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A B S T R A C T   

This study is an experimental investigation into the self-similarity behavior of first and second order statistical 
quantities derived from a jet flow based on a) the original data and b) its low-order representations derived from 
the Proper Orthogonal Decomposition (POD) and c) a comparison of both. The flow under investigation is an air- 
helium turbulent round jet with Re ≈ 15400 emerging from a tube into an ambient containing identical gas mass 
fraction and temperature as the jet at a constant pressure. Instantaneous two-dimensional velocity field mea-
surements were obtained for downstream distances of 5.5d to 17.4d in the plane of the axis of the jet, via Particle 
Image Velocimetry. The snapshot POD algorithm was then applied to this data set to generate low-order rep-
resentations with rank approximations 1, 5, 10 and 50. These then serve as the basis to derive the respective 
(rank truncated) statistical properties. All properties are non-dimensionalized with a self-similar framework as 
obtained from the original jet data. It is found that the statistical properties obtained from the low-order rep-
resentations a) resemble in shape the asymptotic outline of the original jet and b) that the maximum values (for a 
given low-order representation) exhibit asymptotic states with increasing downstream distances. This is a strong 
indication that i) self-similar behavior is equally found in the low-order representations and that ii) this finding is 
mainly controlled by the large-scale vortices. The sole exception is the axial velocity root-mean-square values, 
where a distinct dip in the center line of the flow is found. This dip is successively filled up by smaller-scale 
turbulence for higher order truncations. Additionally, a new criterion – based on the maximum cross- 
correlation obtained through successive time traces of the temporal POD modes – is suggested to distinguish 
physically relevant modes from the POD basis in a more quantitative and explicit manner compared to traditional 
energy-based criteria.   

1. Introduction 

The identification and interpretation of vortical structures in highly 
turbulent flows and their significance for the underlying flow physics 
has been a field of research since the 1960s. Now commonly accepted, 
the re-discovery of well-organized vortices was so surprising to some 
researchers at that time that they ‘…attempted to eliminate them, looking 
for possible resonances, splitter plate vibrations, etc., but none were found.’ 
[1]. Since then – after this paradigm shift [2] – the internal organization, 
formation, development, stability, interaction, and importance of these 
vortical structures have been the subject of extensive experiments and 
numerical simulations [3–8]. 

Even though experimental results or numerical simulations typically 
have high dimensionality (degrees of freedom), they can often be well- 
characterized by (low-dimensional) dominating coherent structures. For 
instance, these structures can be found in the vortex street behind a 
circular cylinder [6], in shear layers [1] or in the wake flow past an array 
of wind turbines [9]. The latter reference provides an pragmatical 
approach in how low-order representations of the turbulent flow might 
contribute to practical answers of interest. In contrast to the increasing 
availability of highly resolved data obtained from experiments and nu-
merical simulations, there is a correspondingly significant need to 
describe high-dimensional fluid systems in a more elementary fashion. 
This would in turn contribute to a better understanding of the large-scale 
dynamics of coherent structures [10], control [11,12], estimation [13], 
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prediction [14] or closure modeling [15] in a wealth of applications. 
Thus, there is a necessity for reduced-order models (ROMs) [16]. ROMs 
effectively filter out the small-scale turbulent structures which do not 
contribute much to the convergence towards a valid representation of 
the essential flow physics according to [9,17]. 

The conceptually equivalent approach in obtaining ROMs is valid, 
since the large-scale dynamics in high-dimensional fluid systems typi-
cally evolve on a low-dimensional (coherent) subspace. An orthogonal- 
based representation of this subspace can be obtained via the POD as 
described by [18]. As opposed to the original formulation of the classical 
POD method [19], the method of snapshots introduced in [20] has 
proved to be an effective and computationally-forgiving alternative al-
gorithm to calculate the POD modes for a given data set – provided that 
the number of spatial data in a snapshot (the number of vectors within 
the measurement domain) exceeds the total number of snapshots. It is 
commonly accepted that truncating the POD series to the first few 
dominant POD modes reconstructs the ensemble to capture a certain 
amount of turbulent kinetic energy while highlighting the large-scale 
dynamics of the flow [17,9]. This argument is solely based on an en-
ergy concept – and therfore a mean quantity – these modes represent, 
while neglecting the equally valid perspective of the ‘coherence’ of the 
modes; which is much more difficult to quantify. In essence, there is no 

commonly accepted consensus on what numerical value or strict crite-
rion is attributed to the phrase ‘first few’ modes. This leads to our sug-
gestion to derive a quantitative criterion by using the maximum cross- 
correlation coefficient calculated from successive time traces of the 
underlying temporal POD modes as outlined in Section 4.2.2. 

Since jets belong to the so-called ‘building-block’ flows they have 
been extensively studied in the past. For axisymmetric jets, refer to 
[21–25]. Consequently, substantial research has been conducted on the 
application of POD to jet flow. The first implementation was done by 
[26] and for the near field past the tube exit see [27]; 28,29,27 on a 
highly buoyant jets; [30] on a confined co-flowing jet; [31–33] on planar 
jets; [34–37] for axisymmetric jets and for jets in cross flow [38]. All 
these works have detected large-scale vortical structures [32] in the 
most energetic modes. An additional – and complementing – classical 
subject for jet flows is self-similarity or self-preservation [23,39,40]. The 
work of [41] confirms the theoretical prediction of [42] that a family of 
local states in jets and plumes exist for which partial self-similarity is 
attained – but more importantly, that global self-preservation for the 
entire state space is reached through a universal route. This suggests that 
the large-scale structures play an important role in the self-preservation 
of jet flows. Additionally, it was shown by [32] that the POD modes of a 
planar jet preserve self-similarity. In the analysis of their experimental 

Nomenclature 

Abbreviations 
2D two-dimensional 
Re Reynolds number 
CCD charge coupled device 
FOV field of view 
HW hot wire 
LDA laser Doppler anemometry 
LOR low order representation 
mn mode number 
PIV particle image velocimetry 
POD proper orthogonal decomposition 
RMS root mean square 
ROM reduced order model 

Symbols 
A matrix with dimensions A ∈ RNxN whose columns contain 

the orthonormal eigenvectors of C 
C autocovariance matrix with dimensions C ∈ RNxN 

T matrix with dimensions T ∈ RNxN containg the temporal 
modes 

U matrix with dimension U ∈ RMxN containing all the 
velocity components for all the snapshots 

V,U time-averged transversal and axial velocity components 
D vessel diameter in mm 
d tube inner diameter in mm 
f frequency 
M/2 number of velocity vectors in one instantaneous 2D PIV 

recording 
N number of snapshots/PIV recordings 
p,q horizontal and vertical dimensions of an instantaneous 

velocity field, p⋅q = M/2 
qU,qV factors quantifying the statistical independence of the PIV 

recordings in transversal an axial direction 
Ru′ u′ ,Rv′ v′ Reynolds (normal) stresses 
Ru′ v′ Reynolds (shear) stresses 
r rank truncation 
ti,u, ti,v integral time scales for velocity components U,V 
T temperature 

t time 
u′

,v′ mean-free transversal and axial velocity fluctuations 
U,V transversal and axial velocities of the jet 
V0 velocity at the tube exit 
Vg,Vp, r0.5,xc fit parameters to define the self-similarity framework 
x*,y*, z* coordinate system located at the bottom of the PANDA 

vessel 
y/d non-dimensional downstream distance with y* =

4000mm = y/d = 0 at the tube exit 
k turbulent kinetic energy kmc,r, kr energy contained in the 

spatial domain of the rank r truncated data for matrix U 
assembled either from the mean-contained (mc) or the 
mean-free velocity components, respectively kmc,sum, ksum 

entire energy contained in the spatial domain of the data 
either for matrix U assembled from mean- contained (mc) 
or the mean-free velocity components, respectively 

