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Diﬀractometric biosensing is a promising technology to overcome critical limitations of refractometric
biosensors, the dominant class of label-free optical transducers. These limitations manifest themselves
by higher noise and drifts due to insuﬃcient rejection of refractive index ﬂuctuations caused by variation in temperature, solvent concentration, and, most prominently, nonspeciﬁc binding. Diﬀractometric
biosensors overcome these limitations with inherent self-referencing on the submicron scale with no compromise on resolution. Despite this highly promising attribute, the ﬁeld of diﬀractometric biosensors has
only received limited recognition. A major reason is the lack of a general quantitative analysis. This hinders comparison to other techniques and amongst diﬀerent diﬀractometric biosensors. For refractometric
biosensors, on the other hand, such a comparison is possible by means of the refractive index unit (RIU).
In this paper, we suggest the coherent surface mass density, coh , as a quantity for label-free diﬀractometric biosensors with the same purpose as the RIU in refractometric sensors. It is easy to translate coh to the
total surface mass density tot , which is an important parameter for many assays. We provide a generalized
framework to determine coh for various diﬀractometric biosensing arrangements that enables quantitative
comparison. Additionally, the formalism can be used to estimate background scattering in order to further
optimize sensor conﬁgurations. Finally, a practical guide with important experimental considerations is
given to enable readers of any background to apply the theory. Therefore, this paper provides a powerful
tool for the development of diﬀractometric biosensors and will help the ﬁeld to mature and unveil its full
potential.
DOI: 10.1103/PhysRevApplied.15.034023

I. INTRODUCTION
Optical transducers represent one of the predominant
classes in the ﬁeld of biomolecular sensing with numerous applications ranging from clinical diagnostics to drug
discovery [1]. For diagnostics, labeled technologies based
on ﬂuorescence or nanoparticle scattering are prevailing
due to their high sensitivity [2,3]. In drug discovery, it is
important to study the interaction kinetics between biochemical components, which is why label-free approaches
are employed. This ﬁeld is dominated by refractometric
sensors [4]. The refractometric sensing principle works as
follows. A surface is modiﬁed by an adlayer containing
immobilized receptors. The receptors interact speciﬁcally
with target molecules. Binding of target molecules to the
adlayer results in a change of the real part of the refractive
index, which is then measured by the transducer. The most
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prominent refractometric transducer technology is surface
plasmon resonance (SPR) [5]. Its outstanding sensitivity
can be illustrated by the fact that it can resolve less than
one protein molecule per μm2 [6]. Nevertheless, refractometric sensors are limited by the fact that any ﬂuctuation of
the refractive index in the entire volume of the evanescent
ﬁeld alters the signal [7]. Such ﬂuctuations can be caused
by temperature variations, changes in sample composition,
and nonspeciﬁc binding. Diﬀractometric biosensing (also
known as diﬀraction-based sensing or diﬀractive optics
technology) is a promising technology to overcome these
drawbacks, as will be explained later [8]. It is important to
state already here that a diﬀractometric biosensor is fundamentally diﬀerent and more stable than a double referenced
refractometric biosensor. This was explained in detail in
two previously published papers [9,10].
First, we focus on the physical principle behind diﬀractometric biosensing. Diﬀraction describes the phenomena of a wave bending around obstacles. In optics, such
obstacles can be described by the diﬀerence in refractive
index (n + iκ) compared to the refractive index of the
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propagation medium. This can be a diﬀerence in the real
(phase) or imaginary (absorption) part of the refractive
index. For signiﬁcant diﬀraction, the size of the obstacle
must be of the same order of magnitude as the wavelength.
By arranging subwavelength obstacles in a spatially regular, i.e., coherent pattern, the diﬀraction from the pattern
can be precisely tailored and enhanced in speciﬁc directions. For example, a periodic pattern diﬀracts coherent
light of a given wavelength into speciﬁc directions that
are determined by the diﬀraction order. Such coherent
patterns are commonly used in the form of diﬀraction gratings. As described above, optical diﬀraction can be due
to a disturbance of phase or amplitude. Phase gratings,
which modulate the refractive index n, ﬁnd various applications such as in spectrometers [11], as coupling elements
in integrated optical chips [12], as phasemasks in photolithography [8], and even for refractometric sensing [13].
An important parameter to asses the performance of gratings is the diﬀraction eﬃciency. It is the ratio between
the power diﬀracted into a certain order and the incident
power, which is relatively easy to measure experimentally. However, its mathematical description for a given
diﬀractive setup is complicated and no generally applicable formulae exist [11]. Nevertheless, it generally holds
that, for weak phase gratings, the diﬀraction eﬃciency
increases with the area, the thickness, and the refractive
index contrast of a diﬀractive structure [11].
After these general considerations we return to the
speciﬁcs of diﬀractometric biosensing. In all implementations, the sensor consists of a diﬀraction grating. Binding
of the target analyte changes the properties of the grating, such as the grating thickness or the refractive index
contrast. This results in a measurable change of the diﬀraction eﬃciency. The concept should not be confused with
refractometric sensing based on diﬀraction gratings, where
the spectral response (such as the direction of a certain
diﬀraction order) is measured due to a change in the refractive index surrounding the grating [13]. Most label-free
diﬀractometric sensors make use of the same biophysical property as refractometric sensors: the relatively high
refractive index of biomolecules compared to that of water
[14]. To measure this refractive index sensitively, receptors
are arranged in a coherent pattern so as to form a diﬀraction
grating. Binding of target molecules to the pattern alters
the refractive index contrast of the grating and therefore
increases the diﬀraction eﬃciency. Ideally, the structure of
receptors without bound target molecules has a very low
contrast, and thus very low diﬀraction eﬃciency. Thus,
biomolecular interactions can be analyzed and quantiﬁed
by monitoring the intensity of the diﬀracted light. The
major beneﬁt of diﬀractometric sensors arises from the fact
that the ﬂuctuations that limit refractometric sensors (temperature variations, changes in sample composition, and
nonspeciﬁc binding) are not spatially coherent, that is, they
do not occur in a regular pattern. Thus, they contribute very

little to the diﬀracted signal (up to incoherent scattering in
all directions, which is unavoidable). Despite this inherent
advantage, the ﬁeld of diﬀraction-based biosensing is not
as equally well explored as refractometric sensing.
Almost three decades ago, a year after the commercial release of the ﬁrst surface plasmon resonance device
[15], Tsay et al. [16] introduced the concept of diﬀractometric biosensing by detecting choriogonadotropin, a
hormonal biomarker, in serum. Further development of the
technology enabled the detection of volatile compounds
[17] and multiplexed signal readout [18,19]. Labeled
approaches for signal enhancement were developed using
gold nanoparticles or enzyme ampliﬁcation [20,21]. These
eﬀorts resulted in DotLabTM , a commercial device based
on diﬀractometric biosensing [22–24]. Further approaches
to enhance the signal were applied by using diﬀerent optical conﬁgurations [25–29] or by adjusting the diﬀractive
pattern [30]. Others have focused on an indirect diﬀractometric approach, by forming a coherent pattern of a
hydrogel, which changed its shape upon target exposure.
The shape change resulted in a change in the diﬀraction
eﬃciency [31–33]. More recently, the technology has been
applied to monitor bacterial growth [34] or detect low
molecular weight organic compounds by means of a competitive assay [35]. In addition, a low-cost diﬀractometric
readout and patterning system based on compact disk
technology [36] has been demonstrated. The recently introduced diﬀractometric biosensing method, focal molography [7,8,37,38], allows ultrasensitive detection due to
focusing of the sensor signal and a photolithographic
method for synthesis of a submicron diﬀractive structure
of receptors. Because of the inherent robustness of the submicron referencing, even interactions in the membrane of
living cells can be monitored in real time and new applications in real-time diagnostics are possible with focal
molography [39–41].
In spite of its long history, the diﬀractometric biosensing ﬁeld did not mature to its full potential and only
found limited recognition in the biosensing community
[42]. The reason for this stagnation might be the lack
of careful quantitative analysis. Experimental signals are
reported in arbitrary units [35], percental changes of intensity [19], relative changes in diﬀraction eﬃciency [31], or
signal-to-background ratios [35]. This renders the comparison between diﬀerent arrangements inherently diﬃcult. Moreover, the limit of detection is only measured
in values of concentration [35]. Since the response of
the sensor to concentration is strongly dependent on the
aﬃnity of the recognition element to the target molecule,
a comparison between diﬀerent experiments is hindered.
In contrast, the refractometric sensing community uses
assay-independent units such as the surface mass density
 (pg/mm2 ) and refractive index units (RIUs) [5]. We
have addressed this issue in our former work on focal
molography, by displaying the results as a quantitative
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mass density modulation  [8,37]. More recently, we
have introduced the more generally applicable coherent
surface mass density coh [7,38]. In these publications,
we veriﬁed that our analytical derivations are in agreement with experimental data. The formalism presented
in Refs. [7,38] is, however, speciﬁc to focal molography
and does not directly apply to other diﬀractometric sensor
arrangements.
In this publication, we extend the results of Ref. [7]
and present a unifying approach to quantify the signal of
any diﬀractometric biosensor by means of the measured
diﬀraction eﬃciency and express it via the coherent surface
mass density coh . We also describe how to translate coh
into the total surface mass density tot that is an important
parameter for many assays [38]. We ﬁrst explain the necessary theoretical tools and derive the equations describing
the diﬀraction eﬃciency for a certain amount of adsorbed
biological mass. Then, we show how to apply the theory to
various conﬁgurations of diﬀractometric sensors, comparing the diﬀraction from or to guided modes with diﬀraction
between free-space modes. This will enable the reader to
use the applicable expressions with little extra eﬀort. We
hope that this leads to more comparability and accelerates
the advancement of the ﬁeld.

II. METHODS
Diﬀractometric sensors are employed in several diﬀerent optical conﬁgurations. A typical setup is illustrated
in Fig. 1(a). Light impinges on the sensor from a certain
direction, described by the wavevector kin . The coherent
structure of target molecules diﬀracts the light into several diﬀraction orders kout,m . The electromagnetic power
in one of these orders (for maximum resolution, the order
m = −1 or m = +1) is measured with a detector and the
diﬀraction eﬃciency can be deduced. In the following, we
present a theory to quantify the adsorbed biological mass
density from the diﬀraction eﬃciency. In addition to the
diﬀraction from the coherent pattern, noncoherent scattering from random patterns can occur. As mentioned in
the Introduction, such noncoherent eﬀects are eﬀectively
suppressed in diﬀractometric sensors. Nevertheless, it is
important to consider these eﬀects as they lead to a small
amount of light being scattered to the detector [Fig. 1(b)].
This will limit the sensor performance, depending on the
detection scheme [7]. Thus, we derive equations to quantify both the diﬀraction from coherent molecular gratings
as well as the scattering from random patterns using the
coupled mode theory approach based on the ideal mode
expansion [43]. This approach has been veriﬁed experimentally for one speciﬁc sensor conﬁguration in Ref. [7].
In this paper we generalize this result to all possible twodimensional diﬀractometric biosensing arrangements. In
addition, we provide the analytical expressions to compute

(a)

(b)

FIG. 1. Signal and background in diﬀractometric biosensors.
(a) Light is impinging on a molecular grating, which causes
diﬀraction into several orders. The power that is diﬀracted can be
measured by detecting the diﬀracted light with a detector (camera). A possible image of the diﬀracted beam is illustrated on the
right. It is useful to also monitor the zeroth order to have a power
reference, which is required to compute the absolute diﬀraction
eﬃciency. (b) Noncoherent refractive index distortions such as
surface roughness can lead to background light on the camera.
Because of the coherent light, this leads to a speckled background
in the image and can limit the performance of the sensor.

the quantiﬁcation formulae for all arrangements at the
interface of two dielectrics.
A. Coherent surface mass density—the quantitative
parameter for diﬀractometric biosensors
Diﬀractometric biosensors lack a universal parameter
for quantiﬁcation. This prevents the determination of the
limit of resolution and hinders the comparison of diﬀractometric sensors amongst each other or to other sensing
techniques quantitatively. A reasonable way to display the
sensor output is the diﬀraction eﬃciency, which is straightforward to measure. However, the diﬀraction eﬃciency
depends on the geometry and the optical conﬁguration of
the sensor, which again hinders comparison of the actual
sensor performance. Instead, an expression for the actual
quantity of interest, the adsorbed mass, is required.
In contrast to the diﬀractometric biosensing ﬁeld, the use
of such a quantity is common in refractometric biosensors
and surface plasmon resonance in particular. For quantiﬁcation, results are displayed either as refractive index
unit or as surface mass density, the former being more
general. The exact conversion between these two depends
on the conﬁguration, but a rule of thumb is 10−6 RIU ≈
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coh =

A

sin(βg · r)(x, y)dxdy
.
A

(1)

Here A is the sensor area and r is the in-plane position vector. The grating vector βg fulﬁlls the resonance condition
for diﬀraction. We choose the vector to be along the x axis
such that βg = (2π /, 0, 0), where  is the grating period
and r ≡ (x, y, 0). The coherent surface mass density coh
can be calculated directly from the diﬀraction eﬃciency.
It is independent of the mass distribution and can be used
to compare diﬀerent sensors or assays. Thus, the coherent
surface mass density is what diﬀractometric biosensor can
“see.” This implies that there is a surface mass density that
diﬀractometric biosensors cannot measure, i.e., the invisible surface mass density inv . The total mass density of
molecules that is bound to the immobilized receptors on
the sensor surface,

