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Abstract

We performed simulations of Rayleigh-Benárd convection (RBC)
for very high Ra number, 109, 1012, 1013, 1014 and 1016, thus beyond
the reach of classical LES, by using an elliptic-relaxation hybrid RANS-
LES model paired with a compound wall treatment that allows much
coarser mesh resolution in the near wall region. The standard switch-
ing criterion used in the hybrid RANS-LES modeling and based on
wall distance, is modified and linked to the local turbulence proper-
ties in order to sustain the modeled turbulence production in the RBC
configuration. The presented approach successfully predicts the main
integral and mean flow features at Ra = 109 for which experimental
and LES data exists. The Nusselt number obtained is closely following
the power law correlation based on 0.307 exponent up to Ra = 1013.
For higher Ra number, the Nusselt number displays a Ra-scaling be-
haviour that is consistent with the so-called ultimate regime, where
Nu ≈ Ra1/2. Furthermore, unlike LES, the proposed method appears
to provide generally good results even when using a very coarse mesh
at high Ra number. The instantaneous three-dimensional fields gener-
ated by the hybrid model reveal interesting features of the Rayleigh-
Benárd convection at very high Ra number such as a strong correlation
between instantaneous pressure and temperature fields, a large simi-
larity of the near-wall region flow to the impinging jet, existence of
the superstructures and their tendency to cluster and localise when in-
creasing Ra number. The simulations are performed with an in-house
unstructured finite-volume code T-Flows, using second-order-accuracy
discretisation schemes for space and time.
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1 Introduction

Rayleigh-Benárd convection (RBC) Landau and Lifshitz (1987); Ahlers et al.
(2009) is the archetype of natural convection, offering much insight into tur-
bulent heat transfer mechanism. In short, two conducting plates are sepa-
rated by a fixed vertical distance and fluid convection is induced either by
a fixed inter-plate temperature gradient or by a constant heat flux at the
bottom plate. In the latter scenario the top plate is kept at constant temper-
ature. The dynamics of the flow is governed by two dimensionless parame-
ters, namely the Rayleigh number (Ra), quantifying the degree of turbulent
behaviour, and the Prandtl number (Pr), expressing molecular kinetic-to-
thermal viscous effects. Despite its conceptual simplicity and having been
the subject of intense theoretical, computational and experimental investi-
gations for many decades, RBC still represents a challenging fluid dynamics
problem. A unified and clear picture of its physics is still elusive and, in par-
ticular, heat transport properties after the onset of turbulence are far from
being understood. On the other hand, having natural convection a main
role in atmospheric flows (Hartmann et al. (2001); Stevens (2005)), ocean
dynamics (Marshall and Schott (1999); Thorpe (2004)), geological and astro-
physical phenomena (McKenzie et al. (1974); Cattaneo et al. (2003)) as well
as in several engineering contexts, such as air-circulation in buildings design
(Hunt and Linden (1999); Blocken (2014)) and metal-production processes
(Brent et al. (1988)), RBC serves as fundamental benchmark for numeri-
cal methods targeting complex buoyancy-driven flows. When it comes to
turbulent heat transport in RBC, the key quantity to focus the attention
on is the Nusselt number (Nu), defined as the dimensionless convective-
to-conductive heat transfer ratio. In particular, major efforts to correctly
predict how Nu scales as a function of Ra and Pr have been made over a
few decades. Scaling laws of the type Nu ≈ RaαPrβ were first theoretically
derived (Malkus (1954); Shraiman and Siggia (1990); Grossmann and Lohse
(2001, 2004)), numerically confirmed (Kenjereš and Hanjalić (2002); Ken-
jereš and Hanjalić (2006); Peng et al. (2006); Johnston and Doering (2009);
Stevens et al. (2011); Zhu and et al. (2018)) and finally observed in a num-
ber of experiments conducted with a great deal of precision using fluid or
gaseous helium at very low temperature by groups in Chicago (Castaing
and et al. (1989); Wu and Libchaber (1992), Grenoble Chavanne and et al.
(2001); Roche and et al. (2010)) and by the Oregon-Trieste group (Niemela
et al. (2000); Niemela and R. (2006)). In recent years, the so-called ul-
timate regime (Kraichnan (1962); Grossmann and Lohse (2000)) in which
Nu ≈ Ra1/2 asymptotically, meaning that details regarding molecular trans-
port become completely uninfluential, was observed in several experiments
(Chavanne and et al. (2001); Roche and et al. (2001)). This behaviour is
believed to be triggered by a laminar-to-turbulent transition in the RBC
boundary layers, occurring at a threshold value RaT . Though its precise
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value has not yet been universally agreed upon, it was for a long time ex-

pected to lay somewhere in between Ra = 1013 and Ra = 1014 (Grossmann 
and Lohse (2002)), a fact confirmed in some experiments carried out at 
ambient temperature (He et al. (2012)). In a recent paper by Zhu and et al. 
(2018), it was shown, by using DNS, that for two-dimensional RBC the 
transition to the ultimate regime occurs at Ra = 1013 for P r = 1 and, on 
top of that, a clear evidence for a log-type behaviour of global velocity and 
local temperature fields was provided.