Subscripts/Superscripts 
mc mean-contained 
rms root mean square 
T transposed of a matrix 
* depicting re-ordered matrices, example A* 

Greek symbols 
β spreading rate of the jet 
∊ uncertainty/errors of the PIV measuremets 
η non-dimensional axial velocity 
λe eigenvalues of matrix C 
Λ diagonal matrix with dimensions Λ ∈ RNxN whose diagonal 

entries are the eigenvalues λe 

Φ matrix with dimensions Φ ∈ RMxN containg the spatial 
modes/basis functions 

μ time averaged mean 
ρTmn ,Tmn+1 

cross-correlation function for successive temporal modes 
mn and mn + 1 

σ standard deviation/confidence limit 
ξ non-dimensional transversal distance 
max(ρTmn ,Tmn+1

) maximum of the cross-correlation function for 
successive temporal modes mn and mn + 1  
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campaign, the authors demonstrated that the large-scale dynamics 
(‘large-scale’ referring to spatial scales comparable to the jet width) 
described by the first few modes are self-preserving with increasing 
downstream distance. 

The reduced representation of flows through low-order representa-
tions (LORs) are an increasingly popular subject in the context of tur-
bulence control [12] to avoid or minimize unwanted turbulence- 
induced side effects such as jet noise [43], noise from ‘airframes, fans, 
and jet exhausts’ [44] or inefficiencies in combustion processes [45]. This 
is because low-dimensional data could highlight certain flow features 
that are otherwise masked (and therefore not accessible) by the 
complexity of the (fully turbulent) flow. It has to be emphasized that the 
POD method is data-driven. That is, the calculated spatial and temporal 
modes (or basis functions and their corresponding time-varying co-
efficients, respectively) used to describe the functional space in which 
the flow ensemble resides in (see Section 3) are fully determined from 
the data [46]. Consequently, a trade-off is to be expected between the 
convenience offered by the nature of generating data-driven basis 
functions and the concept of generalizing these basis functions to 
describe the underlying physical system. This tension will not be 
resolved in the present considerations. 

In the present paper, LORs of the jet are used instead of ROMs to 
study self-similarity in the low-order dynamics governed by the domi-
nant POD modes. The asymptotic behavior of the statistics of the LORs in 
a self-similar context would give an idea as to what the corresponding 
behavior in the ROMs would look like. This can then provide modelers 
with certainty to construct POD-based ROMs while having confidence 
that they preserve self-similarity states within the considered flows. 
Hence, POD-based experimentally obtained LORs are used here as a 
more direct way to study self-preservation of the ROMs. To the best 
knowledge of the authors in this paper, no work has been done on the 
preservation of self-similarity in LORs of a turbulent round jet. 

The subject of the present paper is the detailed analysis of the jet 
velocity fields (experimental data-set: H2P1_16_S03 taken from the 
HYMERES-2 project [48,49]) to investigate: a) the extent up to which 
LORs also exhibit self-similar behavior and b) the ability of the LORs to 
represent the underlying turbulence magnitudes and shape compared to 
the original signals. All of these results will be compared with the 
classical jet results taken from [22]. The focus will be on the first and 
second order velocity moments derived from the original two dimen-
sional (2D) PIV recordings: axial (time-averaged) mean velocities V , the 
respective root-mean-squared (RMS) signals u′ and v′ , the turbulent ki-
netic energy k and the Reynolds shear stress Ru′ v′ ; and these will be 
compared with the different rank approximations obtained using the 
first 1, 5, 10 and 50 modes – which represent the LORs under 
consideration. 

The experimental method, the measurement technique and the 
boundary conditions of the experiment are described in Section 2. An 
algorithmically oriented outline of the snapshot POD as presented in 
[50] used in this work is briefly explained in Section 3. The relevant 
results will be extensively discussed in terms of the statistical distribu-
tions and in the context of self-similarity in Section 4. We end the paper – 
as usual – with conclusions and the necessary future work in Section 5. 

2. Experimental methods 

The experiments were conducted at constant ambient pressure 
(0.996 bar). To maintain this pressure during the experiment, a funnel 
was mounted as close as possible to the axis of the experimental setup at 
the bottom of the vessel and the funnel was connected to a vent line, thus 
minimizing possible distortions introduced by the outflow of the exhaust 
gas to compensate for the jet inflow, Fig. 1. 

A commercial Particle Image Velocimetry (PIV) system from LaV-
ision was used for the base recording of in-axis 2D jet velocity mea-
surements in the PANDA vessel [47]. The PIV system consisted of a 

Quantel Twins B double-pulse laser with maximum output energy of 
380 mJ and a two double frame CCD cameras of type (LaVison) Imager 
Pro X, which are identical to the PCO.1600 cameras having a resolution 
of 1600 × 1200 pixels. After calibration of the images, a spatial resolu-
tion of 0.6 × 0.6 mm2/pixel was achieved. For the calculation of the 
velocity fields, a final interrogation window size of 32 × 32 pixels with 
75% overlap was used. This corresponded to an effective spatial reso-
lution of 4.8 × 4.8 mm2. The base analysis of the recorded particle im-
ages towards velocity fields was done with the commercial software 
DaVis 8.4 from LaVison. 

The two available PIV cameras were mounted in front of the upper 
vessel window on a translation stage consisting of two goniometers and 
a rotation table. By vertically inclining the upper camera it was possible 
to record two different field-of-views (FOVs) in total (Pos_A and Pos_B), 
see Fig. 1. Since Pos_A and Pos_B were recorded simultaneously, the 
resulting velocity fields were stitched together and treated as one 
recording. Di-Ethyl-Hexyl-Sebacat (DEHS) droplets dispersed by a 
spraying nozzle were used as seeding particles by injecting them into the 
air-helium stream, which was in turn directed into the vessel through the 
injection tube. The PIV system setup for the in-vessel measurements 
provided 2D velocity fields with an acquisition rate of f = 5 Hz. For the 
calculation of statistical quantities, N = 1024 PIV image pairs were 
averaged, resulting in a total averaging time of 204.8s. The optical 
recording system consisted of two CCD cameras each equipped with 
Nikon lenses (AF Nikkor, focal length fv = 28 mm; the aperture set to 
f# = 2,8 each) which were operated in the diffraction limit; that is, the 
particle image sizes on the CCD chip become independent of the physical 
particle size, resulting in particle image sizes larger than 3 pixels on 
average. According to the recommendations given in [51], this is suffi-
cient to minimize or eliminate peak-locking, which would introduce a 
bias in the velocity calculations towards (pixel shift based) integer 
values. The corresponding calculation of the frequency response of the 
particles used – not discussed in detail here – can be found in [52]. 