(x, y)dxdy
tot = A
,
(2)
A
can be split into these two distinct components: the invisible surface mass density and the coherent surface mass
density such that tot = coh + inv (pg/mm2 ). In Fig. 2(a)
we illustrate the two components schematically for three
prototypical diﬀractometric mass modulations, the harmonic modulation, the rectangular (or canonic) modulation, and the fully coherent modulation of the sensing
structure. The invisible surface mass consists of two contributions: a homogeneous background of evenly distributed

Harmonic

Canonical

Coherent

Mass

(a)

Mass

Mass

(b)

Mass

1 pg/mm2 for proteins and surface plasmon resonance
[6,44].
For diﬀractometric sensors, it is not straightforward to
deﬁne a surface mass density as the biomolecules adsorb in
a periodically modulated manner across the sensor. A possible solution is to use the surface mass density modulation
 = + − − as we did in earlier publications [8,37].
This value measures the diﬀerence between the surface
mass density of active and passive regions (i.e., “ridges”
and “grooves” [8]). Unfortunately, this parameter is not
universally applicable since the signal also depends on the
mass distribution. Therefore, the same  can result in
diﬀerent signals depending on the exact mass distribution.
In addition, the deﬁnition of active and passive regions is
ambiguous, which can cause complications.
A generally applicable parameter for diﬀractometric
biosensors is the coherent surface mass density coh
(pg/mm2 ). Here coh is the surface mass density required
to cause the measured diﬀraction eﬃciency under the
assumption that the mass is arranged perfectly coherently
(i.e., at the center of the constructively interfering regions)
(Fig. 2). Mathematically, it is the Fourier coeﬃcient of the
mass distribution function (x, y) that corresponds to the
grating period:

(c)

FIG. 2. (a) Illustration of the same total mass density tot in
three diﬀerent distributions (harmonic, canonical, and coherent).
The diﬀerent distributions vary in their proportion of coh and
inv . Therefore, all three distributions cause a diﬀerent signal. (b)
Illustration of how to use the theory described in this paper. The
two sensors (i) and (ii) have a diﬀerent total amount of immobilized mass and the mass is distributed diﬀerently across the
sensor area. Nevertheless they both have the same diﬀraction eﬃciency Pout /Pin . In order to address this properly, the coherent
surface mass density coh is used. We deﬁne coh as the amount
of mass that causes the measured Pout /Pin if the mass is arranged
as illustrated in (iii). The parameter coh can be calculated from
Eq. (15). It is equal for sensors (i) and (ii) as both have the
same optical conﬁguration and the same Pout /Pin . When the mass
distribution is known (for example, by investigation of the manufacturing process), the analyte eﬃciency η[A] can be determined.
It can be used to calculate the total mass density from coh . In
(c) we illustrate that coh can be determined independently of the
optical setup. The two sensors (iv) and (v) have the same amount
and distribution of adsorbed mass, but use a diﬀerent optical conﬁguration. This results in a diﬀerent Pout /Pin , but coh determined
from Eq. (15) remains the same. This allows us to compare the
sensor output from diﬀerent optical conﬁgurations.
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receptors and a second contribution arising from the noncoherent fraction of the modulated distribution of receptors
on the sensor surface. Non-coherent means that the modulated distribution is being composed diﬀerent Fourier components than the grating period, which of course diﬀract
but to a diﬀerent location than the detection location. The
ratio of the invisible surface mass and the coherent surface
mass is determined by the (photolithographic) synthesis
process of the sensing structure. Ideal synthesis processes
create sensing structures with only a small homogeneous
background surface mass density compared to the modulated part of the distribution of immobilized receptors on
the sensor surface. If the mass distribution within a unit of
the spatially periodic arrangement is known, the measured
coherent surface mass density can be converted seamlessly
to the total surface mass density [7,38]
tot =

coh
,
η[A]

(3)

which is an important parameter for many applications,
since it allows one to compute receptor occupancies [38].
The analyte eﬃciency η[A] is a characteristic value of the
mass distribution (which could be determined, e.g., by
detailed analysis of the manufacturing process). Its minimum value is 0 and is maximum value is 1, whereas
currently achieved experimental values reach about 0.25
[38]. The analyte eﬃciency η[A] describes how eﬃciently
the analyte molecules diﬀract the light if arranged in a
certain distribution [Fig. 2(b)] and can be viewed as an analogue of the structure factor in crystallography. The analyte
eﬃciency can be computed for a certain mass distribution
(x, y) by [7]
η[A]

coh
=
=
tot



βg · r)(x, y)dxdy
A sin(

.
A (x, y)dxdy

(4)

Values of η[A] for some example distributions are given in
Ref. [7]. Higher diﬀraction orders will have a lower analyte eﬃciency and a higher fraction of invisible surface
mass density. Therefore, one should always measure the
ﬁrst diﬀraction order. The simple conversion from coh to
tot allows straightforward comparisons to other label-free
sensors.
B. Coupled mode theory
The universal diﬀractometric sensor parameter coh is
directly linked to the diﬀraction eﬃciency in any sensor
conﬁguration. Although it is straightforward to measure
the diﬀraction eﬃciency experimentally, it is challenging
to connect it mathematically to coh . In the following, we
explain how to determine it using coupled mode theory.
Coupled mode theory is a perturbation theory that is
used to describe diﬀerent optical elements such as grating

couplers [45] or directional couplers [46]. It is based on the
fact that an electromagnetic ﬁeld conﬁguration can be written as a linear combination of orthogonal basis functions
(modes). Modes are linearly independent monochromatic
(single-frequency) solutions of Maxwell’s equations in a
particular system. A ﬁrst step in any coupled mode theory implementation is to deﬁne a complete orthogonal set
of modes. Ideal mode expansion is one possible approach
to do so, which is particularly well suited to the optical
geometry in diﬀractometric sensors and results in relatively simple analytical expressions [43]. Its principle is
illustrated in Fig. 3(a) with the example of a planar dielectric substrate with a diﬀraction grating etched into its
surface. For the full system, it is complicated to solve
Maxwell’s equations and to determine the electromagnetic
ﬁelds. Therefore, one considers the real system as a perturbation of an ideal system, in this case, a planar interface
[Fig. 3(a)], which allows for Maxwell’s equations to be
solved more easily. In our case, by virtue of the translational invariance of the ideal system in the x-y plane,
the solutions of Maxwell’s equations can be labeled by
in-plane momentum β and polarization and propagation
direction perpendicular to the plane for modes propagatν , H
ν
ing freely in all three dimensions. Those solutions E
provide a complete orthogonal set of modes, into which
 H
 can be
the electromagnetic ﬁeld of the real system E,
expanded [43]. Mathematically,


=
 ν (z),
E
cν eiβν ·r E
ν

 =
H





 ν (z),
cν eiβν ·r H

(5)

ν

where cν is the expansion coeﬃcient of mode ν [47]. It
should be noted that compared to Ref. [43], Eqs. (5) have
been generalized to two dimensions transverse to the z axis
(the normal to the interface), with βν being the projection
of the wavevector k onto the x-y plane and r ≡ (x, y) the
position vector in that plane [see Fig. 3(b)]. The deﬁnitions
used in this paper for the plane of incidence, the outgoing
plane, as well as the sign conventions for the angle of incidence θin , the outgoing angle θout , and the azimuth ϕ are
deﬁned in Figs. 3(c)–3(e). Upon proper normalization of
the modes, the expansion coeﬃcient cν is directly related
to the power Pν carried by the mode [see Eq. (5.2-1) of
Ref. [43] ],
Pν = |cν |2 ,

(6)

where | · | indicates the absolute value.
The diﬀerence between the real and ideal systems is
treated as a perturbation. In an ideal system, due to their
mutual orthogonality, the modes are uncoupled and thus
cannot exchange energy between one another. The perturbation, however, induces a coupling between the modes
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(a)

(b)

(c)

(d)

(e)

FIG. 3. (a) Illustration of the ideal mode expansion. (i) The
electromagnetic ﬁeld of a real system is often diﬃcult to solve
for by applying Maxwell’s equations directly. Therefore, ideal
mode expansion is applied. (ii) A simpler ideal system is taken
as reference, for which Maxwell’s equations can be solved eas 2 , . . . ]. (iv) The
1, E
ily to yield a complete set of modes [(iii) E
diﬀerence between the ideal and real systems can be described
by a perturbation function in a spatially narrow region close to
the interface at z = 0. This perturbation leads to energy transfer between the ideal modes of the system—i.e., coupling. (v)
By solving the coupled mode equations the expansion coeﬃcient
for each ideal mode cν can be calculated. (vi) From the ideal
modes and the corresponding expansion coeﬃcients cν , the real
electromagnetic ﬁelds can be determined using a linear combination. (b) General representation of the notation and coordinate
system used throughout this paper. The vectors βin and βout are
projections of the k vectors of the incident kin and the outgoing mode kout onto the x-y plane deﬁned by the boundary of two
dielectrics. The x axis is chosen normal to the grating lines (parallel to the grating vector βg ). The molecular grating has an area
A. The incident and outgoing k vector together with the surface
normal deﬁne the plane of incidence and the outgoing plane. (c)
Plane of incidence: the incident k vector is inclined with respect
to the surface normal by an angle θin . The angle θ is always measured from the k vector to the surface normal and is positive in
the counterclockwise direction when looking in the positive e⊥
direction. (d) Outgoing plane: the outgoing k vector forms an
angle θout with the surface normal. (e) Top view onto the coupling
plane (xy) illustrating the coupling condition: the plane of incidence and the outgoing plane are rotated by azimuth angles ϕin ,
ϕout with respect to the positive grating normal direction. Here ϕ
is again positive in the counterclockwise direction when looking
in the negative z direction.

and leads to an exchange of energy. This is described by
coupled mode theory. In order to determine the diﬀraction
eﬃciency due to coupling between certain modes, one can
simply apply Eq. (6) and analyze the (spatially averaged)
ratio between the expansion coeﬃcients of the incident
and diﬀracted modes. These expansion coeﬃcients can be
obtained from solving the coupled mode equations.
The coupled mode equations can be derived from the
expansion given in Eq. (5), the orthogonality relation,
and Maxwell’s equations [43]. In general, they are relatively involved diﬀerential equations. However, for most
diﬀractometric sensors, several assumptions apply that
signiﬁcantly simplify the analysis. Essentially, the expansion coeﬃcients turn out to be given by a suitable twodimensional Fourier transform over the diﬀraction area
where the perturbation is located (see Appendix B). We
assume that the incident beam is much wider than the
molecular grating and furthermore that only two modes
need to be considered, an incident beam cin and a diﬀracted
beam cout [48]. Before coupling, there is only the incident
beam. The coupling between the two beams is weak such
that cin can be considered constant. As mentioned above,
the coupling between modes is caused by a perturbation of
the ideal system. In a diﬀractometric biosensor, this perturbation is represented by a molecular diﬀraction grating.
Additionally, the eﬀect of random perturbations such as a
surface roughness should be considered since these eﬀects
might limit the sensor performance.
For a molecular grating as well as for surface roughness, we model the perturbation with a constant refractive
index, but with a varying height [49]. The perturbation is
located on a dielectric interface (at z = 0) and extends by
a height f (x, y) into the cover (z > 0). f (x, y) is called the
perturbation function and has an unlimited extent in the x, y
plane [Fig. 3(a)]. Nevertheless, we conﬁne the perturbation
to a certain area of interest A which is usually the sensor
area. We further assume that f (x, y) is much smaller than
the wavelength, so that we can consider the electric ﬁeld
to be constant over the entire perturbation in the direction
normal to the surface [50]. With these assumptions and
using Eq. (6) one can derive that the resulting diﬀraction
eﬃciency is proportional to the two-dimensional Fourier
transform of the perturbation function,


Pout  cout 2
=
Pin
cin 
2 




2
2
i(βin −βout )r

= K(nm − nc )
f (x, y)e
dA .

(7)

A

Here · indicates an ensemble average. It is only required
when f is a realization of a random process, i.e., a random
function such as the surface roughness. The ensemble average is then computed over diﬀerent realizations, f (x, y), of
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the random process that causes the refractive index perturbation. The refractive index within the perturbed region is
nc for the ideal conﬁguration, but nm for the real conﬁguration. The parameter K is the coupling coeﬃcient. Only its
absolute value |K| is of physical interest. In our choice of
convention |K| depends only on the optical conﬁguration,
and on the cross section of the incident beam,



 ωε0 ∗

n2c ∗





|K| = 
Eout,t (0) · Ein,t (0) + 2 Eout,n (0) · Ein,n (0) .
4P
nm
(8)
Here, ω is the angular frequency of the mode, ε0 is the
 in,t , E
 in,n are the electric ﬁeld
permittivity of vacuum, E
components tangential and normal to the dielectric interface of the normalized incident mode, and analogously
 out , and P is the power a norfor the outgoing mode E
malized beam has when its expansion coeﬃcient is set to
c = 1. The incident power and outgoing power are thus
2
2
given by P
√out = |cout | P and Pin = |cin | P. Since the ﬁelds

Ein, out ∼ P scale as the square root of the power, the arbitrary choice of P drops out from Eq. (8) [51]. The electric
ﬁelds are evaluated at z = 0+ right on top of the interface,
on the side of the cover. The coupling coeﬃcient |K| essentially captures the overlap of the ﬁelds of the incident and
the outgoing beams at the dielectric interface and thereby
determines the coupling strength between two modes. The
ﬁeld strengths are obtained by solving Maxwell’s equations for the ideal optical system of the diﬀractometric
sensor and normalizing the ﬁelds (see Appendix C) [52].