Another interesting aspect of RBC dynamics is that, thanks to recent 
ad-vances in computational power, has been possible to address using DNS 
on large grids is the existence of superstructures resulting from the 
coalesce of thermal plumes (Parodi and et al. (2004), von Hardenberg et 
al. (2008), Stevens et al. (2018), Pandley et al. (2018)). These are 
extended patterns whose dimension, typically a few times the domain 
height, is directly con-nected to peaks in the turbulent excitation spectra. 
They are responsible for large-scale heat transport within RBC and, 
interestingly, they also display a tendency to cluster and localise.

As three-dimensional computation of RBC with Ra number larger than 
1012 is beyond the reach of DNS and LES, there are a few publications that 
report on computational results of RBC higher than Ra = 109. Kenjereš and 
Hanjalić (2006) reported computational results of RBC for high Ra number 
flows (up to Ra = 1016) by using transient RANS (T-RANS) and algebraic 
flux model. They also used a hybrid formulation but for Ra number up to 
109. In all computations integration up to the wall was used. In Hanjalić and 
Hrebtov (2016) ground boundary conditions for thermal convection based 
on the wall function were applied to both RBC and penetrative convection, 
again by using T-RANS. The set of wall boundary conditions, used also in 
this work, proved capable of producing reasonable results even when very 
coarse, RANS-type meshes were used. However, they reported results only 
at Ra = 109.

We have simulated three-dimensional RBC up to Ra = 1016 using an El-
liptic Relaxation Hybrid RANS-LES (ER-HRL) model. First we validated 
our method against well-resolved LES results of Peng et al. (2006) for Ra = 
109, finding a very good agreement in all the relevant mean turbulent 
quantities. Second, we corroborate the existence of the ultimate regime, with 
the tran-sition occurring at a critical RaT located in between Ra13 and Ra14. 
Though we are not able to pin-point the exact value of RaT , we do find that it 
lies within the commonly accepted interval already observed in previous 
works. Furthermore, a change in the Nusselt number exponent α is clearly 
observed that agrees well with the ultimate regime α ≈ 1/2. Finally, we 
observe the large-scale structures that are compatible with the 
superstructures already reported in Stevens et al. (2018), Pandley et al. 
(2018).

The ER-HRL method used in the study, proposed by Hadžiabdić (2006); 
Hadžiabdić and Hanjalić (2019), is based on the elliptic-relaxation k−ε−ζ−f
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model of Hanjalić et al. (2004). It is combining the best modeling practices in 
LES (dynamic Smagorinsky model) and RANS (elliptic-relaxation ap-
proach). The original model formulation is modified so that the model can 
be applied to the buoyancy-driven flow as well. In addition, the compound 
wall treatment proposed by Popovac and Hanjalić (2007) is incorporated 
making the model very robust and appealing for high Rayleigh (Reynolds) 
number flows in complex geometries where mesh resolution in the near wall 
region is difficult to control.

The manuscript is organised as follows. The next Section 2 introduces the 
ER-HRL model. In section 3 we explain at length the details of our simula-
tions, such as domain ratio, grid meshing and time discretisation. In section 
4 we first validate our method by comparing our findings at Ra = 109 to pre-
vious literature results and then move to a more thorough investigation of 
the RBC turbulent heat transport properties at higher Ra numbers. Section 
5 concludes the paper with some final remarks.

2 The turbulence model

2.1 Elliptic-Relaxation Hybrid RANS-LES model

Starting with Detached-Eddy Simulations (DES) of Spalart et al. (1997) a 
few decades ago, the popularity of the hybrid LES/RANS models has been 
increasing ever since. Theyse are emerging as the most feasible option in CFD 
for real-scale applications, especially for external flows. The hybrid strategy 
success owesowns to reliance relying on LES to resolve the important 
turbulence scales in the bulk flow, while the RANS modelling empiricism is 
applied to a relatively small wall-adjacent region. Even though the modelling 
is confined to a small portion of the domain, the choice of the RANS model is 
important for successful predictions of heat and mass transfer, as well as 
other wall-related phenomena, e.g, condensation, evaporation, cavitation, 
particle deposition, erosion, combustion, chemical reactions (Hanjalić et al.

(2015)).
The elliptic-relaxation hybrid RANS-LES (ER-HRL) model uses the k − 

ε − ζ − f (or simply the ζ − f) model of Hanjalić et al. (2004) in the RANS 
region and the dynamic Smagorinsky LES for the LES region, seam-lessly 
blended by a simple grid-sensitive function. The main new quality of the 
model is the elliptic representation of the wall blocking effect introduced by 
Durbin (1991), and originating from the impermeability constraint. The wall 
blocking effect is non-viscous and non-local, and thus difficult to model in 
terms of local flow properties. The common modelling practice is to use 
empirical damping functions in the vicinity of a solid wall to modify the tur-
bulent viscosity and account for both the viscous and nonviscous damping 
effects. As an implication of this approach, most models do not distinguish 
the viscous from the non-viscous effects which makes them fail to predict the
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flow properties whenever one of those two effects is absent or less relevant
than the other (Manceau and Hanjalić (2002)). The elliptic-relaxation, a
physically justified way to account for inviscid wall-blocking effects makes
the model particularly suited for predictions of heat and mass transfer in
wall-bounded flows where turbulence anisotropy plays a significant role. An
extra transport equation for an additional velocity scale defined as a scalar
surrogate of the wall-normal stress accounts for the wall-generated stress
anisotropy which increases receptivity of the RANS model to outer LES per-
turbations (Hadžiabdić and Hanjalić (2019)). The model uses the blending
function ensuring a fast transition between the RANS and LES regions and
reducing the so-called “gray area” around the RANS-LES interface without
any artificial remedy.

