the calculation of ioniz-
ation thresholds from measured breakdown voltages and an
αeff parametrization, depends very sensitively on these input
values. This is also illustrated in figure 8(b), where the ion-
ization thresholds for slightly different parametrizations as
well as the ±5% variation of the breakdown voltage cover a
large range of values in the d≳ 1 cm, including unphysical
values K≳ 23. The unphysical values do for example not
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Figure 8. (a) Comparison of different parametrizations of the effective ionization coefficient. (b) Derived shape of the ionization threshold
on the basis of the three αeff parametrizations shown in subfigure (a).

occur with the shown quadratic low-field approximation
αeff (E) = k · (E−Ecrit)

2, where k= 2.1 mm · kV−1 [55] and
Ecrit = (2.37) kV · mm−1 [30].

Another aspect that has not been examined in detail for
the calculation of PDIVs in twisted pair geometries is the
following. When using the ionization coefficient, the electron
dynamics is implicitly assumed to be described within the
drift-diffusion approximation of electron transport in the gas,
and hence its limitations apply. The gas must be only weakly
ionized, and the plasma must be collisional, i.e. the mean
free path of elastic electron-neutral collisions must be much
less than the characteristic dimension (e.g. gap distance) of
the system. Moreover, when using the ionization coefficient
αeff(E/N), the local field approximation is used. This requires
an efficient relaxation of the electron kinetic energies to the
used electron energy distribution function parametrized by the
local electric field (the latter being obtained, e.g. from the
two-term approximation of the Boltzmann equation). These
approximations become inaccurate when there are too few
elastic collisions in between ionizing collisions. Using the col-
lision frequency νc and ionization frequency ν i determined by
Bolsig+ as a function of the reduced electric field strength,
the limit of the collisional regime can self-consistently be
determined to lie within about 500 Td (νc/νi ≈ 100) and
2000 Td (νc/νi ≈ 10). A more quantitative analysis of the lim-
its of validity of the drift-diffusion approximation by means
of a kinetic electron transport simulation is left to another
publication. Incidentally, relating to the question of applic-
ability of the drift-diffusion framework in the local field
approximation, one notes that the condition E/α≳ 20 ·Ui

is not generally valid in typical twisted pair geometries in
air, which means that the single avalanche statistics deviates
from the exponential distribution observed at low electric field
values [31].

Appendix D. On the experimental determination of
the reduced coating thickness

If s and ε ′
r are not known separately already for the considered

system (e.g. from data sheets), it is possible to determine the
reduced coating thickness s/ε ′

r by a single measurement of the
coating’s capacitance per unit area C

′
. From

C ′ =
C
A
=

ε0εr
s

(18)

it follows that

s
εr

=
ε0
C ′ . (19)

The (complex) reduced coating thickness is thus seen to be
inversely proportional to the (complex) capacitance per unit
area of the dielectric coating. The latter can be determined by
measuring the complex capacitance of the layer through an
electrode of known area. The electrode area A can often be
determined with better accuracy (e.g. by digital image ana-
lysis) than the coating thickness s, which makes this method
preferable. In addition, it is interesting to observe that the the
influence of the dielectric coating on the PDIV of a wedge-
shaped gas gap is determined exclusively by its capacitance
per unit area within the quasi-uniform approximation.

Appendix E. Field displacement into gas gap for
lossy dielectrics

The voltage drop across the gas gap is influenced by the charge
dynamics in the dielectric, which is characterized by the effect-
ive complex dielectric permittivity
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εr = ε ′
r − jε ′ ′

r . (20)

The effective permittivity describes the effect of all steady
state charge motion in the material for a given sinusoidal excit-
ation frequency. The simple voltage transfer relation

Ug

Uel
=

1

1+ 2s
d·ε ′

r

(21)

assumes ε ′ ′
r ≪ ε ′

r (no phase shift between Ug and Uel), which
reduces the validity of equation (21) to low-loss materials.
While this condition holds for most relevant insulation mater-
ials under ‘normal’ conditions, the contribution of migrating
charge carriers may significantly increase ε ′ ′

r under conditions
of, e.g. high temperature and humidity, especially at lower
excitation frequencies. The following more general voltage
transfer relation must then be used:

Ug

Uel
=

1∣∣∣1+ 2s
d·εr

∣∣∣ !
=

1

1+ 2
d

(
s
ε ′
r

)
eff

. (22)

The voltages here are the magnitudes of the corresponding
complex quantities (the phase is not considered here, but
could actually be relevant for non-sinusoidal excitations: see
appendix F). For a given gap length d, coating thickness s and
complex relative permittivity εr, the breakdown voltage can
still be read out of figure 4, if the ordinate value of s/ε ′

r is set
to the following effective value,(

s
ε ′
r

)
eff

≡
∣∣∣∣d2 +

s
εr

∣∣∣∣− d
2
, (23)

which follows from equation (22). Note, however, that since
(s/ε ′

r )eff depends on d, the minimum breakdown voltages for
the wedge-shaped configuration must be found not along ver-
tical lines in the d− s/ε ′

r plane, but the curves defined by
equation (23) for a given value of (s/ε ′

r )eff. Thus, in prac-
tice, if only the PDIV is of interest and not its parametriza-
tion on a real s/ε ′

r axis, the more straightforward way is to use
equations (7) and (12). This approach is also readily exten-
ded to calculate the PDIV under (steady-state) non-sinusoidal
voltages (see appendix F).

As expected, when tan(δ)≪ 1, the approximation
(s/ε ′

r )eff ≈ s/ε ′
r applies (equation (21)). Physically, the condi-

tion (s/ε ′
r )eff ≪ s/ε ′

r typically arises in case of charge migra-
tion to the blocking gas-dielectric interface, where it builds up
a surface charge with a strong screening effect for the interior
of the dielectric, yielding a large apparent permittivity in the
framework of the simpler analysis (21). Note that the use of
a real effective reduced coating thickness in equation (22)
disregards the phasor nature of the involved quantities, and is
thus only suitable for determining the PDIV of lossy dielec-
trics under sinusoidal voltages.

Appendix F. Impact of dielectric relaxations on the
PDIV under non-sinusoidal voltage excitation

In the main part of this paper, the dielectric response (and
the associated modulation of the gap electric field by bound

charges) is assumed to be instantaneous. This approximation
is good in most cases, but fails if the used permittivity value
collects contributions from dipoles with a relaxation time that
is longer than the rise time of the electrode voltage. Materials
with a larger conductivity are more prone to this effect, as
the space charge dipoles associated with the migrating charge
carriers typically have relaxation frequencies that coincide
with the spectral content of practically relevant voltage wave-
forms (even the classical 50Hz sinusoid). In the following, it
is shown how to generalize the model to non-sinusoidal peri-
odic voltages, such as the pulse-width-modulated outputs of
an inverter.

Consider an arbitrary periodic electrode voltage Uel(t) of
period T. Then a Fourier representation of the type

Uel(t) = Re

[ ∞∑
n=0

Uel,n · ejωnt

]
(24)

with ωn = n · 2π
T is available. The voltage in the air gap under

stationary conditions is then given by

Ug(t) = Re

[ ∞∑
n=0

Uel,n

1+ 2s
d·εr(ωn)

· ejωnt

]
. (25)

When applying an electrode voltage with a large spectral con-
tent (e.g. the output of an inverter with large dU/dt), dielectric
relaxations in the excitation bandwidth will produce not only
a scaling in the transfer from the electrode to the gap voltage,
but also a distortion.

Whether or not the effect is relevant depends on the detailed
dielectric response within the signal’s bandwidth. The smal-
ler the dispersion of the relative permittivity in the relevant
frequency range, the more the voltage transfer approaches the
simple scaling

Ug(t)≈
Uel(t)∣∣∣1+ 2s

d·εr

∣∣∣ . (26)

A more detailed analysis of this effect is left to another
publication.