The refractive index increment dn/dc describes the variation in refractive index with the solute concentration.
For proteins in water, dn/dc = 0.182 ml/g is a commonly
accepted value [54]. To evaluate the integral, we write the
mass density distribution as a Fourier series,
(x, y) =

1. Periodic perturbation functions
In diﬀractometric biosensing, the signal is caused by a
periodic perturbation function f (x, y) of constant refractive index nm . To arrive at a general description of the
diﬀraction eﬃciency as a function of the bound mass, nm
and f (x, y) must be linked to the mass density distribution
(x, y). This link is derived in Appendix D in Eq. (D4).
Equation (7) can then be written as a function of the mass
density distribution (x, y):

2


Pout  dn
i(βin −βout )r
= 2nc K
(x, y)e
dA .
Pin
dc
A

(9)



aj ei(βj ·r) ,

(10)

j

and consider the resonance condition, (βin − βout ) →
(2π /, 0, 0) = βg when diﬀraction is most eﬃcient. Upon
substitution of Eq. (10) into Eq. (9), the integrand
 

(x, y)eiβg r = ag + j =g aj ei[(βj +βg )·r] consists mostly of
terms that are oscillating quickly over the integration area.
The integral of these terms is therefore negligible. Only the
term coh := ag remains, which corresponds to a spatial
frequency of βi = −βg . This holds as long as the integration area is signiﬁcantly larger than the grating period. At
the resonance condition the integral therefore evaluates to


(x, y)eiβg r dA = coh A,

(11)

A

and Eq. (9) can be written as

Pout
dn
= 4|K|2 n2c
Pin
dc

C. Application of coupled mode theory to periodic and
random perturbations
So far, we have explained the principle of coupled mode
theory and given the fundamental formulae for describing diﬀractometric sensors. We now illustrate how these
expressions can be applied to analyze periodic and random perturbations. We ﬁrst show how to treat periodic
molecular diﬀraction gratings. Then, we address a random perturbation, such as surface roughness, which may
be limiting the performance of the sensor [7].



2
2
coh
A2 .

(12)

This equation connects the diﬀraction eﬃciency and the
coherent surface mass density for any diﬀractometric sensor and general periodic mass distribution functions f . The
only parameter that needs to be computed for a particular arrangement is the coupling coeﬃcient |K|. Equation
(12) is valid under certain assumptions that are met in
most biosensing applications [55]. The expression has
been derived at the resonance condition. For a more general solution independent of the resonance condition, see
Appendix B. Finally, it should be noted that, in order to
estimate the total bound mass, the analyte eﬃciency η[A]
needs to be determined experimentally for the particular
system [7].
2. Random perturbation function
Noncoherent eﬀects can lead to signiﬁcant background
scattering, as illustrated in Fig. 1(b), and can therefore
limit the sensor performance [7]. An example for such an
eﬀect is scattering at surface roughness. Surface roughness can be described by a random perturbation function
f (x, y) with an exponentially decaying radially symmetric
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autocorrelation function g(r) := f (r )f (r + r),
g(r) = σ 2 e−r/Lc ,

(13)

where σ is the root-mean-square roughness, Lc is the
correlation length, and r is the radial distance. The rootmean-square roughness σ is determined by the height ﬂuctuations of the dielectric interface. The correlation length
Lc characterizes their typical lateral size. In all practical
cases, the correlation length Lc is much smaller than the
sensor dimensions. It can be shown that, for this case, the
diﬀraction eﬃciency given in Eq. (7) can be written as
(Appendix B 2)
Pout
2π σ 2 L2c
= A|K|2 (n2d − n2c )2
,
3/2
Pin
(1 + |βg |2 L2c )

(14)

where nd is the refractive index of the dielectric that comprises the roughness, nc is the refractive index of the cover,
and |βg | = 2π / is the modulus of the grating wavevector
(which equals the transferred in-plane momentum).
III. RESULTS
The content of the theoretical results described in Sec.
II is elucidated in the following section. After stating the
formula for a generally applicable quantiﬁcation using
the coherent surface mass density coh , we explain how
to calculate the coupling coeﬃcient for diﬀerent optical
conﬁgurations that enter that formula. To enable straightforward implementation, the necessary expressions for all
conﬁgurations have been derived and are summarized in
a table. Three cases are calculated in detail as examples.
We then explain how background scattering should be
accounted for to estimate sensor performance. Finally, we
end with a discussion about a proper characterization of
diﬀractometric sensors.
A. Coherent surface mass density quantiﬁcation
We have deﬁned coh to be the universal parameter to
quantify the performance of diﬀractometric sensors. Using
Eq. (12), it can be determined by measuring the diﬀraction
eﬃciency Pout /Pin for a general optical conﬁguration that
coh =

1
2|K|nc (dn/dc)A

Pout
,
Pin

(15)

where A is the sensor area, dn/dc is the refractive-index
increment, and nc is the refractive index of the cover
medium. The optical conﬁguration is described by the coupling coeﬃcient |K| that is computed for speciﬁc cases
in the next subsection. Equation (15) is the universal
mass quantiﬁcation formula for an arbitrary diﬀractometric biosensor. For completeness, we also state the universal
number density quantiﬁcation formula for particles with
polarizability α in Appendix F.

B. Coupling coeﬃcients K for diﬀerent optical
conﬁgurations
In order to quantify coh of a given diﬀractometric biosensor conﬁguration, the coupling coeﬃcient |K|
between the incident and outgoing modes needs to be
calculated, for which we provide a simple recipe applicable to almost any diﬀractometric biosensor on a twodimensional (2D) support. For each optical conﬁguration,
the molecular grating is situated at an interface between a
support and a cover medium. We consider conﬁgurations
where the support consists of a substrate with refractive index ns . Alternatively, the support can consist of a
waveguide ﬁlm with refractive index nf on a substrate
with refractive index ns < nf allowing for guided incident or outgoing modes. The cover medium has refractive
index nc .
A coupling conﬁguration is deﬁned by the type of incident and outgoing modes. For freely propagating modes
(F), one needs to distinguish whether they originate from
the cover (Fc ) or from the substrate (Fs ) (for incoming
modes) or whether they propagate towards the cover or the
substrate, respectively, for outgoing modes. If a waveguide
is present, modes can be guided (G) and thus be tied to the
interface region [56]. For all cases (Fc , Fs , and G), two
possible polarizations, transverse electric (TE, i.e., s polarization) and transverse magnetic (TM, i.e., p polarization)
can be considered. This results in six possibilities for in
and outgoing modes, respectively [see Figs. 4(a) and 4(b)].
Once the incident and outgoing modes of a diﬀractometric
sensor conﬁguration have been selected, their ﬁeld overlap
must be determined to calculate the coupling coeﬃcient
|K|, using Eq. (8). We rewrite it in a diﬀerent form here to
allow for more straightforward implementation:


 π
∗

|K| = 
E ∗ (0)Ein,x (0) + Eout,y
(0)Ein,y (0)
2λZ0 P out,x


n2c ∗
+ 2 Eout,z (0)Ein,z (0) .
(16)
n
m

Here Z0 = 1/(ε0 c0 ) is the impedance of vacuum, c0 is the
speed of light in vacuum, λ is the wavelength in vacuum,
and P is the power used to normalize the beam ﬁelds.
Both Z0 and P cancel out when the normalized electric
ﬁeld components Ein/out,i are substituted by the respective expressions given in Table II. The derivation of the
normalized beam ﬁelds is given in Appendix C. The freespace modes (F) are deﬁned by the incident or outgoing
angle, the wavelength, and the refractive indices of the
media. The ﬁelds of guided modes on the other hand are
characterized by the eﬀective thickness teﬀ of the mode,
eﬀective refractive index N of the mode, the wavelength,
and the refractive indices of the media. In the case of TM
modes the fraction n2c /n2m appears in the coupling coeﬃcient [see Eq. (16)]. For molecular gratings, this fraction

034023-8

QUANTITATIVE DIFFRACTOMETRIC. . .
(a)

(b)

PHYS. REV. APPLIED 15, 034023 (2021)
(c)

(d)

FIG. 4. Modes of the ideal interface structure used in the description of two-dimensional diﬀractometric biosensors. Freely propagating [F in (a),(b)] and guided modes [G in (c)] are distinguished. The F modes are further distinguished according to whether
they originate or end up in the cover [Fc (a)] or in the substrate [Fs (b)], respectively. Every mode is either incident or outgoing, and
has a TE (s) or a TM (p) polarization. The directions of the electric (blue) and magnetic (green) ﬁelds are illustrated for the chosen
convention, which result in the signs appearing in Table II. For a particular mode, the ﬁeld intensities in the diﬀerent media are related
by the Fresnel coeﬃcients following the deﬁnition in Ref. [53]. The ﬁelds of the outgoing modes can be found by time reversal of the
in arrangement (see Appendix C 1 b). The angles of the ﬁeld vector for the guided mode are connected to the eﬀective refractive index
of the mode N = nf sin(θg ). The ﬁelds involved in the coupling at the molecular grating are evaluated in the cover and their orientation
needs to be determined from Snell’s law and its generalization in the case of total internal reﬂection for beams incident from below
the cover (Fs and G) [53]. (d) Three exemplary optical conﬁgurations for diﬀractometric sensors on a planar substrate. They couple
diﬀerent incident and outgoing modes (indicated by red arrows): Top: coupling between two Fs modes. Middle: coupling between a G
and an Fs mode. Bottom: coupling between two G modes with diﬀerent propagation directions in the waveguide plane.

is essentially one because the refractive index of the cover
medium nc is close to the refractive index of the perturbation nm . For accurate treatment of background scattering,
the term n2c /n2m should be retained, but has a rather small
impact on the overall result compared to other uncertainties and measurement errors such as the determination of
the correlation length [7].
Next, we consider three examples of diﬀractometric sensor conﬁgurations [Fig. 4(b)] for which we have calculated
the coupling coeﬃcients |K| (see Table I). The ﬁrst case
represents a free-space mode incident from the substrate
and coupling to an outgoing mode leaving towards the substrate side (Fs Fs coupling). The second example involves
an incident guided mode coupling to an outgoing freespace mode leaving towards the substrate (GFs coupling).
For both cases, the azimuth ϕ of the plane of incidence and
the outgoing plane are chosen to be zero. The GFs case
was described and measured experimentally in previous
papers [7,8,37,57]. The third conﬁguration involves coupling between two guided modes with diﬀerent in-plane

directions (GG). In Table I summarizes the coupling coeﬃcients for TE (s) polarized modes whereas Table III shows
the results for TM (p) polarized modes.
Beams of guided modes are concentrated much more
tightly to a waveguide underlying the sensing surface than
freely propagating beams. Accordingly, for a given grating, the coupling coeﬃcient |K| is weakest for the coupling
between freely propagating beams, stronger for coupling
between a guided and a freely propagating beam, and
strongest for diﬀraction from a guided beam to a guided
beam. This is reﬂected by the expressions for |K| collected in Table I, which contain an additional small factor
of order teﬀ /wb or teﬀ /wch for every freely propagating
beam involved in the diﬀractive conﬁguration. To show
this quantitatively, we have evaluated the coupling coefﬁcients of Table I for typical numerical values. Higher
values of |K| result in a stronger signal, i.e., more diﬀracted
photons per bound molecule. Quantitatively, this amounts
to roughly two orders of magnitude stronger diﬀraction
eﬃciency of GF versus FF and of GG versus GF coupling
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TABLE I. Coupling coeﬃcient |K| for coupling between two free-space modes (Fs Fs ), a guided mode and a free-space mode (GFs ),
and two guided modes (GG) for TE polarized incident and outgoing beams. The following numerical values are substituted: λ =
635 × 10−9 m, ns = 1.521, nc = 1.33, nf = 2.117, N = 1.814, Ab = 7.9 × 10−7 m2 (circular beam of diameter 1 × 10−3 m), A =
1.26 × 10−7 m2 (equivalent to a circular molecular grating of diameter 4 × 10−4 m), wb = 1 × 10−3 m, teﬀ = 329 × 10−9 m, θin = 70◦ ,
|tss (θin )| = 1.41, θout = 0◦ , |tss (θout )| = 1.07 (in the Fs Fs case the Fresnel coeﬃcients are for the two layer interface, in the GFs case the
outgoing Fresnel coeﬃcient is for the three-layer interface, but for a normal outgoing beam its numerical value is the same as the two
layer coeﬃcient for the stated tolerance.) We used a thickness for the waveguide of tf = 145 × 10−9 m, and ϕin and ϕout are 0◦ for the
ﬁrst two cases where a free-space mode is involved. In the GG case, we assume the grating to have the shape of a parallelogram with
one of its sides being parallel to the propagation direction of the outgoing beam. This ensures that the outgoing beam is uniform of
width corresponding to the height of the parallelogram. We arbitrarily choose ϕin = 33.75◦ , ϕout = −33.75◦ . The characteristic width
is simply the height of the parallelogram: wch = a sin(2ϕ) = 3.4 × 10−4 m. For completeness, the TM polarization coeﬃcients are
given in Appendix E.