To calculate decent first and second order statistical quantities such 
as the mean axial velocity V or the corresponding velocity fluctuations 
v′ , a prerequisite is that the samples are statistically independent [53]. A 
common interpretation of statistical independence is: Record the next 
sample when the ‘memory of the flow’ is lost. A usual quantitative test 
on the statistical independence is obtained through an integration of the 
auto-correlation function of the respective signal, which results in an 
integral time scale ti. Statistical independence requires that the time 
between successive samples are at least 2ti apart which corresponds to a 
sampling frequency of f⩾1/(2ti). The actual sampling frequency of f = 5 
Hz for the present experiments was chosen such that this criteria is met 
(on average) for both velocity components U and V in the core of the jet. 
To test the required condition, the 2Ti criteria was calculated for each 
vector point for the velocity components U and V separately on the basis 
of an auto-correlation function. The resulting values were converted into 
dimensionless numbers – qU and qV – depicting on average – the required 
step size with respect to the original series of snapshots 1,2, 3,4, 5…,N 
for a given location in the PIV plane for which one would find the next 
statistically independent sample, i.e. qu = 2ti,u⋅f and qv = 2ti,v⋅f. The 
result of this calculation is presented in Fig. 2 for the velocity compo-
nents U and V in addition to with an approximate outline of the 
expanding jet. The graphs read as follows: For qU ≈ qV ≈ 1, all samples 
of the series of snapshots 1,2, 3,…,N are statistically independent, i.e. 
the measurements in the core of the jet – as intended – meet this crite-
rion. For qU ≈ qV ≈ 2 only samples 1,3, 5,…,N − 1 of the original series 
are independent. And this – through the effective number of (indepen-
dent) samples – is considered in the respective statistical calculation 
according to [54] within the data presented in this article. The relaxed 
criterion of statistical independence (qU ≈ qV ≈ 2) is typically met in the 
outer parts of the jet (labeled as ‘transitional’) where the velocities are 
lower. There are even regions where qU ≈ qV ≈ 10 (or even higher). 
These regions are in the far field where the jet meets the stagnant 
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ambient where the flow memory spans longer durations. Thus, they can 
be neglected. Since we do not have time-resolved measurements, we 
instead focused on verifying statistical independence in the obtained 
samples. Consequently velocity spectra are not subject of the present 
considerations. 

Errors in the entire axial velocity field are presented in Section 4. A 
gas mixture composed of 24.7g/s air and 0.3g/s helium at ambient 
temperature was injected to the tube. This corresponds to Re ≈ 15400 
when using the tube inner diameter of d = 109.1 mm and the respective 
kinematic viscosity using the REFPROP program from the National 
Institute of Standards and Technology (NIST) [55]. The jet emerged 

from a tube with a length of 33d at ambient temperature (T = 29.7◦C) 
into a surrounding with identical air-to-helium composition and tem-
perature. Thus, there were no buoyancy effects. The main coordinate 
system to describe the vessel dimension is located at the bottom of the 
vessel (x*, y*, z*) and the tube exit is located at y* = 4000 mm with 
respect to this global coordinate system. Jet properties are subsequently 
described with respect to the non-dimensionalized coordinate system 
located at the tube orifice (ξ, y/d), Fig. 1. The two components of the 
velocity vector are depicted using the Reynolds decomposition – the 
spanwise component through U = U+u′ and the axial component 
through V = V + v′ . 

2.1. Convergence of statistics 

To test for the convergence for most of the statistical properties as 
derived from a relatively small sample of N = 1024 statistically inde-
pendent sampled snapshots, we provide two types of graphs. Conver-
gence plots of the mean axial (V) and transverse (U) velocities, as well as 
the corresponding normal Reynolds stresses Ru′ u′ and Rv′ v′ extracted at 
ξ = 0, y/d = 16.3 as a function of sample size N, Fig. 4. For further 
assessment we add the complementing profiles of the Reynolds stresses 
Ru′ u′ , Rv′ v′ and Ru′ v′ extracted at y/d = 16.3 for sample sizes of N = 200, 
400, 600, 800 and 1000, see Fig. 3. We additionally provide error 
margins of the measurements on a 3σ level for the converged set of N =

1000 samples. 
We find that the data-scatter at a selected point of the respective 

quantities relaxes and converges considerably past N > 500, Fig. 4. Even 
though noting the difference for the asymptotic value of Ru′ u′ between 
our measurements and the chosen reference [22], we find a close match 
past N > 500 for the pre-converged measurements and Rv′ v′ as presented 
in [22], Fig. 4. A similar behavior past N > 500 can be derived from the 
measured profiles of the Reynolds stresses Ru′ u′ ,Rv′ v′ and Ru′ v′ at y/d =

16.3 Fig. 3. It is also shown that the reference measurements provided by 
[22] for Ru′ u′ ( ) and Rw′ w′ ( ) – the latter quantity that we could not 
measure – confirms the assumption of an axis-symmetry of the relevant 
statistical properties within the jet relevant for our considerations. 

Fig. 1. Schematic of side (left) and top view (right) of the PANDA experimental facility [47] setup used for the experimental results under consideration along with 
the main dimensions. Numbers ‘1234’ in mm – dimensions with respect to the global coordinate system (x*,y*,z*) of the PANDA facility located at the bottom of the 
vessel. Non-dimensional numbers ‘1234’ (ξ,y/d) with respect to the coordinates downstream of the tube exit with y* = 4000 mm = y/d = 0 to present the jet results. 

Fig. 2. Dimensionless numbers for the transversal U and axial V velocity – qU a) 
and qV b) – depicting (on average) the required step-width with respect to the 
(original) series of snapshots 1, 2,3, 4,5…,N for a given location in the PIV 
plane to quantify the next statistically independent sample. For qU ≈ qV ≈ 1 all 
samples of the series of snapshots 1, 2,3,…,N are statistically independent, i.e. 
the core of the jet meets this criterion completely for U and to a certain extent 
also for V.. 
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3. Snapshot Proper Orthogonal Decomposition algorithm 

The Proper Orthogonal Decomposition (POD) decomposes a flow 

data set into modes that are ranked based on their energy contribution to 
the system dynamics [18]. The snapshot POD algorithm introduced by 
[20], is applied to the PIV data-set of 2D velocity fields measured in this 

Fig. 3. Horizontal profiles of the normalized Reynolds stresses Ru′ u′ ,Rv′ v′ and Ru′ v′ for sample sizes of N = 200,400,600, 800,1000 extracted at downstream distance 
y/d = 16.3. The error margins on a 3σ level are presented for the converged sample sizes of N = 1000. Our results are compared with data taken from [22]. 

Fig. 4. Convergence plots of first and second order velocity moments extracted at location ξ = 0, y/d = 16.3 as a function of sample size N. Our results are compared 
with data taken from [22]. The pre-converged mean beyond N > 500 is indicated. 
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study. The algorithm used is taken from [50] and is extended to matrix 
space for the case of 2D data, and was implemented in an in-house 
Matlab code. 

