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1 Introduction 

Previous studies have demonstrated a great potential of 
prestressed strengthening of steel structures employing 
iron-based shape memory alloy (Fe-SMA), thanks to the 
ease of prestressing, appropriate prestress level, and rea-
sonable cost of Fe-SMA. Most of the existing studies fo-
cused on strengthening systems employing mechanical 
anchorages, such as Ref. [1]. In the cases where mechan-
ical anchorages are not preferred, such as no drilling hole 
to the parent structure is allowed, bonded anchorage sys-
tem overcomes such limitations and possesses further ad-
vantages of gradual stress transfer. Wang et al. [2] pro-
posed a bonded Fe-SMA strengthening solution with 
partial activation, as illustrated in Figure 1 and Figure 2, 
where the middle segment of the Fe-SMA strip is heated 
to generate prestress, while the two ends remain un-
heated and transfer the prestress to the parent structure. 

Figure 1 Schematic view of a steel plate strengthened by Fe-SMA 
strips (both sides). 

The generated prestress, during applications, reduces due 

to the finite stiffness of the parent structure etc.; this phe-
nomenon is known as the prestress loss. Therefore, a 
quantitative analysis of the prestress, which determines 
the efficacy of the strengthening, is of necessity. 

Figure 2 Schematic view of a steel beam strengthened by an Fe-SMA 
strip. 

In this study, the authors developed two models, i.e., a 
column model (with respect to Figure 1) and a beam model 
(with respect to Figure 2), to analyse the prestress level 
in the steel structures strengthened by bonded Fe-SMA. 
The developed models are validated using experimental 
results in the literature. 

2 Model setup 

2.1 Column model 

To strengthen a steel plate, Fe-SMA strips are typically 
bonded and activated symmetrically on both sides. As a 
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result, the generated prestress applies in form of compres-
sion on the cross-section of the steel plate, which makes 
the plate a column. The free body diagram of half of the 
steel plate strengthened by bonded Fe-SMA strips, with 
the prestress activated via heating, is plotted in Figure 3. 
To generate the prestress, the Fe-SMA strip is typically 
heated to a temperature over 100 °C, at which the adhe-
sive loses most of the stiffness and strength. Therefore, it 
is assumed that the adhesive in the activation zone is fully 
soft with zero stiffness during the activation process; it re-
cures when the temperature returns to the room temper-
ature. Imagining a splitting of the Fe-SMA strips at the 
center line, they shrink during the activation, as shown in 
Figure 3 (b). However, the Fe-SMA strips and steel plate 
deform harmoniously in reality. Therefore, the steel plate 
and Fe-SMA strips are under compression and tension, re-
spectively, as illustrated in Figure 3 (c). 

Figure 3 Schematic view of a strengthened steel plate with bonded 
Fe-SMA, only half of the system is shown, due to symmetry. 

The equilibrium of Figure 3 (c) is written per Equations (1-
3),  

2 ⋅ 𝐹𝐹𝑆𝑆𝑆𝑆𝑆𝑆 = 𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 (1) 

𝐹𝐹𝑆𝑆𝑆𝑆𝑆𝑆 = 𝜎𝜎𝑝𝑝𝑝𝑝𝑠𝑠 ⋅ 𝐴𝐴𝑆𝑆𝑆𝑆𝑆𝑆 (2) 

𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ⋅ 𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 (3) 

where 𝐹𝐹𝑆𝑆𝑆𝑆𝑆𝑆 and 𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  represent the tensile and compres-
sive forces in the Fe-SMA strip and steel plate, respec-
tively; 𝐴𝐴𝑆𝑆𝑆𝑆𝑆𝑆 and 𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 denote the cross-sectional areas of 
Fe-SMA strips on one side and the steel plate, respec-
tively; 𝜎𝜎𝑝𝑝𝑝𝑝𝑠𝑠 is the prestress held in the Fe-SMA, while 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 
means the compressive stress in the steel plate, resulted 
from the generated prestress.  

The prestress (𝜎𝜎𝑝𝑝𝑝𝑝𝑠𝑠 ) can be computed as the recovery 
stress (𝜎𝜎𝑝𝑝𝑠𝑠𝑟𝑟) subtracted by the prestress loss (𝜎𝜎𝑠𝑠𝑙𝑙𝑠𝑠𝑠𝑠). The 
recovery stress refers to as the prestress without any loss, 
which is usually measured in a machine with a relatively 
infinite large stiffness, via holding the displacement. In 

this study, two major contributors to the prestress loss are 
considered, namely the compression of the steel plate (Δ𝑠𝑠) 
and the shear deformation of the adhesively bonded joint 
(Δ𝑎𝑎), as illustrated in Figure 3 (c). Thus: 