 π
1
s
s


Fs Fs
1.56 × 1013 m−3
 λn A A cos(θ ) ts (θin )ts (θout )
s
b
out

 s

 π ts (θout )  n2f − N 2

2



GFs
4.64 × 1014 m−3

2
λ
Nns (nf − n2c ) wb teﬀ A cos(θout ) 

 2π n2f − N 2 cos(2ϕin )

 λN n2 − n2 t √w w
b ch
c eﬀ
f

GG

[Table I and Eq. (12)]. However, it does not result in a better sensor performance as a larger |K| also results in more
background light.
C. Roughness-induced signal to background
Noncoherent scattering can limit the sensor performance
as it causes background light to impinge on the detector.
In order to achieve good sensor resolution, it is usually
required to maximize the signal-to-background ratio. As
discussed above, often the dominating source for noncoherent background scattering is due to surface roughness.
For a full assessment, volume scattering from the substrate
and the waveguide also need to be taken into account [7].
In addition, for many arrangements described in the literature, stray light from the source or the sample volume
is limiting and not the surface roughness. This is mainly
because of a nonideal way of illuminating the coherent
pattern (poor darkﬁeld illumination). Nevertheless, for a
well-designed diﬀractometric biosensor, the surface roughness often imposes a fundamental limitation to the sensor
performance [7]. For a background being dominated by
surface roughness, the signal-to-background ratio derived
from Eqs. (12) and (14) reads
RSB


n2c
2
dn
=
2
2
π (n − n2 ) dc
c
d

2

2
coh
A
(1 + |βg |2 L2c )3/2 .
2
σ L2c
(17)

This is a generalization of the ﬁgure of merit for focal
molography deﬁned in Eq. (9) of Ref. [7] (however, the
formulae in Ref. [7] include roughness scattering from
two interfaces). As one should expect, the signal-tobackground ratio increases linearly with the sensor area,






4.81 × 1015 m−3

since the incoherent background is only proportional to the
area, while the coherent diﬀraction scales with its square.
It should be noted that the RSB is independent of the
coupling coeﬃcient K, and therefore of the optical conﬁg 2 2 3/2 2
uration.
√ The term (1 + |βg | Lc ) /Lc has a minimum for
Lc = 2/|βg |. Indeed, surface roughness impacts the RSB
most unfavorably when its correlation length is of the order
of the inverse of the grating vector momentum |βg |−1 . The
RSB could in principle be optimized by choosing the optical conﬁguration with the largest possible |βg | = 2π /,
i.e., the smallest grating vector. For diﬀraction between
guided waves, this favors a conﬁguration close to normal
incidence (ϕin/out = 0) and Bragg reﬂection. In either case,
the signal-to-background ratio still depends on the smoothness of the substrate and on the refractive index diﬀerence
with respect to the cover. For a roughness dominated scattering background, diﬀerent diﬀractometric arrangements
will therefore have similar signal-to-background ratios.
D. Characterization of diﬀractometric biosensors
The theoretical tools of this paper are only useful if a
diﬀractometric measurement is performed optimally. In the
following, we suggest how to preferentially characterize
a diﬀractometric sensor system and what key parameters
should be stated to allow for comparisons. (For an example
of a characterization, see Ref. [7].)
(a) Fabrication of the diﬀractometric sensor. First, any
meaningful biosensor must include a nonfouling proteinrepellent coating [8]. During the fabrication of the submicron aﬃnity modulation on the nonfouling coating,
special care needs to be taken not to introduce coherent defects, i.e., defects that coincide with the grating
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periodicity. Imprinting methods, e.g., nanocontact printing that apply pressure [61], are most likely inferior to
contactless photolithography methods such as the reactive
immersion lithography process [8]. In addition, in the ideal
diﬀractometric sensor, the recognition elements need to be
aﬃnity matched as closely as possible to avoid coherent
nonspeciﬁc binding to the recognition molecule [41].
(b) Measurement of the diﬀraction eﬃciency. To
compute the diﬀraction eﬃciency, two signals need to
be measured accurately, the diﬀracted power and a reference power. The latter must allow computation of the
incident power on the coherent pattern. The reference
power is readily obtained from a measurement of the
zeroth-order beam, since the zeroth order is most often
subject to the same reﬂection or transmission losses as the
diﬀracted power. This allows straightforward calculation
of the diﬀraction eﬃciency. For guided modes, this can be
accomplished by an outcoupling grating [7]. The diﬀracted
power can be obtained from a detector as described in Ref.
[7]. In addition, the beam diameter should also be measured and stated, because it is required for calculating the
coupling coeﬃcient.
(c) Background scattering measurement. The mean
background diﬀraction eﬃciency provides an estimate of
the illumination quality and often determines the limit of
detection in the case of an endpoint measurement [7].
Even in real-time experiments, minimizing the background
is usually beneﬁcial as this generally reduces the noise.
Equation (14) helps with this analysis by providing an
estimate for the background due to surface roughness. A
measured value signiﬁcantly above this estimated background indicates that the illumination conﬁguration is not
optimal. As a rule of thumb, a sensitive diﬀractometric biosensor has a background associated coherent mass
density below 5 pg/mm2 .
(d) Measurement of the signal before target binding.
Many diﬀractometric sensors show signiﬁcant diﬀraction
before target binding (bias of the sensor) due to the diﬀraction at the immobilized receptors. A large bias contribution
requires more precise intensity measurement. Therefore,
the bias should be minimized if possible. This could
be achieved by backﬁlling with a point mutated protein
[37] or by covalently linked particles on the grooves. By
measuring coh before the target binding the resolution
associated with the bias can be determined.
(e) Determination of sensor resolution. The resolution
of a sensor can be computed from the root-mean-square
(rms) mass baseline noise. We suggest to measure the baseline noise of a functionalized sensor in air, in degased
buﬀer, and in an appropriate bioﬂuid at zero target concentration. This measurement should be performed over
the time scale of a real experiment (ca. 20 min) without
any drift correction. If a proper noise characterization is
required, the power spectral density should be computed
and stated [9,62]. State-of-the-art diﬀractometric biosen-

sors have resolutions of coh below 100 fg/mm2 over
20 min [7].

IV. CONCLUSION
Diﬀraction-based biosensors have great potential in
overcoming current limitations of biomolecular interaction
analysis in complex environments. In addition, they
require much less sensor equilibration time than refractometric sensors and they are insensitive to temperature
and buﬀer changes. So far, the diﬀractometric biosensing
ﬁeld has suﬀered from the lack of a universal parameter to
quantify the sensor output. This shortcoming prevented the
eﬃcient comparison among diﬀerent diﬀractometric sensor
arrangements and limited their comparison to the established refractometric technologies. The coherent surface
mass density coh is an unifying quantitative parameter
as it is independent of the assay, the type of diﬀraction
grating, or the sensor arrangement. In addition, coh can
be converted to the total surface mass density, tot , which
can be used for comparison to other sensor technologies.
To compute coh with the described formulae, only the
measurement of the diﬀraction eﬃciency and the beam
diameter is required. Besides being useful for mass quantiﬁcation, these formulae can also be applied to study
noncoherent eﬀects such as surface roughness or nonspeciﬁc binding. Especially, in the case of surface roughness,
these eﬀects may limit the sensor performance. Careful
characterization of the sensor conﬁguration can lead to a
tremendous improvement in resolution. We believe that
the tools we provide here to quantify, characterize, and
compare diﬀractometric biosensors will lead to signiﬁcant
advancement of the ﬁeld and help to establish a reliable alternative to refractometric biosensors, especially in
applications involving complex bioﬂuids.
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APPENDIX A: TWO-DIMENSIONAL COUPLED
MODE THEORY FOR WEAK COUPLING
One-dimensional ideal coupled mode theory has been
described in detail in Ref. [43]. Here we extend it to two
dimensions, by allowing the propagation vector β to be
unrestricted in the 2D dielectric plane (whereas Ref. [43]
restricted β to be normal to the grating), and by discussing
beams of ﬁnite extent transverse to the beam. We choose
coordinates such that the z axis is perpendicular to the
dielectric plane, while the x axis is normal to the grating. Note that in the case of a freely propagating mode β
is the projection of the 3D propagation vector k onto the
dielectric plane (Fig. 3). Apart from these modiﬁcations,
the formalism remains the same: for the total electric ﬁeld,
one writes the ansatz
 tot = cin E
 b,in + cout E
 b,out ,
E

(A1)

 b,in/out are the ﬁelds of an incoming or outgoing
where E
beam of normalized power and ﬁnite lateral beamshape.
The amplitudes cin/out (x, y) vary slowly in the dielectric
plane, as described by coupled mode equations [cf. Eqs.
(3.2-34) and (3.2-35) of Marcuse [43]]. For a guided beam,
we write its normalized electric ﬁeld as
 b,β,s/p
 β,s/p
E
(x, y, z) = N E
(z)A(r⊥ ) exp(iβ · r),



(A2)

 β,s/p
where E
(z) is the electric ﬁeld (not normalized) of the

dominant mode of polarization s or p in the beam. We
 β,s/p
recall that a mode with electric ﬁeld E
(z) exp(iβ · r)

is an exact solution of Maxwell’s solution for the ideal
structure. Here A(r⊥ ) describes the envelope perpendicu β|){
 rxy ·
lar to the propagation direction [r⊥ = rxy − (β/|
 β|)}],

(β/|
where rxy ≡ xex + yey is the position vector in
the plane. For simplicity, we assume a rectangular beam of
width wb ,
A(r⊥ ) = (wb /2 − |r⊥ |),

βout = βin ± |βg |ex ,

(A5)

where |βg | = 2π/ is the grating wavevector and  is
the grating period. With these simplifying assumptions,
the mode coupling equations reduce to one diﬀerential
equation for the outgoing amplitude of interest cout [64],
i.e.,
dcout
= −K̃out,in (x)cin ,
dx

(A6)

where

 ∞
ωε0 ∞
K̃out,in (x) =
dz
[nm (x, y, z)2 − n2c ]
4iP 0
−∞

n2c
∗
∗ · E
 in,t +
 in,n
 out,t
E
·E
× E
2 out,n
nm (x, y, z)




× ei(βin −β out )r dy

(A7)

(A3)

where  is the Heaviside theta function. Finally, the normalization constant N is chosen such as to normalize the
total power of the beam to the arbitrarily chosen value P,
as discussed in Appendix C.
In the case of an outgoing guided beam, wb is chosen
as the width of the molecular assembly projected onto the
line perpendicular to β (in the dielectric plane) [Fig. 6(d)].
In the case of a freely propagating beam the ﬁeld
distribution is very similar,
 b,β,s/p
 β,s/p
E
(x, y, z) = N E
(z)A(r⊥ ) exp(iβ · r),



by Eq. (A3). For a freely propagating outgoing beam, we
take A(r⊥ ) to be the indicator function of the grating area
projected onto a plane perpendicular to k (that is, A = 1
in the projected area, and A = 0 outside). For non-normal
outgoing beams, the indicator function will assume the
shape of an ellipse for a grating of circular shape.
To determine the power transfer between two modes—
i.e., their mutual coupling—one needs to compute the
amplitude cout of the outgoing mode as a function of the
amplitude of the incident mode cin . A priori, this requires
solving integrodiﬀerential equations (cf. Eqs. 3.2–49 and
3.2–50 of Ref. [43]). However, in our case the coupling
due to the biosensor is weak, and, thus, the amplitude cin
can be taken to be constant over the grating (negligible
power loss), being the dominant contribution to the total
 tot ≈ E
 b,in ). Furthermore, we are only interested in
ﬁeld (E
the power coupled into the speciﬁc outgoing mode with
propagation direction deﬁned by the grating equation

(A4)

 k|)[
 r · (k/|
 k|)],

but now with r⊥ = r − (k/|
where k = β +
kz ez is the 3D propagation vector [63]. For an incident
beam, we take a circular shape of radius wb /2 as described

is the x-dependent coupling coeﬃcient between the incident and outgoing modes, ε0 is the permittivity of vacuum,
and nm (x, y, z) is the refractive index distribution in the real
 in,out ≡
(i.e., perturbed) system. In the above expression, E

N Eβ (z)A(r⊥ ) are the normalized, z-dependent electric
ﬁelds appearing in Eqs. (A2) and (A4). The subscripts t and
n stand for the tangential and normal components of the
electric ﬁeld with respect to the dielectric surface, respectively. The larger the ﬁeld overlap in Eq. (A7) the stronger
the coupling. The coupling is strongest for modes with parallel ﬁeld vectors, but vanishes for modes with mutually
 ﬁeld, so that energy canorthogonal directions of the E
not be transferred between them. Our expressions diﬀer
from those in Ref. [43], because the coupled mode theory based on the ideal mode expansion discussed there is
strictly valid for TE modes only [60,65]. The expression
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given above has been suggested in Ref. [66] to account
for the inaccuracies of ideal coupled mode theory in the
case of TM polarization, which does not properly satisfy
the boundary conditions and thereby assigns an incorrect
weight to the normal ﬁeld components [65]. De Sterke
and Sipe [66] suggested adjusting the ideal mode expansion to correct for the modiﬁed normal ﬁeld strength
within the perturbation region, accounting for Maxwell’s
boundary conditions, and we follow that approach here.
Nevertheless, the resulting errors are negligible even for
the original ideal mode expansion, if the refractive index
diﬀerence between the ideal and perturbed structures is
small, as is the case for molecular gratings; and even for
larger refractive index diﬀerences (as in the case of surface roughness), the error of this approximation is likely to
be smaller than other uncertainties in a given experimental
setup.
1. General normalization of beam electric ﬁelds
As indicated above, we normalize the ﬁeld amplitudes
of the beam ﬁelds in Eqs. (A2) and (A4) to a total power of
P. The incident power and outgoing power are then simply
related to the amplitudes cout/in by Pout/in = |cout/in |2 P [67].
The power carried by a beam is evaluated by the integral
over its Poynting vector

Pν =
S

1
ν × H
 ν∗ )dS,
en · (E
2

(A8)

 ν is
where ν indicates the incident or outgoing beam and H
the magnetic ﬁeld associated with that mode. In general,
S is any inﬁnite two-dimensional plane that is not parallel
to the beam propagation direction, and en is a unit vector
normal to S.
Qualitatively, the total power is of course proportional
to the cross-sectional area A of the beam, as well as to
a typical value of the electric ﬁeld E in the center of the
beam,
P ∼ AE 2 .