A collection of N instantaneous velocity snapshots, each containing 
p⋅q = M/2 velocity vectors are sampled at equi-temporal intervals, 
Fig. 5. Each snapshot is defined as a 2D velocity field U→= (U,V) with 
the two mean-free velocity components u′ and v′ according to the Rey-
nolds decomposition. Note that the following analysis can be extended 
to include 3D velocity fields without loss of generality. With these vector 
components u′ and v′ at each vector location, an ensemble matrix U ∈

RM×N can be constructed, Eq. (1). Here, U ∈ RM×N is the matrix space of 
real numbers of dimension M× N. The M = 2⋅p⋅q vector components of 
each snapshot are arranged into single-column vectors that are assem-
bled into matrix U. The same velocity arrangement can also be used for 
mean-contained velocity components U and V. In this case the first spatial 
POD mode – labeled conventionally as the ‘zero mode’ – approximately 
represents the mean field. 

U
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(1) 

The POD algorithm divides the spatio-temporal ensemble of veloc-
ities U into space-dependent orthonormal POD modes Φ ∈ RM×N (spatial 
modes, also referred to as the basis functions) and time-dependent 
orthogonal modes T ∈ RN×N (referred to as temporal modes), respec-
tively, through the following relationship [50]: 

U = ΦTT (2)  

with the superscript ‘T’ referring to the transpose of a matrix. 
The following snapshot POD algorithm is employed to obtain the 

spatial and temporal modes:  

1. Compute the autocovariance matrix C ∈ RN×N as follows: 

C =
1
N

UTU (3)    

2. Calculate the eigendecomposition of C: 

C = AΛAT (4)  

where A ∈ RN×N is an orthogonal matrix whose columns contain the 
orthonormal eigenvectors of C; and Λ ∈ RN×N is a diagonal matrix 
whose diagonal entries are the eigenvalues λe of C with 1⩽e⩽N.  

3. Sort the columns of A and Λ so that they are arranged in descending 
order with respect to the eigenvalues in Λ to obtain the reordered 
matrices A* and Λ* such that Λ* = diag(λ1, λ2,…, λN) where λ1 >

λ2 > … > λN .  
4. Scale the eigenvectors in A* and project them onto the ensemble U to 

obtain the spatial POD modes as follows: 

Φ =
1̅
̅̅̅
N

√ UA*(Λ*)
− 0.5 (5)    

5. Project the spatial modes in Φ onto the ensemble U to obtain the 
time-dependent temporal POD modes: 

T = UTΦ (6)   

The total energy kmc,sum contained in the 2D spatial domain assem-
bled from the mean-contained (mc) velocity components is a function of 
the eigenvalues in Λ* as follows: 

kmc,sum = tr
(

1
2

Λ*
)

=
1
2
∑N

e=1
λe (7)  

with ‘tr’ depicting the trace operator of a matrix. If the velocity fields 
used for the construction of U are mean-free, then the total energy 
translates into the turbulent energy kmc,sum = ksum. 

LORs are obtained by truncating the POD series at a certain mode 
number r. In this paper, the resultant reduced-order reconstruction of 
the i’th snapshot is called a rank r approximation of the original 
instantaneous velocity field U→i. The mathematical relationship that 
represents the reconstruction of the instantaneous velocity field i of the 
measured ensemble with a rank r approximation can be expressed as: 

Ui,r =
∑r

e=1
ΦeTie (8)  

with the index ‘e’ in Φe depicting the e’th column of Φ and index ‘ie’ in 
Tie representing the row-column relationship in T. 

Finally, the total energy kmc,r (for mean-free velocities, the energy kr) 
contained in a rank r reconstructed ensemble of N snapshots is given by: 

kmc,r =
1
2
∑r

e=1
λe (9)  

4. Results and discussion 

The time-averaged axial velocity field (N = 1024 samples) in the 
range of − 400 < x* < 400 mm in the horizontal (span wise) direction 
and 4600 < y* < 5900 mm in the vertical (axial) direction is presented 
in Fig. 6 together with the corresponding uncertainty field. For each 
statistical quantity, error propagation was used to calculate the corre-
sponding uncertainty with a confidence limit of 3σ (99.1 %) by using the 
so-called effective number of samples, see Fig. 2. For example, the 
calculated uncertainty ∊ for the mean axial velocity Vreads as V ± ∊, 
which yields V = 1.46 ± 0.024 m/s at location (x*,y* = 0,5200). Since 
the details of the error calculation are beyond the scope of this article, 
the interested reader is referred to[54]. 

With the tube exit located at an elevation of y* = 4000 mm (Fig. 1), 
we cover the non-dimensional downstream distances from 5.5d to 17.4d 
for the jet past the tube exit. An overview of the different phenomena 
and the physics in turbulent jets can be found in [56] and a more recent 

Fig. 5. Collection of N snapshots of 2D velocity fields each with dimension M, i. 
e. p⋅q = M/2→2⋅p⋅q = M with M depicting the total number of vec-
tor components. 
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review of experimental data is provided in [40]. 

4.1. Self-similarity 

In order to discuss preservation of self-similarity in the LORs, self- 
similarity it must first be examined and derived for the original veloc-
ity fields. 

4.1.1. Mean axial velocity 
The self-similarity concept for the jet requires that physical quanti-

ties when appropriately normalized with a local characteristic trans-
verse length scale – the half-width radius of the jet, r0.5 – and a local 
characteristic velocity scale – the peak value Vp – collapse onto each 
other. The axial velocity profiles as well as other first and second order 
velocity moments show shape invariance with respect to downstream 
distance. For more details of self-similarity in the context of jet flows, 
refer to [39,40]. A more general discussion of the underlying dimen-
sional analysis for physical processes can be found in [57]. It is agreed 
upon that the axial velocities can be well-approximated by a Gaussian 
function. Additionally we account for a non-zero offset Vg of the axial 
velocities and a deflection xc of the jet out of the injection tube axis (see 
Fig. 7). This results in the following fit function to the experimental data: 

V = Vg +Vp⋅exp

{

− ln

(

2

)(
x* − xc

r0.5

)2
}

(10)  

or in non-dimensional form: 

η = exp
{
− ln

(
2
)
⋅ξ2} (11)  

with the non-dimensionalized axial velocity η = (V − Vg)/Vp and the 
non-dimensionalized transversal coordinate ξ = (x* − xc)/r0.5 repre-
senting the new framework for the self-similarity presentation of the 
measurements. Extracting horizontal profiles of the axial velocity V from 
Fig. 6 at different downstream distances y/d results in the non- 
dimensional representation of the axial velocities according Eq. (11) 
as shown in Fig. 8. 