Appendix G. Equivalent permittivity of multi-layer
dielectric coating

If a N-layer dielectric coating of permittivity values {εi, i =
1, . . . ,N} and thicknesses {si, i = 1, . . . ,N} (with

∑N
i=1 si = s)

is probed by a quasi-uniform electric field, it may be replaced
by a homogeneous dielectric of the same total thickness s and
an equivalent permittivity of

εeq =

(
N∑
i=1

si
s
· ε−1

i

)−1

. (27)

This result follows by equating the resulting series capacitance
of all layer capacitances εi ·A/si to a single equivalent capacit-
ance εeq ·A/s. It allows to apply the presented model to multi-
layer dielectric coatings, as found in many types of enamelled
wires.
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Appendix H. A physically motivated
parametrization of the effective secondary electron
feedback coefficient

As detailed in the follow-up paper investigating the dynamics
of the discharge current, the secondary electron feedback coef-
ficient in the presence of both ion and photon feedback can be
written as

γ = γ+ + γph ·
1

1− ηph

αeff

· e−ηph·d. (28)

The parameter γph is simply the average number of secondary
photons per ionization event in the gas in the limit of negligible
photon absorption, ηph → 0. Note that the photon path has been
assumed to follow the electrical field lines in the above deriv-
ation, whereas in reality photon path lengths in the gas are on
average larger. The model thus works with the lower bound on
photon absorption.

When αeff → ηph, photon feedback is—on average—
stifled, because the vast majority of effective photons are
absorbed (for ηph ⩾ αeff the photon contribution to electron
feedback is set to zero). The transition from αeff > ηph to
αeff < ηph takes places at d≈ 2 cm in atmospheric pressure
air (with the determined value of ηph = 8 cm−1 and the αeff(E)
parametrization fromHösl et al [30] shown in figure 8). A pos-
sible and maybe obvious hypothesis could be to assume that
the presumably relatively less important secondary feedback
by positive ions in small gaps is gradually replacing photon
feedback in larger gaps. Alternatively, the relative importance
of photo-ionization in the gas bulk (as opposed to the pho-
toelectric effect at the cathode) will gradually increase with
increasing gap width, such that the single-avalanche streamer
mechanism can be activated. Loeb [57] remarks that for both
the Townsend and streamermechanisms ‘we arrive at a general
condition for a sparking threshold in terms of the product of
two quantities expressing a primary and a secondary process.
One secondary process involving cathode phenomena leads to
a Townsend-type mechanism, the other occurring in the gas
leads to a streamer mechanism.’ (p 160, emphasis in the ori-
ginal). The transition from the Townsend mechanism could
then indeed be rather gradual and occur around the gap length
where the cathode becomes inefficient as a source of second-
ary electrons (ηph = αeff → d≈ 2 cm), such that the secondary
feedback in the gas takes over as the dominant source of sec-
ondary electrons.

H.1. FE contribution to the secondary electron feedback

It would appear that the FE current density [36]

jFE(E,p) = e ·C ·E2 · e− D
E (29)

(C= 6.7 · 103 ns−1 · kV−2, D= 178 kV ·mm−1) does not fit
a description in terms of an electron feedback coefficient,
because it simply provides a field-dependent electron current
at the cathode. There would then be no unstable mechanism
with positive feedback that describes an actual breakdown pro-
cess. However, as has been shown in [34], the positive ions of

the electron avalanches triggered by the field-emitted electrons
can enhance the FE yield by their contribution to the cath-
ode field. This process is active only in small gaps, such that
the cathode field can reach values of roughly >20 kV ·mm−1

before breakdown. As shown in [34, 39], ion-enhanced FE
can then be incorporated into the Townsend formalism by
an additional contribution γFE · e−

D
E to the effective second-

ary electron emission coefficient. Combining this result with
equation (28) leads to

γ = γ+ + γph ·
1

1− ηph

αeff

· e−ηph·d+ γFE · e−
D
E , (30)

where γFE is a constant. This physically motivated paramet-
rization describes the main features of the measured (deduced)
variation of γ with gap distance d (see figure 3). In mid-size
atmospheric pressure air gaps (roughly 0.1mm–1mm) the sec-
ondary feedback is dominated by photon (and possibly ion)
feedback, which becomes exponentially less efficient in lar-
ger gaps. In microscale gaps (<100 µm), the contribution of
ion-enhanced FE starts, until it fully dominates the secondary
electron supply in gaps of width <10 µm.