(A9)

and is zero everywhere outside that region. Since the absolute value of this height is assumed to be much smaller
than the wavelength, we can assume that the electric ﬁeld is
constant over the entire perturbation. Thus, to compute the
coupling coeﬃcient, one can replace the integration over z
by the integrand evaluated at the interface from the cover
side (z = 0+ ) and multiply by the height:
K̃out, in (x) =


ωε0 ∗
n2 ∗
 out,t (0) · E

 in,t (0) + c E
 in,n (0)
E
(0) · E
4iP
n2m out,n
 ∞


f˜ (x, y)ei(βin −β out )r dy.
(A11)
× (n2m − n2c )
−∞

Note that we took the factors of the electric ﬁelds outside
the integral, considering them constant over the area where
f (x, y) is nonzero, since the beam envelope is as wide as
the grating, or wider.
It is now simple to integrate Eq. (A6) with respect to
x. This yields the amplitude of the outgoing beam at the
location where the beam leaves the grating area:
cout
= K̂
cin



∞



−∞

∞
−∞



f˜ (x, y)ei(βin −βout )r dxdy.

(A12)

The expression is easily recognized as the two-dimensional
Fourier transformation of the perturbation function multiplied by K̂. Here K̂ is the constant coupling coeﬃcient that
is independent of the perturbation function [43]:

ωε0 ∗
n2 ∗
 in,t (0) + c E
 in,n (0)
 out,t (0) · E

K̂ =
(0) · E
E
4iP
n2m out,n
× (n2m − n2c ).

(A13)

For biosensing applications, it makes sense to separate the
factor n2m − n2c , because the eﬀective refractive index of
the modulation, nm , depends on the amount of bound biological mass. Hence, in the main text we deﬁned K :=
K̂/(n2m − n2c ) as the coupling coeﬃcient. Since the total
power of the beams is proportional to the squared amplitude cin/out [Eq. (6)], the diﬀraction eﬃciency is simply the
square of the above ratio

Accordingly, the normalization factors in Eqs. (A2) and
(A4) scale as
(A10)



2 
  


Pout  cout 2
i(βin −βout )r

=
= K̂
f (x, y)e
dA ,

Pin
cin
A
(A14)

2. Derivation of the diﬀraction eﬃciency
In this section, we derive the diﬀraction eﬃciency from
Eq. (A6). We start by assuming that the refractive index of
the perturbation is constant. It is located on the dielectric
surface and extends with a height f˜ (x, y) into the cover.
We call f˜ (x, y) the perturbation function. The tilde indicates that this function is conﬁned to an area of interest

where we made use of the fact that the perturbation function is ﬁnite only in area A. We have included an average
· over diﬀerent realizations f (x, y) of the random process
that causes the refractive index modulation.
As mentioned above, f˜ (x, y) is nonzero only in a ﬁnite
area. Sometimes, it is convenient to express the perturbation as a function extending to inﬁnity f (x, y), however.
The integral in Eq. (A12) can then be expressed by two

N ∼

P
.
A
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diﬀerent approaches. Either we limit the integration to the
area of interest, as above, or we multiply f (x, y) with a
shape function


1,
0,

s(x, y) =

inside area of interest,
outside area of interest,

The convolution theorem for the deﬁnition of the twodimensional Fourier transform given in Eq. (B1) states that

F {f (x, y)s(x, y)}(kx , ky ) =
(A15)

1 ˆ
[f (kx , ky ) ∗ ŝ(kx , ky )].
4π 2
(B2)

The diﬀraction eﬃciency of a perturbation f (x, y) with
shape s(x, y) [Eq. (A16)] can now be written as

to yield


2


Pout
2 1 ˆ
= K̂  2 f (kx , ky ) ∗ ŝ(kx , ky ) .
Pin
4π

2 
  ∞  ∞


Pout
i(βin −βout )r

= K̂
s(x, y)f (x, y)e
dxdy  .
Pin
−∞ −∞
(A16)
Equations (A14) and (A16) are the general expressions that
need to be evaluated to compute the diﬀraction eﬃciency
for a perturbation function and a certain coupling coeﬃcient of the optical conﬁguration. Equation (A14) is more
convenient to analyze the scattering from surface roughness whereas Eq. (A16) is appropriate when computing the
diﬀraction at a regular grating.
APPENDIX B: EXAMPLES OF
TWO-DIMENSIONAL COUPLED MODE THEORY
APPLIED TO TWO-DIMENSIONAL
PERTURBATIONS
In this section we evaluate Eqs. (A14) and (A16)
for diﬀerent perturbation functions. For the analysis of
diﬀractometric sensors, we should discuss both periodic
and random perturbation functions. Periodic perturbations
arise due to analytes binding to the structured sensor
surface. Random perturbations instead describe surface
roughness or nonspeciﬁc binding. These random processes
are responsible for the speckle background on the detector.

The Fourier transform of a periodic perturbation function
can be expressed as a sum of delta functions (sinusoids
in real space), which are the identity of the convolution
operation. Therefore, for periodic perturbations, Eq. (B3)
can be written in the form

Pout
2π
2 2 2 2 2
= K̂ pm am A ps βx −
(B4)
, βy ,
Pin

where A is the area, am is the average height of the
modulation, pm is the structure factor of the modulation,
 ≡ ŝ(β)/A

ps (β)
is the structure factor of the shape,
which tends to ps (βx − 2π / → 0, βy → 0) → 1
when 
the diﬀraction condition is exactly
 met, and am =
 r)f (x, y)
f
(x,
y)dxdy
and
p
=
[
(1/A) 
m
A
A sin(βg · 
dxdy]/( A f (x, y)dxdy) are deﬁned for f (x, y) in a similar fashion as tot and η[A] for (x, y). Equation (B4) can
therefore be written in terms of tot and η[A] . The conversion is explained in Appendix D. In terms of mass
distributions Eq.(B4) reads

Pout
2 2 dn
= 4|K| nc
Pin
dc

1. Periodic perturbation functions
In diﬀractometric biosensors, the signal is caused by
a periodic perturbation of the refractive index due to
bound analyte molecules. In order to evaluate the diﬀraction eﬃciency for any incident and outgoing modes, it is
convenient to use Eq. (A16). It can be rewritten as a convolution of the Fourier transforms of the shape and perturbation functions. We deﬁne the two-dimensional Fourier
transform as
fˆ (kx , ky ) :=



∞
−∞



∞

−∞

f (x, y)e−i(kx x+ky y) dxdy,

(B1)

where we later replace kx := βx = −(βx,in − βx,out ) and
ky := βy = −(βy,in − βy,out ). For the Fourier transforms
of the perturbation and shape functions, we use the notation fˆ (kx , ky ) and ŝ(kx , ky ), respectively.

(B3)



2
2
2 2 2
η[A]
tot
A ps

βx −

2π
, βy .

(B5)

Equations (B4) and (B5) are useful to estimate the sharpness of the resonance condition and enable one to estimate
the noise rejection capabilities of the diﬀraction grating.
The sharpness of the resonance is fully determined by the
structure factor of the shape.
While Eq. (B4) is convenient to evaluate, it might be
beneﬁcial for some readers to directly see an algebraic
manipulation of Eq. (B3). We do this in the following two
subsections, taking the example of a sinusoidal perturbation with two diﬀerent shape functions. For the sinusoidal
perturbation described in the next section, Eq. (B4) reads
(pm = 0.5 and am = tm /2)

034023-14


2
Pout
2π
2 tm 2 2
= K̂
A ps βx −
, βy .
Pin
16


(B6)

QUANTITATIVE DIFFRACTOMETRIC. . .

PHYS. REV. APPLIED 15, 034023 (2021)

a. Example 1: rectangular grating area with sinusoidal
perturbation

the Fourier transforms of the separated functions are


Let us consider a sinusoidal grating with grating normal along the x coordinate, grating period , amplitude
tm /2, and oﬀset tm /2, restricted to a rectangular shape with
length Lx and Ly . The perturbation and shape functions are
deﬁned by

f (x, y) =



2π
tm tm
+ sin
x
2
2


ŝx (βx ) = Lx sinc


ŝy (βy ) = Ly sinc






1
1
x rect
y ,
Lx
Ly

(B8)

where the rect function is deﬁned as
⎧
1
⎪
⎪
1, |x| < ,
⎪
⎪
2
⎨
1
1
rect(x) =
, |x| = ,
⎪
⎪
2
2
⎪
⎪
⎩
0, otherwise.

With our deﬁnition of the Fourier transform, the transform
pairs for constant, sinusoidal, and rectangular functions
read


tm
2π
fˆx (βx ) = iπ δ βx −
,
2


(B16)

fˆy (βy ) = 2π δ(βy ).

(B17)

and



Ly
ˆ
ŝy {βy } ∗ fy {βy } = Ly 2π sinc
βy ∗ δ(βy )
2π

Ly
= 2π Ly sinc
(B19)
βy .
2π
Substituting these into Eq. (B10) results in the diﬀraction
eﬃciency in the form of Eq. (B6) for a general detuning:

2
Pout
2π
2 tm 2 2
= K̂
A ps βx −
, βy
Pin
16

 

K̂ 2 2 2 2
2π
2 Lx
=
t L L sinc
βx −
16 m x y
2π


Ly
× sinc2
(B20)
βy .
2π

(B11)

sin(ax) ◦ − − • − iπ [δ(kx − a) − δ(kx + a)], (B12)


1
kx
rect(ax) ◦ − − •
sinc
,
|a|
2π a

(B15)

ŝx {βx } ∗ fˆx {βx }


2π
tm
Lx
βx ∗ iπ δ βx −
= sinc
2π
2

 

tm
Lx
2π
= iπ Lx sinc
βx −
(B18)
2
2π


(B9)

2



2 1
ˆ
ˆ
= K̂  2 [fx (kx ) ∗ ŝx (kx )][fy (ky ) ∗ ŝy (ky )] . (B10)
4π

1 ◦ − − • 2π δ(kx ),

Ly
βy ,
2π

Because of the shifting property of the convolution we can
write

Since f (x, y) and s(x, y) are both separable with respect to
Cartesian coordinates, the diﬀracted power can be written
as a product of two one-dimensional convolutions,
Pout
Pin

(B14)

(B7)

and
s(x, y) = rect

Lx
βx ,
2π

(B13)

When βx → (2π /) and βy → 0, we have maximal
coupling and Eq. (B20) simpliﬁes to

where we have used the deﬁnition of the normalized sinc
function sinc(x) = sin(π x)/π x. Applying these relations,
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b. Example 2: circular grating area with sinusoidal
perturbation

2/D, the Fourier Bessel transform of the circular shape
function with diameter D, i.e.,

Let us consider a sinusoidal grating with grating normal
along the x coordinate, grating period , amplitude tm /2,
and oﬀset tm /2, restricted to a circular shape with diameter
D. The perturbation and shape functions are deﬁned by


2π
tm tm
+ sin
x
f (x, y) =
2
2



(B22)

and
  2
2 x + y2
s(x, y) = circ
.
D
Here the circ function is deﬁned as
⎧
1
⎪
⎪
1, r < ,
⎪
⎪
⎨
2
circ(r) = 1 , r = 1 ,
⎪
⎪
2
2
⎪
⎪
⎩0, otherwise,

(B23)

(B24)

(B25)

For s(x, y), we perform a coordinate transformation into
polar coordinates such that

s(r, φ) = circ

2r
.
D

(B26)

Because of the radial symmetry of the circ function we can
apply the Fourier-Bessel transform


∞

ŝ(kr ) := B {s(r, φ)}(kr ) = 2π
0

where βr =

ization of 12 will become apparent later. Equation (B29)
can be transformed to Cartesian coordinates as

2 J1 (D βx2 + βy2 /2)
πD

ŝ(βx , βy ) =
2
. (B30)
4
D β 2 + β 2 /2



1
0

y

The convolution between the Fourier transform of the perturbation, Eq. (B25), and the Fourier transform of the
shape function, Eq. (B30), can be determined with the
shifting property of the convolution,
ŝ(βx , βy ) ∗ fˆ (βx , βy )

2
2 J1 [(D/2) (βx − 2π /) + βy2 ]
2 πD

.
= iπ tm
2
4
(D/2) (β − 2π /)2 + β 2
x

y

(B31)
By substituting this into Eq. (B3) we get the diﬀraction
eﬃciency in the form of Eq. (B6):

2
Pout
2π
2 tm 2 2
= K̂
A ps βx −
, βy
Pin
16


K̂ 2 2 π D2 2
t
=
16 m
4

 J [(D/2) (β − 2π /)2 + β 2 ]
1
x
y

× 2
(D/2) (βx − 2π /)2 + βy2



2r
circ
rJ0 (rkr )dr,
D
(B27)

circ(r)rJ0 (rkr )dr = 2π

J1 (kr )
.
kr
(B28)

2

.
(B32)

When
βx →

2π
,


βy → 0, and

J1 [(D/2) (βx − 2π /)2 + βy2 ]

→ 1,
×2
(D/2) (βx − 2π /)2 + βy2


where kr = kx 2 + ky 2 . The Fourier Bessel transform of
the circular shape function with radius 1 reads [68]

B {circ(r)}(kr ) = 2π


βx 2 + βy 2 . The reason for the factor-

x


with r = x2 + y 2 .
The Fourier transform of the perturbation is the same as
in Appendix B 1 a:

ˆf (βx , βy ) = iπ 2 tm δ βx − 2π δ(βy ).