Almost right from the beginning of our data (y/d = 5.8), i.e. just after 
the potential core of the jet, which is expected to persist up to y/d ≈ 5 
[39], the data points collapse identically onto the Gaussian function 
depicted in green, thus confirming the self-similarity assumption for the 
jet. The only minor deviation from the Gaussian fit is found around the 
jet center (ξ = 0). To better describe this decay, additional profiles are 
extracted from Fig. 6 and the non-dimensional velocity decay in the 
center of the jet (ξ = 0) is presented as a function of downstream dis-
tance y/d in Fig. 8 (b). It is shown that the axial velocity approaches the 
asymptotic value with increasing y/d. To test for the consistency with 
the literature we provide the results of the measurements from [22] 
which were recorded much further downstream (10⩽y/d ≤ 100) 
compared with our results in Fig. 8 (c). It is found that i) the hot wire 
(HW) data from [22] almost identically fall onto the Gaussian, ii) our 
data extracted at y/d = 16.33 – except for the jet core – fall onto the 
Gaussian and ii) there are some deviations between the HW- and the 
laser Doppler Anemometry (LDA) data. The discussion of the latter is 
beyond the scope of this article. The development of the four fit pa-
rameters Vg,Vp, r0.5 and xc according eq. (10) with non-dimensional 
downstream distance y/d is presented in Fig. 9. The behavior of the 
baseline offset Vg = 0.031 ± 0.01 [m/s] and the center-line offset 
xc = − 0.73 ± 1.7 [mm] as seen in Fig. 9 (a) and (d), respectively, depict a 
variation with downstream distance that is at least two orders of 
magnitude lower than that of the velocity amplitude Vp and the jet width 
r0.5. Even though Vg > 0 signifies a weak re-circulation surrounding the 
jet, it is plausible to deem this variation negligible so that the similarity 
variables η and ξ can be reduced to the common definitions used in 
literature [58]. It is noteworthy to mention that both the axial velocity 
Vp in the center and the half-width radius r0.5 exhibit a transitional re-
gion from the potential core (y/d ≈ 5) to y/d ≈ 10. This is observed by 
two factors – the slightly different slope for the growth of the jet 
(characterized by r0.5) beyond y/d > 10, and in a change in the decay 
characteristic for Vp (see Fig. 9 b). Based on these observations, we 
consider our own experimental results for the axial mean velocity self- 
similar past y/d > 10. 

The variation of the jet width r0.5 with downstream distance shown 
in Fig. 9 c) provides insight into the jet spreading rate β as defined in 
[58]. Our value of β = 0.090 falls in between what is provided through 
the literature, e.g. 0.086 by [23], 0.094 by [22] based on LDA mea-
surements, 0.096 in [21] and 0.102 in [22] based on HW measurements. 
This seems to indicate that the confinement of the PANDA vessel [47] – 
confinement ratio D : d of 36.53, which is much lower than those of the 
facilities used by [22] – 192 and ≈ 697, respectively – plays no promi-
nent role. Although all the above mentioned experiments were con-
ducted at different Reynolds numbers, there is no evidence to suggest 
that the Reynolds number affects the mean velocity profiles or the jet 
spreading rate [58]; in contrast to the tube exit conditions [59]. In the 
present study, the normalized axial velocity in the center Vp/V0 with V0 

representing the velocity at the tube exit was found to decay with 
downstream distance at a rate of 6.204, which fits well with the litera-
ture value of 6 [39] obtained from theoretical considerations and 
experimental results of [60]. The velocity at the tube exit V0 was 
measured by means of PIV for the present set of experimental conditions. 
The results are not presented for brevity. When scaled logarithmically on 
both axes, the normalized axial velocity in the center Vp/V0 decays in 

Fig. 6. Time-averaged axial velocity field V for experimental series 
H2P1_16_S03 a) with respect to the coordinate system x*, y* and b) the corre-
sponding error ∊ on a significance level of 3σ (99.1%). The error calculation is 
based on [54]. 

Fig. 7. Parameters for the fit function according Eq. (10).  
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proportion to (y/d)− 1 in the y/d > 10 regime. This was also observed by 
[39]. 

Different velocity moments can reach the state of self-similarity at 
different downstream distances. However, there is no consensus on the 
definition of these distances, see the discussion of this topic in [40] and 
the alternate approaches relating the route towards self-similarity to the 
coherence of the flow at the tube exit as initially outlined in [61] and as 
applied in the concept of ‘number of eddies overturned in time’ in [59]. As 
an example, the normalized profiles of the axial RMS-values are pre-
sented for different downstream distances in Fig. 10 (left). For a measure 
of reference, the corresponding LDA and HW data of [22] are also 
plotted alongside. It is found that the development towards self- 
similarity of the axial RMS-values is much slower compared to the 
mean axial velocities, Fig. 10 (right). However, there is good agreement 
with the axial RMS-values obtained by [22] and the values at y/d = 16.3 
of the present study. On the other hand, the development towards self- 
similarity is even slower for the radial RMS-values u′ . Nevertheless, 
there is still reasonable agreement at further downstream locations. 
Consequently, the signals obtained at y/d = 16.3 are used for further 
analysis of the first and second order velocity moments. 

4.2. Results of the POD analysis 

4.2.1. Mode energy 
The snapshot POD as outlined in Section 3 was applied to the entire 

PIV ensemble (N = 1024) of mean-free velocities pertaining to the 
H2P1_16_S03 test, i.e. the axial mean velocities (Fig. 6) as well as the 
radial mean velocities (not shown) were subtracted from all the 
instantaneous velocity fields before applying the algorithm to obtain the 

energy distributions among the spatial modes. Eqs. (9) and (9) are 
applied to study the distribution of these energies and their accumula-
tion with increasing rank order reconstructions, see Fig. 11. The first 
mode carries the highest proportion of energy compared with the other 
modes (~3% of the total system energy ksum). 

In total, the energies distribute across nearly three orders of 
magnitude from mode 1 to mode 1024. For the mode energies, we 
observe a distinct slope change around mode ≈ 10, i.e. we find modal 
energies within the same order of magnitude for mn≲10 whereas the 
energies for mn≳15 decay more rapidly. The former region is attributed 
to the importance these modes have for the reconstruction. This and the 
extent of this region is further expanded on in the next Section 4.2.2. 
Without claiming generality and independence of the underlying flow 
type, we observe that the energy across modes 15 to 200 scale inversely 
proportional with the mode number for our data. The cumulative dis-
tribution reads as follows: reconstruction of the instantaneous – mean 
free – velocity fields in terms of a lower dimensional representation 
contains on average 2.9% of kr for a rank 1, 12.9% of kr for a rank 5, 
22.1% of kr for rank 10 and 50% of kr for rank 50, respectively. Note that 
a full reconstruction of the instantaneous velocity field would require a 
rank 1024 reconstruction. An example for the reconstruction of an 
instantaneous velocity field with different rank approximations is dis-
cussed in the Section 4.2.3. 

4.2.2. A small step beyond usual POD mode selection criteria 
We briefly present some characteristics of the spatial and temporal 

POD modes to make a link to corresponding observations in the litera-
ture while attempting to highlighting a possible blind spot related to the 
sole focus of the first few – the most energy containing – POD modes as 

Fig. 8. Axial velocity profiles extracted from Fig. 6 at different downstream distances y/d (a). Downstream decay of the non-dimensional axial velocity η in the jet 
axis (ξ = 0) towards the asymptotic value of η = 1 (b). Comparison of the present results (▪) extracted at y/d = 16.3 with the Gaussian and experimental data from 
[22] obtained through laser Doppler Anemometry (LDA) and hot-wire (HW) measurements (c). 
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found in [62,63]. 
Although not directly apparent from the energies (Fig. 11), the 

spatial structures of the first two spatial modes, Φ1 and Φ2, are almost 
identical showing the presence of 3 successive vortical structures 
downstream of y/d ≈ 8 which are centered around ξ ≈ 0, except that 

they experience an average spatial phase shift with y/d ≈ 1.15 – or 
multiples of it, Fig. 12 top. This is remarkable since this relation is 
usually solely attributed to so called (spatial) mode pairs [7,64], i.e. 
successive spatial modes having almost the same energy as well as 
distinct phase relationships between their temporal modes (and 

Fig. 9. Development of the four fit parameters Vg,Vp, r0.5 and xc according Eq. (10) with non-dimensional downstream distance y/d .  