𝜎𝜎𝑝𝑝𝑝𝑝𝑠𝑠 = 𝜎𝜎𝑝𝑝𝑠𝑠𝑟𝑟 − 𝜎𝜎𝑠𝑠𝑙𝑙𝑠𝑠𝑠𝑠 (4) 

𝜎𝜎𝑠𝑠𝑙𝑙𝑠𝑠𝑠𝑠 =
Δs + Δ𝑎𝑎
𝐿𝐿𝑎𝑎𝑟𝑟𝑠𝑠

⋅ 𝐸𝐸𝑆𝑆𝑆𝑆𝑆𝑆 
(5) 

where 𝐿𝐿𝑎𝑎𝑟𝑟𝑠𝑠  means half of the activation length; 𝐸𝐸𝑆𝑆𝑆𝑆𝑆𝑆 de-
notes the secant modulus of the Fe-SMA strip in the quasi-
linear stage. 

In the meantime, the tensile force in the Fe-SMA strip is 
balanced by the shear force at the bonded joint, which can 
be expressed as Equation (6). The compression of steel 
plate reads Equation (7). 

𝐹𝐹𝑆𝑆𝑆𝑆𝑆𝑆 = 𝑓𝑓𝐹𝐹−Δ(Δ𝑎𝑎) (6) 

𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 =
Δ𝑠𝑠
𝐿𝐿𝑎𝑎𝑟𝑟𝑠𝑠

⋅ 𝐸𝐸𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  
(7) 

where 𝑓𝑓𝐹𝐹−Δ represents the load-displacement curve of the 
adhesively bonded joint, which can either be measured via 
a lap-shear test [3] or computed by a model [4] given a 
known bond-slip behaviour; 𝐸𝐸𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 denotes the E-modulus 
of the steel plate. 

Substituting Equations (2, 3, 4, 5, and 7) into Equation (1) 
yields Equation (8). The re-formulation of Equation (6) 
reads Equation (9). 

Δ𝑠𝑠 =
2 ⋅ 𝜎𝜎𝑝𝑝𝑠𝑠𝑟𝑟 ⋅ 𝐿𝐿𝑎𝑎𝑟𝑟𝑠𝑠 ⋅ 𝐴𝐴𝑆𝑆𝑆𝑆𝑆𝑆 − 2 ⋅ Δ𝑎𝑎 ⋅ 𝐸𝐸𝑆𝑆𝑆𝑆𝑆𝑆 ⋅ 𝐴𝐴𝑆𝑆𝑆𝑆𝑆𝑆

𝐸𝐸𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ⋅ 𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + 2 ⋅ 𝐸𝐸𝑆𝑆𝑆𝑆𝑆𝑆 ⋅ 𝐴𝐴𝑆𝑆𝑆𝑆𝑆𝑆
 (8) 

�𝜎𝜎𝑝𝑝𝑠𝑠𝑟𝑟 −
Δs + Δ𝑎𝑎
𝐿𝐿𝑎𝑎𝑟𝑟𝑠𝑠

⋅ 𝐸𝐸𝑆𝑆𝑆𝑆𝑆𝑆� ⋅ 𝐴𝐴𝑆𝑆𝑆𝑆𝑆𝑆 = 𝑓𝑓𝐹𝐹−Δ(Δ𝑎𝑎)  (9) 

Solving Equations (8 and 9) via numerical iterations leads 
to the final results, including the prestress loss, retained 
prestress level in the strengthening system, and defor-
mations of the steel plate and adhesive joint. 

2.2 Beam model 

To strengthen a steel beam, the Fe-SMA strip is preferably 
bonded on the tensile side, as illustrated in Figure 2 and 
Figure 4. Applying again the assumption of a fully soften 
adhesive in the activation zone, the equilibrium can be an-
alysed based on Figure 4 (c), where the activation seg-
ment is further elaborated in Figure 5. 

Simplifying the activation zone into a column with a length 
of 2 ⋅ 𝐿𝐿𝑠𝑠𝑒𝑒𝑒𝑒, which is eccentrically loaded, as demonstrated 
in Figure 5 (a), it is equivalent to a column loaded by a 
compression passing through the axis and a bending mo-
ment, as illustrated in Figure 5 (b).  

The axial force and bending moment read Equations (10) 
and (11), respectively. Assuming an Euler-Bernoulli beam, 
the compressive and bending strains at the edge of height 
read Equations (12) and (13), respectively. 