π D2 J1 (Dβr /2)
π D2 J1 (Dβr /2)
=
2
,
2
Dβr /2
4
Dβr /2
(B29)

ŝ(βr ) =

we have maximum coupling and Eq. (B6) reduces to

By using the scaling property of the Fourier Bessel transform B {g(ar)}(kr ) = (1/a2 )G(kr /a), we obtain, with a =

034023-16
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K̂ 2 2 π D2
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Pin
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2. Random perturbation function—e.g., surface
roughness
The diﬀraction eﬃciency for a random perturbation
function is evaluated more conveniently using Eq. (A14),
which can be written as
 ∞ ∞
Pout


= AK̂ 2
g(u, v)ei(βin −βout )·(u,v) dudv (B34)
Pin
−∞ −∞
if the autocorrelation function
g(u = x − x , v = y − y ) = f (x, v)f (x , v )

(B35)

decays rapidly within the area of interest A (see Ref.
[43]). Evaluating the scalar product in the exponent and
using the deﬁnitions βx = −(βx,in − βx,out ) and βy :=
−(βy,in − βy,out ) we obtain
Pout
= AK̂ 2
Pin



∞
−∞



∞

−∞

g(u, v)e−i(βx u+βy v) dudv. (B36)

Next, a transformation to polar coordinates is performed in
real space,
u = r cos(φ),

v = r sin(φ),

2π
cos(ϑ),


βy =

2π
sin(ϑ).


(B38)

We assume that the wavevector diﬀerence β equals the
 = |βg | = 2π / as
grating vector βg with modulus |β|
this is the spatial frequency of interest,


2π
βx
= βx2 + βy2 ,
. (B39)
ϑ = arctan

βy
The polar transformation of Eq. (B36) is
Pout
= AK̂ 2
Pin


0

2π x



∞

g(r, φ)
(B40)

Assuming a rotationally
invariant autocorrelation func√
tion g(u, v) = gr ( u2 + v 2 ), we obtain the scattering eﬃciency

 ∞
Pout
2π
2
r rdr,
(B41)
= 2π AK̂
gr (r)J0
Pin

0
where J0 is the zeroth-order Bessel function. For an exponentially decaying autocorrelation function,
gr (r) = σ 2 e−r/Lc ,

Pout
2π σ 2 L2c
= AK̂ 2
,
Pin
[1 + (2π /)2 L2c ]3/2

(B43)

where σ is the root mean square of the surface’s height
ﬂuctuations and Lc is their correlation length. In Fig. 5 we
illustrate surfaces with diﬀerent σ and Lc .
APPENDIX C: NORMALIZATION OF BEAM
ELECTRIC FIELDS FOR FREE-SPACE AND
GUIDED MODES [FOR USE IN EQ. (16)]
In the following we describe the normalization of beam
electric ﬁelds as needed to evaluate the coupling constants
in Eq. (16). We use distinct approaches for free-space
modes and for guided modes.
1. Normalization of free-spaces modes
For free-space modes, we distinguish between incident
and outgoing modes. In both cases we compute the power
ﬂux through a plane S [Figs. 6(a) and 6(b)].
We evaluate Eq. (A8) assuming constant ﬁeld strengths
 in/out , H
 in/out within the beam envelope such that
E

1
∗
 in/out × H
 in/out
)dS
en · (E
P=
S 2
∗
 in/out,S × H
 in/out,S
= 1 AS [en · (E
)],
(C1)
2

0

× e−ir2π [cos(ϑ) cos(φ)+sin(ϑ) sin(φ)]/ rdrdφ.

the scattered power evaluates to

(B37)

and frequency space,
βx =

FIG. 5. Illustration of surfaces with diﬀerent rms roughness σ
and correlation lengths Lc .

(B42)

where AS is the beam cross section projected onto the
plane S, and Ein/out,S and Hin/out,S are the constant electric
and magnetic ﬁeld amplitudes of the incident or outgoing
mode within the beam envelope evaluated on the plane
S. This normalizes Ein/out such that one can compute the
normalized electric ﬁeld on the surface.
With this normalization, we obtain Table II. We show
the normalization principle at the example of the TE polarized free-space mode located on the cover side (Fc ). The
generalization to the Fs case is straightforward. To derive
the expressions for the TM polarization, some adjustments
are needed. These adjustments are indicated in the example
for the TE case.
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and after solving for the ﬁeld amplitude Ein,S we obtain

(b)

Ein,S =

(c)

2Z0 P
.
nc Ab

(C3)

Obviously, the normalization of the ﬁeld strength in the
incoming far ﬁeld is independent of the polarization. The
ﬁeld at the interface is equal to the vectorial sum of the
incident and reﬂected ﬁelds. For TE modes, all ﬁeld vectors are collinear. Therefore, the tangential ﬁeld of the
normalized beam at the interface is

(d)

Ein,t (0) =

2Z0 P
(1 + rsc ).
nc Ab

(C4)

For the TM mode, the electric ﬁeld vectors lie in the plane
of incidence. Therefore, the electric ﬁeld has both a tangential and a normal component. The ﬁelds of the incident
and reﬂected beams now have to be added as vectors, i.e.,
componentwise.
FIG. 6. Illustration of the geometry of incident and outgoing
modes with TE polarization for (a) Fc,in , (b) Fc,out , (c) Gin , and
(d) Gout . The free-space modes (a),(b) consist of three beams, an
incident, a reﬂected, and a transmitted beam, or an outgoing and
two incoming beams (with electric ﬁelds E1 and E2 ). The power
ﬂux in the far ﬁeld is normalized to the power P. The ﬁeld just
above the interface is a superposition of the two beams propagating in the cover. Guided beams (c),(d) are normalized following
Ref. [43], which is extended to two dimensions by assuming a
homogeneous intensity over the beam width. For the incident
mode (c), the beam width is wb . For the outgoing mode (d), the
width is given by the orthogonal projection of the molecular grating onto the plane perpendicular to the propagation direction of
the mode. We refer to it as the characteristic grating width wch .
While in general the outgoing beam is nonuniform, we show a
setup that yields a uniform outgoing beam. The direction of the
grating normal is along the x axis of the displayed coordinate
system.

b. Example normalization of Fc,out for TE polarization
For an outgoing mode, the beam dimension is deﬁned by
the dimensions of the molecular grating [Fig. 6(b)]. Projected on the plane S, the beam has a cross section Ach =
A cos(θout ) [Fig. 6(b)]. Now the entire outgoing power is in
the beam Eout . Evaluated on the plane S Eq. (C1) yields
P=

nc
1
∗
 out,S × eout × E
 out,S
A cos(θout ) [en · (E
)],
2
Z0

where en = [sin(θout ), 0, cos(θin )] is the surface normal of
the plane S with the direction of en chosen such that the
Pointing ﬂux is positive, and ein = [sin(θout ), 0, cos(θin )] is
the unit vector in the propagation direction of the incident
beam. The scalar and vector products can be evaluated and
after solving for the ﬁeld amplitude Eout,S we obtain

a. Example normalization of Fc,in for TE polarization
The beam Ein carries power to the interface, while Eref
and Etr carry power away [Fig. 6(a)]. Thus, the total
incident power is described by Ein,S . The beam envelope
projected on S has the area of the beam Ab . The normalized incident beam is not ϕ dependent. Thus, Eq. (C1) can
be written as
P=

1 nc
∗
 in,S × ein × E
 in,S
Ab [en · (E
)],
2 Z0

Eout,S =

2Z0 P
.
nc A cos(θout )

(C6)

Next, we use time-reversal symmetry, which states that the
ﬁeld amplitudes do not change under time reversal. Therefore, E1 and E2 can be expressed with the Fresnel reﬂection
and transmission coeﬃcients of the interface as
E1 = rsc (θout )Eout ,

(C2)

where en = [sin(θin ), 0, − cos(θin )] is the surface normal of
the plane S with the direction of en chosen such that the
Pointing ﬂux is positive, and ein = [sin(θin ), 0, − cos(θin )]
is the unit vector in the propagation direction of the incident beam. The scalar and vector products can be evaluated

(C5)

E2 = tsc (θout )Eout .

(C7)

Equations (C6) and (C7) can be applied to the ﬁeld amplitudes of the TM mode by replacing the Fresnel coeﬃcients
for TE polarization with those for TM polarization. In the
TE case, the ﬁeld on the surface is equal to the sum of the
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TABLE II. Normalized ﬁeld components at the grating location (z = 0+ ). They can be substituted into Eq. (16). This table contains
all the expressions needed to calculated the coupling coeﬃcient for any planar diﬀractometric sensor seamlessly [TE-TE, TE-TM,
TM-TE, TM-TM coupling for any orientation and any combination of modes (F, G)]. Here Fc stands for a free-space mode for a beam
that is incident (outgoing) from (to) the cover, Fs describes a free-space mode for a beam incident (outgoing) from (to) the substrate,
and G represents a guided mode of a dielectric slab waveguide. We denote by Ab the area of an incident free-space beam is denoted
and by wb the lateral width of an incident guided beam. Both are assumed to be larger than the molecular grating. The area of the
molecular grating is denoted by A, the linear size of the pattern (the characteristic width) is denoted by wch , as projected on a line
orthogonal to the outgoing propagation direction, ϕ is the azimuth angle taken from the positive grating normal, and θ is the out-ofplane angle with respect to the surface normal. The signs of the angles are deﬁned in Fig. 4. The angle-dependent Fresnel reﬂection
r and transmission coeﬃcients t are deﬁned according to Refs. [53,58] for the respective polarization. They can be deﬁned for a twoor three-layer interface [7,59]. If
θ is larger than the critical 
angle, total internal reﬂection occurs. We note that the transmitted angle
becomes imaginary in this case [ 1 − (n2s /n2c ) sin2 (θin ) → i (n2s /n2c ) sin2 (θin ) − 1]. We denote by N the eﬀective refractive index of
the guided mode and by teﬀ its eﬀective thickness, and qc = (N /nf )2 + (N /nc )2 − 1 is a constant as deﬁned in Ref. [60]. No additional
interfaces in the optical detection path (also not the backside of the chip) are taken into account in the formalism here.
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outgoing and the ﬁeld E1 as all ﬁeld vectors have the same
orientation. Therefore, the normalized tangential ﬁeld on
the surface is

Eout,t (0) =

2Z0 P
(1 + rsc ).
nc A cos(θout )

(C8)

In the TM case, the tangential and normal components
have to be considered separately, as described at the end
of Appendix C 1 a.



p

2Z0 P
[1 + rc (θin )] sin(θin )
nc Ab

sin(θout )
p
0P
− 2Z
[1 + rc (θout )] √
nc A
cos(θout )

2Z0 P p
− ns A ts (θin ) nncs sin(θin )
b



2Z0 P p
t (θ ) ns
ns A s out nc
2

sin(θout )
√
cos(θout )

nf −N
Z0 P N
N (n2f −n2c )qc teﬀ wb nc
2

2

nf −N
Z0 P N
N (n2f −n2c )qc teﬀ wch nc
2

2. Normalization of guided modes
The normalized ﬁeld components on a waveguide
surface for a guided mode in one dimension are given in
Ref. [43]. We ﬁrst state these equations in the notation used
throughout this paper and then show how they can be generalized to two dimensions for an incident and an outgoing
mode.

a. TE polarization
For TE polarization, Marcuse [43] stated that, for the
normalized electric ﬁeld amplitude A,
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4κ 2 ωμ0 P1D
,
|β|(tf + 1/γ + 1/δ)(κ 2 + δ 2 )