Fig. 10. Normalized axial velocity RMS-values v′

rms/Vp with different downstream distances y/d as parameter (left). Comparison of the present results with data from 
[22]. Downstream increase of the velocity RMS-value in the jet axis (ξ = 0) towards the asymptotic value of 0.28 (right). 
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fulfilling – eventually – additional criteria [7]) which does not manifest 
in the present experiments (Fig. 11). The distinct (and more defined) 
phase relation between the spatial modes is also revealed by the corre-
sponding temporal modes, T1 and T2, Fig. 12 bottom which are shown 
for the first 20 s. After applying a spline function to smooth out the noisy 
signals, it becomes apparent that the temporal modes – most promi-
nently visible for most (but not all) of the peaks – are shifted in time by 
one time step t = 0.2 s which corresponds directly to the underlying 
sampling frequency of f = 5 Hz. The above mentioned spatial phase 

relationship of the vortices must amount to y/d ≈ 2⋅1.15 = 2.3 since a 
vortex travels (on average) with a velocity of 1.3 m/s (Fig. 9, y/d ≈ 10); 
this corresponds to a distance of 260 mm or y/d = 2.4 between succes-
sive snapshots.Cum grano salis, this corresponds to the observations 
made in [30] for an experiment conducted at a much higher sampling 
frequency of 1.5 kHz. 

To shed further light on the impact of successive temporal (and 
therefore also the corresponding spatial) POD modes and their impor-
tance for the (rank truncated) calculation of the flow representation, we 
have calculated the normalized cross-correlation coefficients between 
successive temporal modes. This idea is based on the observation of so 
called POD mode pairs, i.e. modes ‘that contain different phases for the 
same or similar spatial structures’ as outlined for example in [64] where a 
mild turbulent jet in a laminar cross flow is treated. This phase shift is 
also reflected in the corresponding temporal modes as depicted in [64]. 
Since it is not expected to find such a ‘clean’ signal for fully turbulent 
flows, we have generalized (and relaxed) this concept towards a cross- 
correlation criterion which quantifies the similarity of successive tem-
poral modes Tmn and Tmn+1, which is even capable of detecting inter-
mittency. The cross-correlation is calculated according: 

ρTmn
,Tmn+1

⃒
⃒

max =
1

N − 1
∑N

i=1

(
Tmn,i − μmn

σmn

)(
Tmn+1,i − μmn+1

σmn+1

)

(12)  

where μmn and σmn are the mean and standard deviation of the temporal 
mode mn, respectively; and μmn+1 and σmn+1 are those of the temporal 
mode mn + 1, see [53] and Fig. 13. Applying Eq. (12) to successive 
temporal modes, the cross-correlation analysis indicates that the 
maximum correlations consistently occur at lag = 1 time step; similar to 
what was found in Fig. 12 for modes 1 and 2. 

Furthermore, the upmost importance of the – low order – temporal 
modes along with the associated spatial modes to represent the under-
lying large-scale flow dynamics is confirmed by the accordingly higher 
values of max(ρTmn

,Tmn+1 ) between successive time traces for 
Tmnwith1⩽mn ≤ 5. The attribution towards the importance of these first 
spatial modes within the literature [18,35–37] is proven by the strong 
correlation decay within this range represented by the approximation 
shown with a curve fit ( ). Conversely, there is considerable contri-
bution towards the flow physics represented by temporal modes Tmn 

with 6⩽mn ≤ 21, see the corresponding discussion in Hamilton et al. 
[9,17]. While these modes may represent a lower amount of turbulent 
energy, they should not be neglected since the corresponding successive 
temporal mode correlations are consistently above a pure noise level of 
0.15. It should be noted that even though not necessarily representative 
for all flows, it is remarkable that i) we find a strong correlation of 0.5 
between temporal modes T20 and T21 which ii) is associated with a 

Fig. 11. Distribution of the energy represented by the eigenvalues, λe, according Eq. (9) across the different POD modes 1 to 1024 (left axis) and cumulative energy kr 

(right axis), according (Eq. (7) presented in %. Ranks 1, 5, 10 and 50 and their associated cumulative kr-values are indicated. All axes are log-scaled. 

Fig. 12. Average velocities V as depicted by the first two spatial POD modes, 
Φ1 and Φ2, presented in non-dimensional coordinates ξ and y/d (top) and the 
corresponding temporal modes, T1 and T2 (bottom) with a B-spline applied to 
smooth out noise. 
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corresponding coherence for the spatial modes, see Fig. 14; while modes 
beyond 5 are usually neglected in the context of POD based approxi-
mations [30,64,62,63]. For Φ20 and Φ21 we find the same spatial phase 
relation of y/d ≈ 1.15 for vortices located past y/d ≈ 10 as was observed 
for modes 1 and 2 in Fig. 12. In contrast to Φ1 and Φ2 (Fig. 12) the 

vortices in Fig. 14 experience a left and right offset of ξ ≈ ±0.5 with 
respect to the center line. The corresponding temporal modes T20 and 
T21 are shown in Fig. 14 bottom along with T21 lag-shifted. Additionally, 
it is interesting to note that we observe different phases for the time 
traces of the temporal modes T20 and T21. That is, we find phases with a 
stronger correlation and phases with a weaker correlation (Fig. 14 
bottom) which results on average in a cross correlation of 0.5 – calcu-
lated for the entire signals, Fig. 13. These distinct differing time-period- 
dependent phases are in contrast to successive temporal modes where 
the cross correlation is consistently constant – irrespective of the time 
period selected as found in Fig. 12 (bottom). Even though leaving this 
topic finally as a subject for a more detailed analysis which has to be 
applied for different flows and without trying to be exhaustive, we 
briefly note that the former observation is what is typically depicted by 
the wording ‘intermittency’. For example, this intermittency is 
frequently found for turbulent round jets released through a circular 
orifice in the region where the tails of the axial velocities meet the 
stagnant surrounding [65,66]. A theoretical framework for these inter-
mittent transitional phenomena can be found in [67] and an more 
extended view towards the intermittent transition in the outer parts of a 
jet flow towards turbulence through Hopf-Bifurcations in [68]. 

The suggested criterion based on the maximized cross-correlation 
between successive temporal modes of a POD calculation help to iden-
tify dynamically relevant modes in a more quantitative way considering 
temporal and corresponding spatial coherence. Specifically, this 
approach paves the path to move away from the traditionally strict 
energy-based criterion provided by the POD to determine dominant 
modes, and attempts to further constrain the criterion to include – space 
and time correlated – phase information between successive modes. If 
this perspective is adopted, it might help to provide a sound criteria for 
the required rank approximation to represent the flow physics for sub-
sequent – simplified – modeling approaches as found for example in [9] 
while highlighting the transition and intermittency towards non- 
coherent contributions to the flow physics past a certain POD mode. 
Within this context it is noted that this method preserves the energy- 
based ranking system that the POD provides while directly exploiting 
phase relationships that may exist between successive modes through 
insight gained from cross-correlations. This is a more explicit method 
compared to the eigenvalue-(energy-) based observations found in 
literature [30,64]. 