For an incompressible flow the filtered Navier-Stokes equations and en-
ergy (potential temperature) equation, U and θ respectively, read as

∂Ui
∂xi

= 0,

DUi
Dt

=
∂

∂xj

(
σij − ρu

′
iu

′
j

)
+ ρgi,

ρCp
Dθ

Dt
=

∂

∂xj

(
λ
∂θ

∂xj
− ρCpθu

′
j

)
+Q

in which σij = −pδij + µSij and ρu
′
iu

′
j = −νtSij + 2kδij/3, θu

′
j =

− νt
Prt

∂T

∂xi
in which Prt is turbulent Prandtl number set to its standard value

of 0.9. These are coupled to the following set of the ζ− f model’s equations

Dk

Dt
= Dk + Pk − αε,

Dε

Dt
= Dε +

Cε1Pk − Cε2ε
τ

,

Dζ

Dt
= Dζ + f − ζ

k
Pk,

L2∇2f − f =
1

τ

(
c1 + C ′2

Pk
ε

)(
ζ − 2

3

)
.

Here, the RANS realizability length and time scales, L and τ respectively,
are defined as follows

τ = max

[
min

(
k

ε
,

0.6√
6Cvµ|S|ζ

)
, CT

(ν
ε

)1/2
]
,

L = CLmax

[
min

(
k3/2

ε
,

k1/2

√
6Cvµ|S|ζ

)
, Cη

(
ν3

ε

)1/4
]

5



In the k-equation the energy dissipation rate ε is multiplied by the fol-
lowing blending function

αl = max

(
1,
LRANS
LLES

)
, (1)

that, similarly to DES, replaces the implicit characteristic RANS turbu-
lence length scale LRANS with the characteristic LES subgrid-scale LLES =
Lsgs = C∆(∆V )1/3 under a specified RANS-to-LES switching condition.
The effective eddy viscosity, defined by Eq.(2), is then obtained by select-
ing the larger eddy viscosity between νRANSt and νLESt . Close to wall αl
becomes equal to 1, and the model switches to URANS. Far from walls,
where αl > 1, k is reduced and νRANSt decreases until νRANSt < νLESt , when
conventional LES is resumed according to the following

νt = max
(
νRANSt , νLESt

)
. (2)

The standard ER-HRL model uses the mixing-length κy to define LRANS ,
making the switching criterion explicitly dependent on the wall distance.
This is a practice common in the hybrid RANS-LES modeling, reflecting the
need to over-bridge the demanding mesh-resolution typical of wall boundary
layers. Unlike in some other popular hybrid models like DES, LRANS serves
only to define the blending-control parameter αl in a narrow buffer region
where αl > 1, limited to just a few cells between URANS (αl = 1) and
standard LES (νt = νLESt ). However, as the bulk of the turbulent kinetic
energy in Rayleigh-Benárd convection is not produced in the wall boundary
layer, the turbulent kinetic energy modelled by RANS cannot be sustained
in the course of the simulation since the standard definition of the ER-HRL
model switches to the LES model immediately outside the narrow wall re-
gion and decreases the amount of modelled turbulence all the way down to
the SGS level. It is therefore obvious that an additional criterion, not solely
based on the wall distance, is needed to sustain the RANS component of
the hybrid model in natural convection. In addition to αl, we defined a
new grid-detecting parameter αv, based on the ratio between the turbulent
(RANS) and SGS (LES) velocity scales as follows

αv = max

(
1,
vRANS
vsgs

)
, (3)

with vRANS =
√
kζ, vsgs = Cv|Sij |∆, Sij denoting the RANS or filtered

rate of strain tensor and Cv being a model coefficient set to 0.1. Now, the
RANS model is activated whenever either αl or αv is equal to 1.

This additional velocity-scale-based parameter secures RANS contribu-
tion to the total turbulence energy whenever the SGS velocity scale becomes
larger than the RANS velocity scale. Once αl or αv become larger than 1,
the turbulent kinetic energy is reduced by the modified dissipation term,
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the RANS-modelled eddy viscosity starts decreasing towards the SGS value
which leads to an increase of the resolved turbulent kinetic energy. The
model supplies νt to the RANS or the subgrid-scale LES stress and turbu-
lent heat flux in the corresponding averaged or filtered momentum equations

τ tij −
1

3
τ tkkδij = −2νtSij , θui = − νt

Prt

∂T

∂xi
(4)

Here, a thermally perfect fluid is assumed, i.e. enthalpy depends on the 
temperature only and the buoyancy term is modelled within the Boussinesq 
approximation. Furthermore, an eddy viscosity assumption and a simple 
gradient diffusion hypothesis (SGDH) within the Reynolds analogy are made 
for the Reynolds stresses and the turbulent heat fluxes respectively.