(C9)

where tf is the thickness of the waveguide, and γ , δ, and
κ are the z components of the wavevector inthe three
media (s, f , 
c) and are deﬁned as γ = (2π /λ) N 2 − n2s ,

κ = (2π /λ) n2f − N 2 , and δ = (2π /λ) N 2 − n2c [43].
Since the expression is for 1D problems, P1D is a
power per length. By using the relations κ 2 /(κ 2 + δ 2 ) =
(n2f − N 2 )/(n2f − n2c ), teﬀ := d + 1/γ + 1/δ, ωμ0 /|β| =
Z0 /N , and ωε0 /β = 1/(N Z0 ), we arrive at the normalized
tangential ﬁeld component on the surface for 1D problems
and TE polarization which reads
 2
 (nf − N 2 )Z0 P1D
Et (0) = A = 2
.
N (n2f − n2c )teﬀ

(C10)

For TM polarization, Marcuse [43] stated that, for the
normalized magnetic ﬁeld amplitude C,
4ωε0 P1D 2 4 2 4 2
nf nc κ {(nc κ + n4f δ 2 )teﬀ }−1
|β|

For the outgoing mode, we choose the plane S to be
orthogonal to the propagation vector of the outgoing beam
[Fig. 6(d)]. The beam has a width given by the orthogonal projection of the grating dimensions onto S, which
we call the “characteristic grating width” wch . In general,
the outgoing beam has a nonuniform intensity distribution, even though there are setups that result in a uniform
outgoing beam, such as that shown in Fig. 6(d). Here we
approximate the beam as uniform. This implies a normalization given again by Eqs. (C10), (C13), and (C12) with
the substitution P1D = P/wch .
3. Azimuthal rotations of the plane of incidence and
outgoing plane

b. TM polarization

C2 =

d. Normalization for outgoing guided modes

(C11)

So far, we have not included rotations of the plane
of incidence and outgoing plane around the z axis. By
deﬁnition, the ﬁeld for the TE polarization points in the
positive e⊥ direction. Upon rotation, the tangential ﬁeld
component Ein,t (0) acquires an x and a y component in the
coordinate system of the molecular grating. The components can be determined by the rotation matrix for positive
rotations of the azimuth ϕ around the z axis:
⎛
cos(ϕ)
R = ⎝ sin(ϕ)
0

with
teﬀ = tf +

n2s n2f
γ

n2c n2f κ 2 + δ 2
κ2 + γ 2
+
.
δ n4c κ 2 + n4f δ 2
n4s κ 2 + n4f γ 2

With some algebra, it is possible to write C in the notation
of this paper [C2 = (4/N Z0 )[n2c (n2f − N 2 )/(n2f − n2c )qc ]
(P/teﬀ ) with qc = (N /nf )2 + (N /nc )2 − 1 (see page 51 of
Ref. [60])] and to compute the one-dimensional tangential and normal ﬁeld components according to Et,1D (0) =
iδC/n2c ωε0 and En,1D (0) = βHt (0)/n2c ωε0 = βC/n2c ωε0
such that


E (0) = i2
t

n2f − N 2

Z0 P1D
2
2
N (nf − nc )qc teﬀ

N2
−1
n2c

(C12)

and


En (0) = 2

n2f − N 2
N (n2f

−

n2c )qc

Z0 P1D N
.
teﬀ nc

(C13)

− sin(ϕ)
cos(ϕ)
0

(C14)

For our deﬁnition of the global coordinate system and an
arbitrary ϕ of the plane of incidence or outgoing plane (see
Fig. 3), the tangential components for the TE polarization
read
Ex (0) = −Et sin(ϕ),
Ey (0) = Et cos(ϕ).

(C15)

This is valid for all incident and outgoing TE modes (F
and G).
By deﬁnition, the tangential ﬁeld of the TM modes
points along e . Its direction (positive or negative) depends
on whether the mode is incident or outgoing and whether
it is located on the cover or substrate side (see Table II).
Once the sign of Et is determined, the rotation around the
z axis results in
Ex (0) = Et cos(ϕ),

c. Normalization for incident guided modes
So far, we have not taken into account the lateral extent
of the beam, quoting the normalization of modes of inﬁnite
extent along e⊥ . Since we assume rectangular beams with
power uniformly distributed over their cross section, the
power unit length is simply given by P1D = P/wb , which
is to be substituted in Eqs. (C10), (C13), and (C12) for
two-dimensional ﬁnite beams [Fig. 6(c)].

⎞
0
0⎠ .
1

Ey (0) = Et sin(ϕ).

(C16)

APPENDIX D: CONVERSION OF MODULATED
REFRACTIVE INDEX DIFFERENCE n2m − n2c TO
THE COHERENT MASS DENSITY coh
Coupled mode theory gives us an expression for the
diﬀraction eﬃciency based on the refractive index of
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the perturbation f (x, y). For diﬀractometric sensors, the
property of interest is the coherent surface mass density coh . We now show how to express the refractive
index of a molecular grating in terms of the total mass of
biomolecules. The height of the volume element that has
an increased refractive index nm due to the presence of the
biomolecule is described by the function f (x, y). Therefore, the entire biomolecular mass on thepattern mtot =
tot A is distributed in a volume V = A f (x, y)dxdy,
whereas tot is the total surface mass density and A is
the area of the pattern. Thus, the concentration of the
biomolecules cP in the volume element can be expressed
by
mtot
tot A
.
cP =
= 
V
f
A (x, y)dxdy

(D1)

The connection between the refractive index of the volume
element and the concentration of the biomolecules therein
is [37]
n2m − n2c = 2nc

dn
cP .
dc

(D2)

By using Eqs. (D1) and (D2) we obtain
tot

n2 − n2c
= m
2nc dn/dc


A

f (x, y)dxdy
A

(D3)

for the connection between the total mass density and the
perturbation function. From this and our assumption of
a constant nm , it follows that the perturbation function

f (x, y) and the mass density (x, y) are linked as
(x, y) =

n2m − n2c
f (x, y).
2nc dn/dc

(D4)

Finally, by using the deﬁnition of the analyte eﬃciency
[Eq. (4)], we can write the connection between the coherent surface mass density coh and the perturbation function
f (x, y) with constant refractive index nm as
coh

n2 − n2c
= m
2nc dn/dc


A

sin(βg · r)f (x, y)dxdy
.
A

(D5)

APPENDIX E: TM COUPLING COEFFICIENTS
FOR THE THREE ARRANGEMENTS DESCRIBED
IN TABLE I
For completeness, we also computed the TM coupling
coeﬃcients (Table III) for the three cases in Table I. For
the chosen observation direction, free-space modes yield
lower coupling coeﬃcients for TM polarization than for
TE polarization. In the GG case, TM coupling is slightly
larger for the chosen geometry. In conclusion, the diﬀerence is not large but, as soon as free-space modes are
involved, TE polarization should be favored, whereas for
GG coupling, one has to decide, based on the angle ϕ,
which polarization is to be favored.
APPENDIX F: QUANTIFICATION FORMULA FOR
A NUMBER DENSITY OF PARTICLES WITH
POLARIZABILITY α
In some cases, for instance, when the binding signal
needs to be ampliﬁed by the binding of a nanoparticle, one
might be interested in the number density of particles with

TABLE III. Coupling coeﬃcient |K| for coupling between two free-space modes (Fs Fs ), a guided mode and a free-space mode
(GFs ), and two guided modes (GG) for TM polarized incident and outgoing beams. The following numerical values are substituted:
λ = 635 × 10−9 m, ns = 1.521, nc = 1.33, nf = 2.117, N = 1.737, Ab = 7.9 × 10−7 m2 (circular beam of diameter 1 × 10−3 m),
A = 1.26 × 10−7 m2 (equivalent to a circular molecular grating of diameter 4 × 10−4 m), wb = 1 × 10−3 m, teﬀ = 332 × 10−9 m,
p
p
θin = 70◦ , |ts (θin )| = 1.38, θout = 0◦ , |ts (θout )| = 1.07 (in the Fs Fs case the Fresnel coeﬃcients are for the two layer interface, in the
GFs case the outgoing Fresnel coeﬃcient is for the three-layer interface, but for a normal outgoing beam its numerical value is the
same as the two layer coeﬃcient for the stated tolerance.) We used a thickness for the waveguide of tf = 145 × 10−9 m), and ϕin and
ϕin are 0◦ for the ﬁrst two cases where a free-space mode is involved. In the GG case, we assume the grating to have the shape of a
parallelogram with one of its sides being parallel to the propagation direction of the outgoing beam. This ensures that the outgoing
beam is uniform of width corresponding to the height of the parallelogram. We arbitrarily choose ϕin = 33.75◦ , ϕout = −33.75◦ . The
characteristic width is simply the height of the parallelogram, which we took to be wch = a sin(2ϕ) = 3.4 × 10−4 m.
Fs Fs

GFs

GG
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1
p
p
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radius rp made of a material with refractive index np rather
than the coherent mass density. By using
α = 4π r3p

n2p − n2c
n2p + 2n2c

for the deﬁnition of polarizability and
n2p − n2c
dn
3 1
nc 2
=
dc
2 ρp np + 2n2c
for the deﬁnition of the refractive index increment, one
can show that dn/dc = αnc /2ρp Vp , where ρp is the density of the particle material and Vp is the particle volume
[7]. We then can rewrite Eq. (15) to directly compute the
coherent particle number density σp,coh from the diﬀraction
eﬃciency, provided that the polarizability of the individual
particles is known:
σp,coh =

1
|K|n2c αA

Pout
.
Pin

(F1)

Here we have used the relationship between the coherent
number density of particles and the coherent mass density:
coh = σp,coh Vp ρp .

[1] A. P. F. Turner, Biosensors: Sense and sensibility, Chem.
Soc. Rev. 42, 3184 (2013).
[2] S. Hosseini, P. Vázquez-Villegas, M. Rito-Palomares,
and S. O. Martinez-Chapa, Enzyme-Linked Immunosorbent Assay (ELISA): From A to Z (Springer, Singapore,
2018).
[3] M. Sajid, A.-N. Kawde, and M. Daud, Designs, formats
and applications of lateral ﬂow assay: A literature review,
J. Saudi Chem. Soc. 19, 689 (2015).
[4] M. Cooper, L. M. Mayr, eds. Label-Free Technologies for
Drug Discovery (John Wiley & Sons, Ltd, Chichester, UK,
2011).
[5] R. B. M. Schasfoort, ed. Handbook of Surface Plasmon
Resonance (The Royal Society of Chemistry, Cambridge,
UK, 2017), p. P001.
[6] J. Homola, Surface plasmon resonance sensors for detection of chemical and biological species, Chem. Rev. 108,
462 (2008).
[7] A. Frutiger, Y. Blickenstorfer, S. Bischof, C. Forró, M.
Lauer, V. Gatterdam, C. Fattinger, and J. Vörös, Principles
for Sensitive and Robust Biomolecular Interaction Analysis: The Limits of Detection and Resolution of DiﬀractionLimited Focal Molography, Phys. Rev. Appl. 11, 014056
(2019).
[8] V. Gatterdam, A. Frutiger, K.-P. Stengele, D. Heindl, T.
Lübbers, J. Vörös, and C. Fattinger, Focal molography is
a new method for the in situ analysis of molecular interactions in biological samples, Nat. Nanotechnol. 12, 1089
(2017).

[9] A. Frutiger, K. Gatterdam, Y. Blickenstorfer, A. M. Reichmuth, C. Fattinger, and J. Vörös, Ultra stable molecular
sensors by submicron referencing and why they should be
interrogated by optical diﬀraction—part II. experimental
demonstration, Sensors 21, 9 (2020).
[10] A. Frutiger, C. Fattinger, and J. Vörös, Ultra-stable molecular sensors by sub-micron referencing and why they should
be interrogated by optical diﬀraction—part I. the concept
of a spatial aﬃnity lock-in ampliﬁer, Sensors 21, 469
(2021).
[11] E. G. Loewen and E. Popov, Diﬀraction Gratings and
Applications (CRC Press, Boca Raton, Florida, 2018).
[12] R. G. Hunsperger, Integrated Optics: Theory and Technology (Springer, New York, 2009).
[13] K. Tiefenthaler and W. Lukosz, Sensitivity of grating couplers as integrated-optical chemical sensors, J. Opt. Soc.
Am. B, JOSAB 6, 209 (1989).
[14] T. L. McMeekin, M. L. Groves, and N. J. Hipp, in Amino
Acids and Serum Proteins, Advances in Chemistry (American Chemical Society, Philadelphia, 1964), Vol. 44, p. 54.
[15] B. Liedberg, C. Nylander, and I. Lundström, Biosensing
with surface plasmon resonance–how it all started, Biosens.
Bioelectron. 10, i (1995).
[16] Y. G. Tsay, C. I. Lin, J. Lee, E. K. Gustafson, R. Appelqvist,
P. Magginetti, R. Norton, N. Teng, and D. Charlton,
Optical biosensor assay (OBA), Clin. Chem. 37, 1502
(1991).
[17] R. C. Bailey and J. T. Hupp, Large-scale resonance ampliﬁcation of optical sensing of volatile compounds with
chemoresponsive visible-region diﬀraction gratings, J. Am.
Chem. Soc. 124, 6767 (2002).
[18] B. Goh, R. W. Loo, R. A. McAloney, and M. C. Goh,
Diﬀraction-based assay for detecting multiple analytes,
Anal. Bioanal. Chem. 374, 54 (2002).
[19] J. B. Goh, R. W. Loo, and M. C. Goh, Label-free monitoring
of multiple biomolecular binding interactions in real-time
with diﬀraction-based sensing, Sens. Actuators B Chem.
106, 243 (2005).
[20] J. B. Goh, P. L. Tam, R. W. Loo, and M. Cynthia Goh,
A quantitative diﬀraction-based sandwich immunoassay,
Anal. Biochem. 313, 262 (2003).
[21] R. W. Loo, P. L. Tam, J. B. Goh, and M. C. Goh, An
enzyme-ampliﬁed diﬀraction-based immunoassay, Anal.
Biochem. 337, 338 (2005).
[22] V. Borisenko, W. Hu, P. Tam, I. Chen, J.-F. Houle, and
W. Ausserer, Diﬀractive optics technology: A novel detection technology for immunoassays, Clin. Chem. 52, 2168
(2006).
[23] T. J. Gnanaprakasa, O. A. Oyarzabal, E. V. Olsen, V. A.
Pedrosa, and A. L. Simonian, Tethered DNA scaﬀolds on
optical sensor platforms for detection of hipo gene from
campylobacter jejuni, Sens. Actuators B Chem. 156, 304
(2011).
[24] B. J. Pak, F. Vasquez-Camargo, E. Kalinichenko, P. L.
Chiodini, T. B. Nutman, H. B. Tanowitz, I. McAuliﬀe,
P. Wilkins, P. T. Smith, B. J. Ward, M. D. Libman, and
M. Ndao, Development of a rapid serological assay for
the diagnosis of strongyloidiasis using a novel diﬀractionbased biosensor technology, PLoS Negl. Trop. Dis. 8,
e3002 (2014).