Although one could as well assume a field-dependent
γ+(E) contribution on physical grounds, dropping off in lar-
ger gaps to ensure agreement with the measured variation of γ,
satisfactory agreement is already obtained with a minimum of
free parameters (γph, ηph and γFE) by assuming merely photon
feedback to be active in mid-size and larger gaps (i.e. setting
γ+ = 0). The corresponding values for atmospheric pressure
air are γph = 1.5 · 10−3, ηph = 8 cm−1 and γFE = 0.9. The cor-
responding model curve is shown in figure 3 and reported in
equation (10).

Appendix I. On the parametrization of the
ionization threshold K

Let Ub be the measured static breakdown voltage of an arbit-
rary gas gap and E(x) = Uel · g(x) the electric field distribu-
tion in the gap for an electrode voltage Uel (note that although
the number of electrons in an avalanche is subject to statist-
ical scatter, the transition of the breakdown probability from
<10−9 to >10−2 occurs in such a small voltage range that
it is practically meaningful to speak of the static breakdown
voltage [12]). LetΠ be the collection of all additional physical
parameters that affect the static breakdown threshold voltage
of the gap, such as gas type and pressure, electrode material
and surface roughness, etc. The static breakdown threshold is
then—by definition—given by some functional Ub[g,Π].

Assume αeff(E) to be a non-negative and strongly mono-
tonously increasing function of the electric field strength in the
range E> Ecrit. Its value is assumed to be zero where attach-
ment outweighs ionization and detachment (E< Ecrit), so that
the following integral collects contributions only from within
the critical volume (i.e. where E> Ecrit). If the voltage is large
enough to create a non-zero critical volume (U> Ucrit), then
it follows that for any measured breakdown voltage Ub there
exists a value of K ∈ (0,∞) such that
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max
Γ∈Ω

ˆ
Γ

αeff(Ub · g(x)) · dx= K, (31)

whereΩ is the set of field lines in the considered electrode con-
figuration. There is thus always an ionization threshold that
correctly predicts the breakdown voltage of a given gaseous
insulation gap via the ionization integral criterion. Thus, in
order to make a threshold condition on the ionization integ-
ral of any use beyond a purely empirical relation, the main
challenge is to find a physical parametrization of the function
K[Ub,g,Π]. Note that K may itself be a function ofUb, as only
the effect of the gap voltage on the average avalanche growth
is included in the ionization integral.

For example, for quasi-uniform atmospheric pressure air
gaps ranging from micrometers to the centimeter gap range
(d≲ 2 cm), the following physical parametrization of the ion-
ization threshold is motivated and validated in this paper:

KT(d) = ln

αeff

α
·

(
γph ·

1
1− ηph

αeff

· e−ηph·d+ γFE · e−
D
E

)−1
 ,

(32)

whereE= U/d is the macroscopic gap (cathode) electric field,
γph = 1.5 · 10−3, ηph = 8 mm−1, γFE = 0.9 and D= 178 kV ·
mm−1 (see appendix H). In d≳ 2 cm gaps, equation (32) must
be complemented by a single-avalanche streamer criterion of
the Raether–Loeb–Meek type in order to take into account
the effect of the single-avalanche space charge on the ioniz-
ation dynamics (see e.g. [16] and references therein for more
details),

Ks(d) = ln

(
16πε0k
ξr · e

De(E0)

µe(E0)
· d
)
≈ 19+ ln

(
d

1 cm

)
. (33)

As discussed in appendix H, and shown in equation (9),
the physically motivated parametrization of the ionization
threshold across the full range of gap distances is then given by
K(d) =min(KT(d),Ks(d)). It should be added that a simple,
field-distortion-based streamer inception criterion (33) neg-
lecting the secondary avalanche dynamics in the space-charge-
distorted background field represents a rather crude approx-
imation, and may at best be a rough necessary condition
for streamer inception. Where needed, more sophisticated
streamer inception criteria including secondary feedback may
be considered (see e.g. [26, 58]).
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