In order to prevent numerical instabilities we limit the value of the SGS 
scale dissipation in the k equation to 0.2k3/2/∆ resembling the sub-grid scale 
dissipation in one-equation SGS model for LES. The transport equation for 
k, and other turbulent quantities, is solved for the whole domain, but k is 
used for defining νt only in the RANS region. Its value in the LES region does 
not impact the model since the dynamic Smagorinsky model defines SGS 
energy in this region.

At this point, we believe a few observations and comments might be help-
ful to the reader. A careful inspection of Eq. (3) offers an extra interpreta-
tion of the physical rationale behind this switching criterion. By comparing 
turbulent velocity fluctuations we are essentially discriminating between re-
gions of the turbulent energy landscape that are associated with different 
length-scales. Thus, there is no clear zonal separation (wall vs. bulk) in this 
switching condition, but rather a spectral and length-scale discrimination. 
Moreover, given the very nature of the hybrid method, all the relevant tur-
bulent quantities are the sum of two contributions; an LES-resolved one, and 
a RANS-modeled one. The use of the dynamic Smagorinsky SGS model in 
the LES region is beneficial for several reasons. The dynamic Smagorinsky 
model is a more reliable as a SGS model than SGS model based on modified 
RANS equations, such as DES or PITM Chaouat (2017). Furthermore, the 
dynamic Smagorinsky SGS model is more receptive to perturbations coming 
from the RANS region as discussed in Temmerman et al. (2005). Finally, 
by keeping the unchanged definition of the RANS model as long as velocity

scale ratio
vRANS
vsgs

is less than 1, the accuracy of the original k − ε− ζ − f

model is preserved.
The buoyancy effects the RANS model through the production term that

appears in the transport equations of k and ε

G = −βgiθui. (5)

where β is the volumetric thermal expansion coefficient.
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Since, as it will be briefly illustrated in the next subsection, the buoyant
production defined by the wall-function approach needs θ2 in the near-wall
cells, the following transport equation for the turbulent temperature fluctu-
ations θ2 is added

Dθ2

Dt
=Pθ − 2

ε θ2

k
+

∂

∂xj

[(
ν +

νt
σθ

)
∂θ2

∂xj

]
, (6)

in which Pθ = −2〈θuj〉 ∂θ∂xj is the gradient production of temperature
fluctuations. We remark that in the above equation it is implicitly assumed
a constant thermal-to-mechanical time scale ratio R = (θ2/εθ)/(k/ε) = 0.5
with εθ being the dissipation of turbulent temperature fluctuations.

We conclude this subsection with a table summarising the empirical co-
efficients

Cvµ Cε2 C1 C2 σk σε σζ CT CL
0.22 1.9 0.4 0.65 1 1.3 1.2 6 0.36

C ′ε1 Cη
1.4(1 + 0.012/ζ 85

Table 1: Coefficients of the ζ − f model.

2.2 The compound wall treatment

As our aim is to propose a viable modeling approach for very high Rayleigh 
number flows in different configurations, wall modelling becomes an impor-
tant issue. Here, we implemented the compound wall treatment proposed by 
Popovac and Hanjalić (2007) and upgraded by the additions for buoyancy-
driven flows proposed by Hanjalić and Hrebtov (2016). Depending on the 
near-wall mesh resolution, the model engages either a blending of the full 
wall-integration (WIN) model with the Simplified-Analytical Wall Functions 
(SAWF), or a full switching to SAWF to provide the wall boundary condi-
tions. This allows to reduce the number of cells not only in the spanwise and 
streamwise directions, as the standard hybrid approach would envisage, but 
also in the wall-normal direction. Needless to say, this is a very desirable 
feature since the condition y+ < 1 is usually very difficult to fulfill for high Ra 
and Re number flows. The Simplified Analytical Wall Function (SAWF) for 
the velocity and temperature fields, as well as their blending with the wall-

integration (WIN) ζ − f model in the hybrid RANS-LES strategy are 
summarized below.
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U+ =
1

κψ
ln(Ey+), ψ = 1−

C+
U y

+

U+κ
,

C+
U =

ν

ρu3
τ

[
ρ
∂U

∂t
+ ρU

∂U

∂x
+ ρV

∂U

∂y
+
∂P

∂x

]
,

θ+ =
1

κθψθ
ln(Eθy

+), ψθ = 1−
σθC

+
θ y

+

θ+κθ
,

C+
θ =

µ

ρuτqw

[
ρ
∂θ

∂t
+ ρU

∂θ

∂x
+ ρV

∂θ

∂y
+ Sθ

]
,

φP = φνe
−Γ + φte

−1/Γ, Γ =
0.01y+4

1 + 5y+

where subscripts ν and t denote respectively the viscous (wall-limiting)
and fully turbulent value of the variable φ(U, T ).