034023-22

QUANTITATIVE DIFFRACTOMETRIC. . .

PHYS. REV. APPLIED 15, 034023 (2021)

[25] M. Liscidini and J. E. Sipe, Enhancement of diﬀraction
for biosensing applications via bloch surface waves, Appl.
Phys. Lett. 91, 253125 (2007).
[26] Z. Lai, Y. Wang, N. Allbritton, G.-P. Li, and M. Bachman,
Label-free biosensor by protein grating coupler on planar
optical waveguides, Opt. Lett. 33, 1735 (2008).
[27] F. Yu and W. Knoll, Immunosensor with self-referencing
based on surface plasmon diﬀraction, Anal. Chem. 76, 1971
(2004).
[28] F. Yu, S. Tian, D. Yao, and W. Knoll, Surface plasmon
enhanced diﬀraction for label-free biosensing, Anal. Chem.
76, 3530 (2004).
[29] An error in Eq. (2) should be noted: in this equation,
 does not refer to the grating period but to the wavelength of the n = −1 wave inside the grating region in the
direction normal to the waveguide surface, as described in
Ref. [69].
[30] Y.-C. Jeong, B. Jung, J.-H. Park, and J.-K. Park, A fresnel
zone plate biosensor for signal ampliﬁcation with enhanced
signal-to-noise ratio, Chem. Commun. 48, 6378 (2012).
[31] G. Ye and X. Wang, Glucose sensing through diﬀraction
grating of hydrogel bearing phenylboronic acid groups,
Biosens. Bioelectron. 26, 772 (2010).
[32] X. Wang, X. Liu, and X. Wang, Surface-relief-gratings
based on molecularly imprinted polymer for 2, 4dichlorophenoxyacetic acid detection, Sens. Actuators B
Chem. 220, 873 (2015).
[33] X. Wang and X. Wang, Aptamer-functionalized hydrogel diﬀraction gratings for the human thrombin detection,
Chem. Commun. 49, 5957 (2013).
[34] M. Cynthia Goh and V. Borisenko, Microﬂuidic biochip
and integrated diﬀractive optics for bacteria growth control
and monitoring, Anal. Methods 9, 2392 (2017).
[35] M. Avella-Oliver, V. Ferrando, J. A. Monsoriu, R.
Puchades, and A. Maquieira, A label-free diﬀractionbased sensing displacement immunosensor to quantify low
molecular weight organic compounds, Anal. Chim. Acta
1033, 173 (2018).
[36] M. Avella-Oliver, J. Carrascosa, R. Puchades, and Á.
Maquieira, Diﬀractive protein gratings as optically active
transducers for high-throughput label-free immunosensing,
Anal. Chem. 89, 9002 (2017).
[37] C. Fattinger, Focal Molography: Coherent Microscopic
Detection of Biomolecular Interaction, Phys. Rev. X 4,
031024 (2014).
[38] A. Frutiger, C. D. Tschannen, Y. Blickenstorfer, A. M.
Reichmuth, C. Fattinger, and J. Vörös, Image reversal reactive immersion lithography improves the detection limit of
focal molography, Opt. Lett. 43, 5801 (2018).
[39] A. M. Reichmuth, M. Zimmermann, F. Wilhelm, A.
Frutiger, Y. Blickenstorfer, C. Fattinger, M. Waldhoer, and
J. Vörös, Quantiﬁcation of molecular interactions in living
cells in real time using a membrane protein nanopattern,
Anal. Chem. 92, 8983 (2020).
[40] I. Incaviglia, A. Frutiger, Y. Blickenstorfer, F. Treindl,
G. Ammirati, I. Lüchtefeld, B. Dreier, A. Plückthun, J.
Vörös, and A. M. Reichmuth, A promising approach for
the real-time quantiﬁcation of cytosolic protein-protein
interactions in living cells, arXiv:2011.13462 [q-bio.QM]
(2020).

[41] A. M. Reichmuth, K. Kübrich, Y. Blickenstorfer, A.
Frutiger, D. Momotenko, V. Gatterdam, F. Treindl, C. Fattinger, and J. Vörös, Investigating complex samples with
molograms of low-aﬃnity binders, (to be published ACS
Sensors 2021).
[42] V. Gaudin, Advances in biosensor development for the
screening of antibiotic residues in food products of animal
origin - a comprehensive review, Biosens. Bioelectron. 90,
363 (2017).
[43] D. Marcuse, Theory of Dielectric Optical Waveguides
(Academic Press, New York, 1974).
[44] M. Piliarik and J. Homola, Surface plasmon resonance
(SPR) sensors: Approaching their limits?, Opt. Express 17,
16505 (2009).
[45] S. M. Norton, T. Erdogan, and G. Michael Morris, Coupledmode theory of resonant-grating ﬁlters, J. Opt. Soc. Am. A,
JOSAA 14, 629 (1997).
[46] W.-P. Huang, Coupled-mode theory for optical waveguides:
An overview, J. Opt. Soc. Am. A, JOSAA 11, 963 (1994).
[47] The parameter cν varies slowly in space (on length scales
much larger than 1/|βν |), cν = cν (x, y). Note that the set
of modes is labeled by a continuum of in-plane wave vectors βν , and thus the sums must actually be thought of as
integrals.
[48] We change the nomenclature from mode to beam. By a
beam we refer to a wavepacket of modes of ﬁnite extent,
that is, a mode multiplied with a transverse envelope function (see Appendix A 1), whereby we neglect the fact
that Maxwell’s equations imply that the envelope function
slightly evolves under the propagation of the beam.
[49] Optical anisotropy is not included in the theoretical framework of this paper as this eﬀect is also neglected in the
majority of refractometric sensors (i.e., surface plasmon
resonance–based devices). In the future, the models of this
paper could be extended to account for anisotropy [70,71].
[50] This assumption is justiﬁed for analytes within the Rayleigh
scattering regime such as proteins of the size of 1 to 10
nm. In the case of larger complexes or nanoparticle labels
the approximation can lead to small errors insigniﬁcant for
analytical purposes.
[51] In Refs. [37,43] modes were inﬁnitely extended in the third
dimension perpendicular to the propagation direction. Thus,
they were normalized in terms of power per unit cross
section in the third direction. Here instead we treat beams of
ﬁnite width that are thus normalized to have a ﬁnite power.
[52] It should be noted that the deﬁnition of |K| in this paper
is diﬀerent from that used in Eqs. 3.4–7 of Ref. [43]. In
addition, small adjustments with respect to Ref. [43] have
been made to correct for shortcomings of the ideal mode
expansion approach in the case of transverse magnetic (TM
or p) polarization (see Appendix A) [65,66].
[53] L. Novotny and B. Hecht, Principles of Nano-Optics (Cambridge University Press, Cambridge, UK, 2011).
[54] J. A. De Feijter, J. Benjamins, and F. A. Veer, Ellipsometry as a tool to study the adsorption behavior of synthetic
and biopolymers at the air-water interface, Biopolymers 17,
1759 (1978).
[55] We have assumed that the incident beam is wider than the
molecular grating and that its intensity proﬁle is uniform
across the grating. Furthermore, the coupling is assumed

034023-23

YVES BLICKENSTORFER et al.

[56]

[57]

[58]

[59]

[60]

[61]

PHYS. REV. APPLIED 15, 034023 (2021)

to be weak, a condition that should always be met for
biological gratings.
As a side remark, at metal dielectric interfaces surface plasmon polaritons can occur as guided modes and can be
described with this formalism as well [28]. However, the
expressions for the normalized ﬁelds on the surface (Table
II) have not been computed for surface plasmons. For the
ﬁeld distribution of plasmons, see Ref. [72].
By choosing θ√
out = 0, the formula stated here contains
a factor tss (0)/ ns ,√whereas the formula in Refs. [7,37]
instead contains 1/ nc . The diﬀerence traces back to our
use of outmodes, which fulﬁll the boundary conditions of
Maxwell’s equations. The previous equation [37] is based
on results of Ref. [69] and the simplifying assumption that
the inﬂuence of the interface is weak and that outcoupling
in the substrate and cover is the same. Furthermore, the
solution is only valid for perpendicular outgoing beams
(no θ dependence). We can reproduce this solution if we
neglect the interface in the outmode and choose a uniform
medium with refractive index nc for the out arrangement.
For θout = 0, the diﬀerence is marginal, as stated in Ref.
[37], but for other outcoupling angles and precise measurements, the expression stated in this paper should be
used.
M. Born, E. Wolf, A. B. Bhatia, P. C. Clemmow, D.
Gabor, A. R. Stokes, A. M. Taylor, P. A. Wayman, and
W. L. Wilcock, Principles of Optics: Electromagnetic Theory of Propagation, Interference and Diﬀraction of Light
(Cambridge University Press, Cambridge, 1999).
L. Novotny, Allowed and forbidden light in near-ﬁeld
optics. II. interacting dipolar particles, J. Opt. Soc. Am. A,
JOSAA 14, 105 (1997).
H. Kogelnik, in Integrated Optics, series and number Topics in Applied Physics, edited by P. T. Tamir (Springer
Berlin Heidelberg, 1975), p. 13.
N. Vigneswaran, F. Samsuri, B. Ranganathan, and P.
Padmapriya, Recent advances in nano patterning and nano
imprint lithography for biological applications, Procedia
Eng. 97, 1387 (2014).

[62] J. Leuermann, A. Fernández-Gavela, A. Torres-Cubillo,
S. Postigo, A. Sánchez-Postigo, L. M. Lechuga, R. Halir,
and Í. Molina-Fernández, Optimizing the limit of detection
of waveguide-based interferometric biosensor devices,
Sensors 19, 3671 (2019).
 kz depends on the refractive medium. The rel[63] For given β,
evant medium to consider is that from where an incident
beam comes and into which an outgoing beam propagates.
[64] For the general case, where the coupling is not weak, as
well as for details on the steps leading to Eq. (A6), we refer
the reader to Chapter 3 of Ref. [43].
[65] D. G. Hall, in Progress in Optics, edited by E. Wolf
(Elsevier, Amsterdam, 1991), Vol. 29, p. 1.
[66] C. M. de Sterke and J. E. Sipe, Ideal mode expansion for
planar optical waveguides: Application to the TM–TM coupling coeﬃcient for grating structures, J. Opt. Soc. Am. A,
JOSAA 7, 636 (1990).
[67] Note that we normalize the total power P of the beams
(in units of watts), in contrast to Ref. [43], where the
beams were assumed to have inﬁnite width in the y
direction, and normalization was to the power per unit
length in the direction transverse to the beam (with
units W/m).
[68] J. W. Goodman, Introduction to Fourier Optics (Roberts
and Company Publishers, Greenwood Village, CO, 2005).
[69] T. Tamir and S. T. Peng, Analysis and design of grating
couplers, Appl. Phys. 14, 235 (1977).
[70] R. Horvath and J. J. Ramsden, Quasi-isotropic analysis of
anisotropic thin ﬁlms on optical waveguides, Langmuir 23,
9330 (2007).
[71] N. Kovacs, D. Patko, N. Orgovan, S. Kurunczi, J. J. Ramsden, F. Vonderviszt, and R. Horvath, Optical anisotropy
of ﬂagellin layers: in situ and label-free measurement of
adsorbed protein orientation using OWLS, Anal. Chem. 85,
5382 (2013).
[72] W. Lukosz, Principles and sensitivities of integrated optical and surface plasmon sensors for direct aﬃnity sensing and immunosensing, Biosens. Bioelectron. 6, 215
(1991).

034023-24