4.2.3. Velocity field reconstructions 
The reconstruction according to Eq. (8) with the mean-contained data 

was used to calculate LORs with rank 1, 5,10 and 50 approximations for 
all N = 1024 instantaneous velocity fields of the underlying original 
measurement series. An example of the reconstruction for i = 15 of a 

Fig. 13. Normalized maximum cross correlation coefficients max(ρTmn ,Tmn+1
) according Eq. (12) calculated for time traces of successive temporal modes Tmn&Tmn+1 

from the POD calculation as a function of the respective mode number mn. 

Fig. 14. Average velocity V as represented by the spatial POD modes, Φ20 and 
Φ21, presented in non-dimensional coordinates ξ and y/d (top) and the corre-
sponding temporal modes, T20 and T21 (bottom) with a B-spline applied to 
smooth out noise. Temporal mode T21 is presented with a lag shift of 1 with 
respect to temporal mode T20. Additionally, the normalized cross-correlation 
coefficients ρT20 ,T21 

between T20 and T21 are indicated for selected time pe-
riods to quantify phases with higher and lower cross-correlation strengths. 
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single instantaneous velocity field is presented in Fig. 15. Following the 
discussion of the distribution of the energy kr among the ranks (Fig. 11), 
the LOR approximations up to rank 5 show energetic flow features with 
large-scale structures without any details, i.e. a slightly meandering, 
expanding jet flow. This behavior is exactly what was intended by 
applying the POD to construct a LOR: highlighting large-scale dominant 
flow structures that might be otherwise covered by small scale turbulent 
‘noise’. Increasing the rank number successively adds more small-scale 
details to the flow up to the level of the full reconstruction (N =
1024), which is identical to the corresponding original measurement. 
Note that i) the meandering (space) or flapping (time) of the jet is visible 
for ranks up to 10 but it is hardly detectable in the original flow pattern 
and ii) that the full reconstruction of the instantaneous velocity field 
(rank = 1024, original) even shows the small areas in the center of the 
jet with missing velocity content (black spots – some of which are 
marked with A in Fig. 15) resulting from the post-processing to remove 
spurious vectors [51]. The latter observation is notable since all the 
underlying POD modes used for the reconstruction present a continuous 
full field without blank spots. 

4.3. Preservation of self-similarity in the LORs 

4.3.1. First order velocity moments 
In this section, self-similarity in LORs from POD-rank truncations the 

first 1, 5, 10 and 50 modes are addressed for the first order velocity 
moments. For each rank approximation, we calculate the common 
respective statistical values (average axial mean velocity and RMS- 
value) through time averaging across all 1024 snapshots as if these ap-
proximations would be the primary measurements. The discussion will 
consider profiles extracted from these LORs as well as downstream 
traces of these quantities in the jet axis. For the discussion, one has to 
distinguish two key questions: 1.) How well do the statistical quantities 
derived from a LOR represent the original data? 2.) Is self-similarity 
preserved in the LORs? 

The mean axial velocities of the original and ranks 1,5, 10 and 50 
signals from the – mean contained (mc) – snapshots extracted at y/d =

16.3 are presented in Fig. 16 a. The results collapse almost perfectly onto 
each other and only the enlarged inset shows the small differences 
among the rank approximations. The average standard deviation of the 
rank approximations and the original signal is 0.0352. This value is 
small enough to conclude that the rank approximations preserve simi-
larity (and are essentially identical) in the resultant mean velocities 
(rank 0) of the jet down to numerical noise irrespective of the rank 
truncation. 

We draw four interesting observations with the axial RMS velocity v′

distributions (Fig. 16 b). Firstly, all five rank approximations have a 
similar M-type shape – which is not observed for the transverse velocity 
RMS values, Fig. 16 c). Secondly, a left–right asymmetry that is present 

in the magnitude of the side peaks (marks A and C) for low-rank ap-
proximations (rank 5 and 10) vanishes for the higher rank approxima-
tion (rank 50). Thirdly, this (weak) M-shape is also present in the results 
from [22] based on experiments conducted farther downstream 
(10⩽y/d ≤ 100) compared with the present results. Lastly, the RMS- 
content increase on average with increasing rank order even though 
there are some local fluctuations for lower order ranks. This is because 
the POD acts as a spatio-temporal filter to remove low-energetic tur-
bulent fluctuations manifesting as small-scale flow structures that do not 
contribute to the large-scale dynamics (see also Figs. 15 and 11). 

In contrast to the transverse velocity RMS-values, there is a pro-
nounced RMS-dip in the center line of the axial velocity signals of ranks 
5 and 10, Fig. 16 b), mark B. This RMS-dip then relaxes with increasing 
rank order, eventually becoming difficult to notice in the original signal. 
The accentuation of the RMS-deficit in the LORs – particularly in ranks 5 
and 10 – and the flattening of the profile with increasing rank are 
noteworthy. The dip in axial RMS velocities corresponds to a reduction 
in the degree of turbulence, which translates into the removal of – small- 
scale – fluctuations. Referring back again to Fig. 16 b), a more pro-
nounced dip in the center-line in ranks 5 and 10 implies the removal of 
low-energetic small scale structures in the core of the jet. Conversely, the 
flattening of this dip with increasing rank order means that there exists 
in the original jet highly turbulent low-energy containing flow structures 
that are filtered out in low-order truncations of the POD; and the 
introduction of more small-scale turbulence in the jet core with 
increasing rank adds energy, resulting in this dip to become less pro-
nounced. From another perspective, it can be argued that the M-shape is 
mainly contained in and caused by intermediate modes in the range of 
approximately 5 to 10 (and eventually a bit above 10) because the 
respective LORs have the most pronounced modulation between the side 
peaks and the RMS-dip in the center, Fig. 16 b). This finding is consistent 
with results of the POD analysis of a turbulent wake flow past a wind 
turbine array presented in [17,9] with just using a few POD modes 
representing the essence of the turbulence of the flow. 

To further highlight the development of the axial velocity RMS- 
deficit with downstream distance y/d, the results from the rank 5 and 
rank 50 approximations are presented in Fig. 18. The purpose of these 
graphs is not to identify a single profile but to demonstrate that the 
convergence towards an asymptotic value can be: a) highly dependent 
on radial position and, b) different for each rank approximation. For 
example, the rank 5 center line immediately reaches its asymptotic value 
at y/d = 5.7 (Fig. 18 a, mark B) - much quicker than the higher order 
ranks of 10,50 and the original. 