3 Numerical method and computational details

The computational domains consists of upper and lower wall boundaries
at different fixed temperature and periodic conditions at the lateral side
boundaries. Following the arguments of Peng et al. (2006) based on the
DNS results of Hartlep et al. (2003, 2005), we adopted 8H × 8H × H the
domain size, where H is the distance between hot and cold walls. Hartlep
et al. (2003) reported that the value of the wavelength, λmax, of large-scale
structures for Pr = 0.71 and Ra = 106 and larger, holds a constant value
of 6.3H. We performed five simulations for Ra = 109, 1012, 1013, 1014,
and 1016. We used a mesh with 120 cells in the homogeneous directions
uniformly spaced and 60 in the wall-normal direction, adding up to a total
of 864 000 cells, with the thickness of the first control volume next to the
wall being ∆zw = 9.68 · 10−3. In order to investigate the sensitivity of the
proposed model against spatial resolution we used a coarse test mesh with
30 cells in the lateral directions and 60 in the wall normal direction, yet with
a smaller near-wall stretching factor, resulting in 54000 cells in total. For
the sake of comparison, in Kerr (1996) the number of grid points for LES,
in the vertical direction only, was estimated around 3.5 · 104 for Ra = 1014.
Our mesh resolution is far from LES criterion, but would typically be used
in URANS simulations.

The computations were performed using the in-house unstructured finite-
volume code T-Flows that was developed at TU Delft (Ničeno (2001); Ničeno
and Hanjalić (2004)) and was extensively tested and validated over the years
for LES (Hadžiabdić (2006)), RANS (Palkin et al. (2018), van Reeuwijk and
Hadžiabdić (2015)) and hybrid (Temmerman et al. (2005), Delibra et al.
(2009), Delibra et al. (2010), Delibra (2011)) solution in the research of a va-
riety of turbulent flows and transport processes. T-Flows has the cell-centred
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collocated grid structure. The iterative pressure correction algorithm (SIM-
PLE) is applied for velocity-pressure coupling. The second-order central
difference scheme (CDS) is applied for the discretization of the diffusive
terms in all equations and of convective terms in the momentum equation.
The second-order TVD bounded convective scheme SMART of Gaskell and
Lau Gaskell and Lau (1988) is applied to convective terms in the transport
equations for both energy and turbulence quantities. The time integration
is performed by fully implicit second-order three-time-levels method. The
non-dimensional time step is set to ∆t∗ = t

√
βg∆T/H = 0.028 and kept

constant during the simulations. The CFL number is kept below 1 for all
computations with the typical value around 0.5. Finally, the Prandtl number
of 0.71 is used in all the simulations.

4 Results

4.1 Model verification

In this section we demonstrate the accuracy and robustness of the ER-HRL
model by presenting the results obtained on meshes of different resolutions.
We first look at the results for Ra = 109 obtained on the mesh (120×120×60)
and compare them to the LES results of Peng et al. (2006). The used
mesh is far too coarse for a well-resolved LES but y+ is still kept below
1 everywhere in the domain. Thus, in this simulation, integration up to
the wall is applied. Figure 1 shows the results for the mean temperature,
turbulent kinetic energy, temperature variance and wall-normal turbulent
heat flux. The results agree very well with the LES results of Peng et al.
(2006) where mesh of almost 4 million cells was used, roughly 4.5 times
larger than the mesh used here. The peak values of the turbulent kinetic
energy as well as the temperature variance are well captured indicating a
correct prediction of both momentum and thermal boundary layers. As it
can be seen in Fig. 1(b), the modeled part of the total turbulent kinetic
energy and the temperature variance is significant not only close to the
wall, as it is common in forced convection flows, but also in the far-wall
region. This is in agreement with our previous considerations regarding a
bulk turbulence production in RBC. The resolved part is dominant in both
k and Trms while the modeled contribution is around 34%, with the highest
values occurring close to the wall (about 40%). Contrary to k and Tθ,rms,
the turbulent heat flux relies heavily on the modeled part in the near-wall
region where the modeled contribution reaches almost 70% of the total wt,
see Fig. 1(d). The modelled wt diminishes as the wall distance increases.
After d/H becomes larger than 0.2, where d is wall distance, the turbulent
heat flux relies completely on the resolved part.

Now we look at the results for the integral Nusselt number, defined as
follows:
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(a) (b)

(c) (d)

Figure 1: Comparison of Ra = 109 hybrid simulation results with LES
of Peng et al. Peng et al. (2006), (a) Mean potential temperature, (b)
Turbulent kinetic energy, (c) Temperature invariance, (d) Turbulent heat
flux

Nu =
H

κ∆T

(
〈wt〉 − κ∂〈T 〉

∂z

)
, (7)

in which 〈wt〉 denotes resolved component of the turbulent heat flux,
κ is thermal diffusivity. The obtained integral Nusselt number is 57 for
Ra = 109 which agrees very well with the LES results reported in Peng
et al. (2006) (Nu = 58.5) as well as with the DNS Ra-scaling-behaviour
0.186Ra0.276 (Nu = 56.69) proposed in Kerr (1996). The thickness of the
thermal boundary layer, as estimated from the profile of θ2 (see Fig. 1(c)),
amounts to δT = 0.0082, very close to the one obtained using the following
formula Ahlers et al. (2009)