𝐹𝐹 = 𝜎𝜎𝑝𝑝𝑝𝑝𝑠𝑠 ⋅ 𝐴𝐴𝑆𝑆𝑆𝑆𝑆𝑆 (10) 
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𝑀𝑀 = 𝜎𝜎𝑝𝑝𝑝𝑝𝑠𝑠 ⋅ 𝐴𝐴𝑆𝑆𝑆𝑆𝑆𝑆 ⋅
ℎ
2

(11) 

𝜀𝜀𝑟𝑟𝑙𝑙𝑐𝑐𝑝𝑝 =
𝜎𝜎𝑝𝑝𝑝𝑝𝑠𝑠 ⋅ 𝐴𝐴𝑆𝑆𝑆𝑆𝑆𝑆
𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ⋅ 𝐸𝐸𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

(12) 

𝜀𝜀𝑏𝑏𝑠𝑠𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 =
𝜎𝜎𝑝𝑝𝑝𝑝𝑠𝑠 ⋅ 𝐴𝐴𝑆𝑆𝑆𝑆𝑆𝑆 ⋅ ℎ2

4 ⋅ 𝐼𝐼 ⋅ 𝐸𝐸𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
(13) 

where ℎ and 𝐼𝐼 are the height and moment of inertia of the 
beam, respectively; 𝜀𝜀𝑟𝑟𝑙𝑙𝑐𝑐𝑝𝑝  and 𝜀𝜀𝑏𝑏𝑠𝑠𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏  represent strain 
components due to compression and bending, respec-
tively, at the edge of height.  

Figure 4 Schematic view of a strengthened steel beam with a bonded 
Fe-SMA strip, only half of the system is shown, due to symmetry. 

Apart from the prestress loss due to the shear deformation 
of the adhesive joint and the compressive deformation of 
the beam, the bending deformation further reduces the 
length of the edge with the di-pole compressive load. As a 
result, the prestress loss, similar to that in the column 
model, is expressed as Equation (14). In the case of 
strengthening of an Euler-Bernoulli beam, the lengths of 
the activation zone and bonded anchorage zone can be 
efficiently long. Therefore, only the quasi-linear stage of 
the load-displacement behaviour of the adhesive joint 
(Equation (6)) is exploited, and the shear deformation of 

the adhesive joint can be simplified as Equation (15). Sub-
stituting Equations (12, 13, 14, and 15) into Equation (4) 
yields an explicit solution of the prestress level, which 
reads Equation (16). 

Figure 5 Analysis of force and deformation in the compressive seg-
ment. 2 ⋅ 𝐿𝐿𝑎𝑎𝑟𝑟𝑠𝑠 represents the activation length, while 𝐿𝐿𝑏𝑏𝑝𝑝𝑎𝑎𝑏𝑏 refers to as 
the distance between the di-pole force to the closest pin support. 

𝜎𝜎𝑠𝑠𝑙𝑙𝑠𝑠𝑠𝑠 = �𝜀𝜀𝑟𝑟𝑙𝑙𝑐𝑐𝑝𝑝 + 𝜀𝜀𝑏𝑏𝑠𝑠𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 +
𝛥𝛥𝑎𝑎
𝐿𝐿𝑎𝑎𝑟𝑟𝑠𝑠

� ⋅ 𝐸𝐸𝑆𝑆𝑆𝑆𝑆𝑆 
(14) 

𝛥𝛥𝑎𝑎 =
𝐹𝐹

𝑘𝑘𝑗𝑗𝑙𝑙𝑏𝑏𝑏𝑏𝑠𝑠
→ 𝛥𝛥𝑎𝑎 =

𝜎𝜎𝑝𝑝𝑝𝑝𝑠𝑠 ⋅ 𝐴𝐴𝑆𝑆𝑆𝑆𝑆𝑆
𝑘𝑘𝑗𝑗𝑙𝑙𝑏𝑏𝑏𝑏𝑠𝑠

(15) 

𝜎𝜎𝑝𝑝𝑝𝑝𝑠𝑠 =
𝜎𝜎𝑝𝑝𝑠𝑠𝑟𝑟

1 + � 𝐴𝐴𝑆𝑆𝑆𝑆𝑆𝑆
𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ⋅ 𝐸𝐸𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

+ 𝐴𝐴𝑆𝑆𝑆𝑆𝑆𝑆 ⋅ ℎ2
4 ⋅ 𝐼𝐼 ⋅ 𝐸𝐸𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

+ 𝐴𝐴𝑆𝑆𝑆𝑆𝑆𝑆
𝐿𝐿𝑎𝑎𝑟𝑟𝑠𝑠 ⋅ 𝑘𝑘𝑗𝑗𝑙𝑙𝑏𝑏𝑏𝑏𝑠𝑠

� ⋅ 𝐸𝐸𝑆𝑆𝑆𝑆𝑆𝑆

(16) 

where 𝑘𝑘𝑗𝑗𝑙𝑙𝑏𝑏𝑏𝑏𝑠𝑠 refers to as the loading stiffness of the adhe-
sively bonded joint. 