On the other hand, we find a considerable variation at positions 
marked A and C. Additionally, it is interesting to note that the pro-
nounced deficit in the center-line of the rank 5 RMS-values persists for 
nearly all downstream distances. To better quantify the downstream 
development of the two peaks (A and C) and the RMS-deficit (B), the 

Fig. 15. Reconstructions of an instantaneous velocity field using the first 1, 5, 10, 50, and finally 1024 (original field) POD modes for the velocity field i = 15, 
respectively. The color coding represents the axial velocity V. The results are shown from left to right with increasing ranks to construct the LORs. 
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respective signals were extracted for all ranks considered (see Fig. 17). 
We find negligible variation in the rank 1 and rank 5 axial RMS 

curves velocities along the center line, whereas the left and right side 
peaks initially grow and appear to stabilize further downstream (see 
Fig. 17). The rank 10 center line signal (B) slightly increases, whereas 
the characteristics of the rank 50 signal (B) correspond to the original 
one. That is, both tend to approach an asymptotic value even though: a) 
the asymptotic value is different and, b) a converged value is not yet 
attained for the downstream distances considered here. For the left peak 
signals (A), all curves gradually rise at the beginning before they sta-
bilize (see Fig. 17 A). The rank 1 signal converges quicker than the other 
four signals. The right peak signals show similar behavior, with the rank 

1 velocities stabilizing before the other signals, Fig. 17 c. Overall, we 
found strong indications that even the first order velocity moments of 
LORs derived from jet flow, exhibit a transition to asymptotic values 
considering that these absolute values are lower compared with the 
original data. 

4.3.2. Second order velocity moments 
We restrict the discussion for the second order velocity moments to 

the Reynolds shear stress Ru′ v′ and the turbulent kinetic energy k. The 
Reynolds normal stresses and the discussion of the results are (in prin-
ciple) accessible through the axial and transverse velocity RMS values, 
see Fig. 16. Since the third velocity component W is not available 

Fig. 16. Comparison of the mean axial velocity distribution among the LORs at y/d = 16.3. Inset: Enlarged view of the negligible difference in mean axial velocities 
between the ranks (a). Comparison of normalized axial (b) and transverse (c) RMS velocity distributions with LORs at y/d = 16.3. Additionally, our own results are 
compared with data taken from [22] which are considered as asymptotic values. 

Fig. 17. Comparison of left peak development (A), the RMS-dip development (B) and the right peak development (C) in the axial RMS velocity distributions of the 
LORs as a function of the downstream distance with the original value as well as the asymptotic values according [22] as reference. 

Fig. 18. Rank 5 (a) and rank 50 (b) based approximations of the normalized axial RMS velocity distributions v′

rms with the non-dimensional downstream distance y/d 
as parameter. 
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through the 2D PIV approach, k is calculated according to: 

k =
1
2
{

2u′2
rms + v′2

rms

}
(13)  

This is because it is more reasonable to assume that w′2
rms = u′2

rms for an 
axisymmetric jet flow as opposed to the generic approach w′2

rms =
1
2
(
u′2

rms + v′2
rms
)
. This is confirmed by the results found in [22]. The results 

on the distribution of Ru′ v′ and k among the LORs at y/d = 16.3 are 
presented in Fig. 19. For the Reynolds shear stress Ru′ v′ we find a 
remarkable shape invariance, i.e. beginning with the lowest rank 
approximation of 1, the characteristic shape signature is already present 
and only differentiates slightly with increasing ranks. This is in contrast 
to the findings for the axial velocity RMS-values (Fig. 16 b) where we 
noted a distinct velocity dip in the jet axis (ξ = 0), which is gradually 
filled up with increasing rank approximations, but is never fully filled. 
This remaining small dip persists much further downstream as shown 
with the reference data from [22] . 

This leads to the conclusion that the shape of Ru′ v′ is mainly 
controlled by the large-scale structures that dominate the low-rank ap-
proximations. Note that this holds true up to the full reconstruction 
which corresponds to the original signal. That is, the characteristic 
shape is introduced from the inclusion of the very first POD mode where 
the first mode represent the largest and most energetically dominant 
flow structures (Fig. 19 a). The addition of modes (energy) accentuates 
the magnitude of the side peaks in the Ru′ v′ signals while preserving their 
shape. This suggests that (i) it is the energetically dominant large-scale 
structures that drive the shear stress of the flow and (ii) further addition 
of energy (and smaller scale turbulence) does not contribute to the 
overall shape but only to local accentuation of the side peaks. This 
finding is in distinct contrast to the discussion of the axial RMS velocity 
distributions (Fig. 18) where we found that smaller scale turbulence 
considerably alters the velocity deficit in the center line. Finally, the 
original data (•) are in excellent agreement with the reference data from 
[22] indicating readily attained self-similar behavior for Ru′ v′ for y/d =

16.3 past the tube exit. Since the main characteristics of the axial ve-
locity RMS values are incorporated, to a certain extent, in k through the 
application of Eq. (13) it is not surprising to find a corresponding distinct 
k deficit in the jet axis for intermediate rank approximations (5 and 10) 

as well (Fig. 19 b). But in contrast to the axial velocity RMS distribution, 
this deficit is already almost filled up in the rank 50 approximation 
which shows – except for the magnitude – the characteristic shape of 
either our original data or the reference curve from [22]. That is, smaller 
scale turbulence – present in higher rank approximations – alters the 
shape for the k distributions in the core of the jet considerably up to an 
extent that the velocity deficit is hardly visible. For the peak value of k 
we miss approximately 13% compared with the reference which is 
another indication that the self-similar region is not yet fully attained. 
An observation which is supported by Fig. 21 which presents the cor-
responding values for k at location ξB = 0 as a function of downstream 
distance. Similar to v′ (Fig. 17) all the rank approximations for k expe-
rience a transition towards an asymptotic value with downstream dis-
tance. This is a strong indication that the route to self similarity is mainly 
dominated by large-scale vortices and to a lesser extent by smaller scale 
turbulence. 

5. Conclusions 

Jet experiments were conducted in the large-scale PANDA facility at 
the Paul Scherrer Institute, Switzerland. The velocity fields of an air- 
helium jet with Re ≈ 15400 were studied with 2D PIV in the axis of 
the jet covering downstream distances from 5.5d to 17.4d, with d =

109.1 mm being the inner diameter of the jet emerging tube. The focus of 
the investigation was self-similarity behavior of first and second order 
statistical quantities of the velocity field based on a) the original data 
and b) using low-order representations (LORs) derived from a Proper 
Orthogonal Decomposition (POD) of the original ensemble. We 
attempted to answer two central questions: 1) To what extent do the 
LORs preserve self-similarity? 2) Can the LORs reconstruct the under-
lying turbulence that is controlled by the flow structures? 

It is consistently found that all statistical properties obtained through 
the LORs a) mimic in shape the asymptotic outline of the original data 
even for low order truncations and b) that the maximum values (for a 
given LOR) approach asymptotic states with downstream distances. This 
is a strong indication that i) self similar behavior is equally found in the 
LORs and ii) that the self-similarity is mainly embedded in and 
controlled by the large-scale vortices. The sole exception is the axial 
velocity RMS values where we found a distinct dip in the jet center line 

Fig. 19. Comparison of non-dimensional Reynolds shear stresses Ru′ v′ (a) and turbulent kinetic energy k (b) for different LORs at y/d = 16.3. The present results are 
compared with data taken from [22]. 
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of the flow for lower-order truncations. This dip is successively filled up 
by smaller-scaled turbulence higher order LORs that are typically not 
considered for the essential flow processes. With the introduction of a 
suggested new criterion – based on the maximum cross-correlation ob-
tained through successive time traces of the temporal modes – we 
attempt to better identify physically relevant POD modes in a more 
quantitative and more explicit manner compared to energy-based 
criteria which focus on the ‘first few’ energy containing modes typi-
cally found in literature. 
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