δT =
H

2Nu
. (8)

which predicts δT = 0.0088.
Next we asses the model performance when very coarse mesh is used not

only in the lateral directions but also in the wall-normal direction. To this
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end, we set Ra = 1012. We used an extremely coarse mesh with only 30
cells in lateral directions and 60 cells in the wall-normal direction but with
a milder stretching towards the walls. Figure 2 shows distribution of y+ in
the near-wall cells for the two meshes used for comparison. The values of
y+ for the finer mesh, used in all the other simulations, varies from 2 to 15,
see Fig. 2(a). This implies that both the wall function and integration-up-
to-wall approaches are engaged. The average y+ is around 8. On the very
coarse mesh y+ is around 40 in the majority of the near-wall cells, see Fig. 2,
meaning that the wall function approach prevails.

(a) (b)

Figure 2: Distribution of y+ in near-wall cells for Ra = 1012 for two different
mesh resolutions

In Figure 3 we compare the mean temperature and turbulent kinetic
energy obtained on two very different mesh resolutions. The mean temper-
ature, shown in Figure 3(a) is very similar for both computational meshes
while the total turbulent kinetic energy is smaller on the coarser mesh. The
modeled part of the turbulent kinetic energy is similar for the both meshes,
while the finer mesh produces a higher level of the resolved contribution as
expected, see Figure 3(b). This implies that the turbulent kinetic energy is
underresolved on the coarser mesh due to under-resolved LES component.
However, the Nusselt number computed on the coarse mesh is still reason-
ably well predicted, with some 5% lower value (Nu = 554) than the one
given by Niemela’s correlation (Nu = 583). These results are encouraging
as not only the mean flow properties are fairly well predicted even on the
coarse mesh, but the integral Nusselt number too. The robustness of the
method has important implications for application to very high Ra number
flows such as Ra = 1016 and higher, where resolving the viscous sub-layer is
not a feasible option.
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(a) (b)

Figure 3: (a) Mean temperature and (b) turbulent kinetic energy (normal-
ized by Uq =

√
g β ∆ T H) comparisons for two meshes (120 × 120 × 60 -

red line and 30× 30× 60 - black line)

4.2 Nusselt number scaling and mean turbulence quantities

As already anticipated above, the Nusselt number is a key quantity in the
understanding of heat transfer mechanism, especially in natural convection.
Over the past decades, a significant body of literature has been addressing
the issue of how Nu scales as a function of Ra and Pr, that is Nu ≈ RaαPrβ.
Nowadays, the existence of different exponents, pertaining to different heat
transport regimes, is commonly accepted. In particular, when it comes to
Ra scaling only, i.e. Nu ≈ Raα, a transition from α = 1/3 to α = 1/2
is known to occur at roughly Ra = 1013, driving the system into the so-
called ultimate regime (Kraichnan (1962), Grossmann and Lohse (2000))
where turbulent heat transport is greatly enhanced and molecular details
no longer play a role. This regime has been observed in some important key
experiments such as Chavanne and et al. (2001), Roche and et al. (2010)
but not in others (Niemela et al. (2000)).

The integral Nusselt number obtained from the performed simulations
is compared in Fig. 4 to available experimental data from Chavanne and et
al. (2001), He et al. (2012) and correlations proposed in Niemela et al. (2000)
(Nu = 0.124Ra0.309) and Chavanne and et al. (2001) (Nu = 0.02249 Ra0.375).
Furthermore, the well-known scaling Nu = Ra0.38, as extracted in He et al.
(2012) and consistent with the existence of the ultimate regime (Grossmann
and Lohse (2011)), is also shown. At lower Rayleigh number, Ra = 1012 and
1013, the Nusselt number computed using the hybrid method agrees quite
well with values predicted by the Niemela’s correlation. From Ra = 1013 on,
the linear slope changes to approximately 0.40 which is quite close to both
Chavanne’s correlations exponent, 0.375, and the well-known 0.38 derived
in Grossmann and Lohse (2011) and experimentally observed in He et al.
(2012) for Ra > 5 × 1014 (green line in Fig. 4). Moreover, the change in
the linear slope occurs at Ra = 1013 that is consistent with the onset of
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the ultimate regime, reported in literature as lying in between Ra = 1013

and Ra = 1014. The computed Nu at both Ra = 1013 and Ra = 1014 is
slightly underpredicted compared to the previous literature results because
of the critical nature of the region around Ra = 1013. However, a much
better agreement with Chavanne’s correlation is re-established at Ra = 1016

as clearly visible in Fig. 4.

Figure 4: Comparison of integral Nusselt number with experimental data 
and different correlations for several Ra numbers on a log − log scale.

As turbulence is expected to play a dominant role in determining the 
Nusselt number for high Ra number RBC, we look into the turbulent ki-netic 
energy and temperature invariance distributions in Fig. 5. As Ra number is 
increasing, the overall turbulent kinetic energy is decreasing and so does the 
temperature invariance, a trend already reported by Stevens et al. (2011). 
Although, this might seem unexpected given the high value of Ra number, 
the reason for such a decrease of the turbulent fluctuations lies in the more 
intensive mixing of momentum and energy, thus, produc-ing a smaller 
temperature difference that drives the fluid motion. At the same time, the 
thermal boundary layer becomes thinner which results in the higher 
temperature gradients at the wall and more intensive heat transfer rates. The 
well pronounced peak in the turbulent kinetic energy at Ra = 109 profiles is 
reducing as the Ra number increases, until it is almost flatten out at Ra = 
1016.