3 Experimental validation 

Several studies, including two published and four un-
published (the current group), employed bonded Fe-SMA 
strips to improve the performance of steel and glass struc-
tural members. Prior to mechanical tests, Fe-SMA strips 
were heated to generate prestress; this procedure is also 
known as the activation test. According to the types of 
parent structures, they are categorized into four groups: 
(1) steel plates, (2) glass plates, (3) steel beams, and (4)
glass beams, as listed in Table 1. The measured strains
during activation tests are used for validation of the pro-
posed two models.

Table 1  Summarization of collected tests.

Group 
no. 

Parent 
structure 

Positions of bonded Fe-
SMA strips 

Activation 
technique 

Activation     
temperature (°C) 

Analysis model 

(1) Steel plates Both sides of plates Electricity 120, 180 and 260 Column model 

(2) Glass plates Both edges of plates Electricity 160 Column model 

(3) Steel beams Bottom of beams Flame 140, 160, and 260 Beam model 

(4) Glass beams Bottom of beams Electricity 120, 140, and 160 Beam model 
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3.1 Strengthened steel plates 

Some authors of the current study [5, 6] employed bonded 
Fe-SMA strengthening to prolong the fatigue lives or arrest 
the fatigue crack growths of steel plates with central 
through-thickness cracks. Prior to the fatigue tests, pre-
stress was generate via electrical resistance heating, dur-
ing which the compressive strain in steel plates were 
measured by strain gauges. The column model applies. 

3.2 Strengthened glass plates 

Silvestru et al. [7] used bonded Fe-SMA strips to 
strengthen glass beams to enhance their load capacity and 
ductility. Despite the loading form of four-point bending, 
the strengthening was applied at both the upper and lower 
edge of glass beams, and activation was conducted via 
electrical heating simultaneously and symmetrically. 
Therefore, the narrow glass beams are regarded as plates, 
and the column model applies. 

3.3 Strengthened steel beams 

Wang et al. [8, 9] conducted feasibility studies on 
strengthening steel beams using partly and fully bonded 
Fe-SMA strips. The prestress was activated via flame heat-
ing. Since the adhesive bond is assumed fully soft, the dif-
ference between partly and fully bonded schemes is ig-
nored during the analysis of prestress activation. The 
beam model applies. 

3.4 Strengthened glass beams 

Rocha et al. [10] utilized bonded Fe-SMA strips at the bot-
tom of glass beams, and employed the electrical re-
sistance heating to generate prestress. The load capacity 
and ductility were improved. Due to the eccentrically ap-
plied strengthening, the beam model applies. 

3.5 Model prediction vs. experimental measure-
ment 

Adopting the column and beam models in groups (1 and 
2) and groups (3 and 4), respectively, strains of the parent
structures can be easily computed. Figure 6 provides a
comparison between the predicted and measured strains.

It is observed in Figure 6 that, apart from the two grey 
squares, strain predictions have a good agreement with 
the experimental measurement. The small deviations can 
be attributed to the simplification of the column and beam 
models and uncertainty of the measured recovery stress. 
A transition zone, situated between the activation zone 
and bonded anchorage zone, should exist to accommodate 
the temperature gradient from the activation temperature 
down to the room temperature. Within this transition zone, 
the Fe-SMA strips are expected to have undergone some 
level of prestressing, while the adhesive layer should have 
experienced a reduction in stiffness due to heating. The 
extent of this transition zone is expected to increase with 
a higher activation temperature. The two proposed mod-
els, which ignore the transition zone, adopt a fully soft ad-
hesive bond in the activation zone and an unaffected ad-
hesive bond in the bonded anchorage zone. Such a 

simplification introduces some level of error. 

Figure 6 Strain prediction vs. experimental measurement. 

Fe-SMA strips in two steel plates, represented by the two 
grey points, were heated to an activation temperature of 
260 °C, during which the steel substrates were heated to 
110-120 ° C, which exceeded the capacity (100 ° C) of
strain gauges employed. This is one reason for the two
inaccurate strain evaluation. Another reason for the mis-
match is the strong thermal flow from the activation zone
to the bonded anchorage zone, which reduced the stiffness
of the bonded anchorage zone, leading to further prestress
loss.

4 Conclusions 

In this study, a column model and a beam model are pro-
posed to analyse the prestress levels of steel and glass 
structural members, strengthened by bonded Fe-SMA 
strips. With these two models, the strains in the parent 
structures, which reflect the applied prestress levels, can 
be accurately predicted. This suggests the potential of em-
ploying the proposed models in design of steel and glass 
structures strengthened by bonded Fe-SMAs. 
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