4.3 Large-scale turbulent structures

In order to gain a better insight into the heat transfer mechanism we look 
beyond the mean properties of the flow by visualising some instantaneous 
characteristic events observed in the relevant three-dimensional fields. Fig-
ure 6 shows a single thermal plume, one of the several that exist at the same
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(a) (b)

(c) (d)

Figure 5: Distribution of (a) turbulent kinetic energy and (c) temperature 
invariance for different Ra numbers. (b), (d) Close view of Trms and k near 
the top wall.

instance of time, for Ra = 109. As the plume impinges on the wall, it forms a 
pattern in the pressure and temperature fields that is strikingly similar to the 
one observed in a classical impinging jet flow. Just like in the impinging jet 
flow, the stagnation region is characterised by both high pressure and an 
intense heat transfer (clearly indicated by the low temperature values) as can 
be seen in Fig.6(a)(b). The accelerating stream of fluid (wall-jet) is formed as 
the impinging fluid deflects into the radial direction, thus causing the 
thinning of the thermal boundary layer and causing a high heat transfer

rate. In Fig. 7 we plot the instantaneous temperature contours over the tan-

gential (
√
U2
x + U2

y ) and axial velocity component fields. The figures reveal

that the high temperature region (low heat transfer) occurs at the location
where the tangential velocity is close to zero and the axial velocity increases
to its maximum value. In the work of Hadžiabdić and Hanjalić (2008) it is
reported that the local flow separation is related to the dip (local minimum)
and the second maximum in the Nusselt number profile of the impinging
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jet. The presence of the the large-scale toroidal vortex at the wall-jet-edge
shear layer is identified as the generator of the local separation responsible
for the thickening of the thermal boundary layer. We use Q criterion, as
it was done in Hadžiabdić and Hanjalić (2008), to visualize the coherent
structures in the flow. Q is defined as Q = 0.5(Sij Sij − Ωij Ωij), where
Sij is the strain rate and Ωij is the rotation rate tensor. Q can be regarded
as a measure of the magnitude of rotation relative to the strain rate. Its
positive value implies that rotation prevails over strain and vice versa. Fig-
ure 7(c) confirms the existence of very similar vortex structure as reported
in Hadžiabdić and Hanjalić (2008) implying that the same or at least a very
similar mechanism is in play here. The shape and orientation of the large
vortex structure shown in Fig. 7(c) indicate that its possible origin is in
a strong shear layer that develops at the edge of the thermal plume. An
interaction of the large scale vortex with the boundary layer has significant
impact on the heat transfer rate as it strongly influences a heat removal
capacity of the fluid.

(a) (b)

Figure 6: Thermal plumes visualized by temperature iso-surface for Ra =
109. Bottom wall is colored by (a) pressure and (b) instantaneous tem-
perature, while temperature iso-surface is colored by intensity of vertical
velocity.

As demonstrated in Fig. 6(a), the instantaneous pressure field in the
near wall region offers valuable information about the number and size of
the large scale, coherent structures that impinge on the wall. To gain more
insight into the thermal plumes and other large scale structures present in
the flow we analyze the instantaneous pressure and temperature fields at
different time instances in Fig. 8. The figures show a remarkable resem-
blance to the dominant flow structures. First, a strong correlation exists
between the high-pressure and high-temperature regions, confirming that
the main mechanism responsible for the heat transfer enhancement is the
wall impingement of the large scale structures. Second, the high pressure
region confirms the existence of the turbulent thermal superstructures, an
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(a) (b)

(c)

Figure 7: Instantaneous (a) tangential and (b) axial velocity fields in the
wall-parallel plane at z/H = 0.0008 with superimposed temperature con-
tours. (c) Large vortical structure in the wall vicinity identified by iso-
surfaces of Q parameter, Q = 0.25.

interesting and intriguing research topic reported and investigated by Par-
odi and et al. (2004), von Hardenberg et al. (2008), Pandley et al. (2018)
and Stevens et al. (2018). The origin, dynamics and evolution of the large
structures still remain elusive, though it is assumed that they are formed by
coalescing of the thermal plumes into one superstructure. The high-pressure
region consists of a single, coherent large zone and several much smaller iso-
lated zones with a quite regular semi-circular shape. While, these small
high-pressure regions are associated to individual thermal plumes that si-
multaneously and mainly independent from each other exist in the domain,
the large high-pressure region can only be produced by a thermal superstruc-
ture. In Parodi and et al. (2004), Pandley et al. (2018), and Stevens et al.
(2018) an estimate of the superstructure typical size lS was reported based
on spectral analysis at varying Ra, Pr and aspect ratio Γ. More specifically,
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lS was calculated as the inverse of the wave-vector k0 that maximized the
turbulent excitation spectrum E(k). In particular, in Stevens et al. (2018)
it was estimated that at Ra = 107, 108 and Pr = 1, lS is about 6-7 times
the domain height. This is consistent with the temperature and pressures
superstructure patterns we observe in Fig. 8. Similarly to Pandley et al.
(2018), and Stevens et al. (2018), we identify a superstructure as the re-
gion included between two global maximal areas. In our simulations Γ = 8
and from Fig. 8 we see that such a superstructure fills the available domain
almost entirely. In particular, the pressure field, especially in Fig. 8(c) ex-
hibits a clear large-scale variation over a distance that is roughly 6H. A
comparable, still slightly smaller length-scale lS ≈ 5 to 6 can be deduced
from Fig. 9, this time quite clearly in both temperature and pressure field
patterns. However, given the lack of existing experimental verification and
numerical DNS-quality evidence at this high Ra, we consider this plot as
a possible indication of the superstructure appearance rather than a strong
evidence. Interestingly, even though the superstructure size and shape oscil-
late significantly in time, its location in the computational domain appears
to be more or less fixed, as shown in Figs. 8 and 9. Though the snapshots
are taken in between fairly large time intervals (∆t∗ = 29), the actual po-
sition of the superstructure is always somewhat in the central upper part
of the domain and stretching towards the center. Why this particular flow
organization prevails is not clear. We assume that inertia of the large-scale
coherent structure is keeping it anchored to a certain location in the domain.

It is interesting to notice the existence of the small yet intense vortical
structures identified by the low-pressure circles in the instantaneous pressure
fields, very much resembling imprints typical for dust or steam devils. Dust
devils are expected to occur in a convective mixed layer characterized by
temporal variations of the bottom temperature (Ito et al. (2013)). They are
usually formed at the borders of several convective cells as a result of the
interplay between a number of vortices that are confined in a small space
of updraft region between the cells. In Fig. 8(a) a location of the single
dust devil is zoomed showing both the temperature and pressure fields.
The temperature is low in the center of the vortex while it increases in
its periphery. We succeeded to visualize these structures by taking an iso-
surface of positive value of Q criterion. Figure 10 shows dust devils in
the results for Ra = 109 and 1016. The inspection of the pressure and
temperature instantaneous fields at different time instances reveals that the
dust devils are more frequently occurring and with higher intensity for high
Ra number.

It is instructive to look at similarities and differences in Figs. 9 and 8
as they represent flows at very different Ra and, thus, transport regimes.
At Ra = 1016 augmentation of the heat transfer is obvious as the low tem-
perature regions dominate the temperature field. Furthermore, the pressure
values correlate strongly with the temperature values, as it is the case for
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Not easy to move 
a big thing 

I wonder ... if one 
did two point 
correlations to find 
out if the domain 
size is big enough, 
what would the 
outcome be?  We 
might also consider 
simulations in 
hexagonal domains 
to check the 
positioning of the 
big structure.
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(a)

(a)

t∗ = 657

(b)

t∗ = 629

(c)

t∗ = 600

Figure 8: Instantaneous temperature (left) and pressure (right) fields in the
wall-parallel plane at z/H = 0.0008 for Ra = 109.

Ra = 109. However, some profound differences are present. The high-
pressure zone changes much less in time regarding its size and shape. This
implies that the superstructure is more stable compared to the Ra = 109

case. The isolated areas of the low pressure are significantly reduced as a
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(a)

t = 2172

(b)

t = 2144

(c)

t = 2115

Figure 9: Instantaneous temperature (left) and pressure (right) fields in the
wall-parallel plane at z/H = 0.0008 for Ra = 1016.

result of a clear tendency of the high-pressure zones to cluster into a one,
larger region. The dust devil-like vortices are also present with somewhat
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(a)

(b)

Figure 10: Dust devils visualized by iso-surface of Q criterion in (a) Ra = 109

and (b) Ra = 1016. Bottom wall is colored by instantaneous temperature,
while Q iso-surface is colored by instantaneous pressure.

enhanced intensity. The temperature fields reveal that the locations of the
dust devils are at the regions of the multiple convective cells. It seems that
the total number of convective cells present in the flow is reduced as the Ra
number increases from 109 to 1016.

Finally, we check the impact of the mesh resolution on the observed flow
organisation and the dominant structures by performing the simulation of
Ra = 1016 case on the mesh that is twice as fine in the x and y directions
(240 cells), making the mesh 4 times larger, while keeping resolution in the
wall-normal direction the same. Figures 11(a), (b) show the instantaneous
temperature and pressure fields in the near wall region, in the same plain
as in Fig. 9. As expected, the finer mesh resolution results in the finer flow
structures that are now resolved and visible, especially in the temperature
field. However, the same pattern observed and described above is present
in the flow. The regions of high pressure and low temperature are approxi-
mately of the same size and shape as for the standard mesh used. The dust
devils are somewhat more populous on the finer mesh but their typical size
and shape are the same as observed on the standard mesh, see Fig. 11(c).
This confirms that the mesh resolution does not influence the main flow
dynamics described above.
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(a) (b)

(c)

Figure 11: Instantaneous temperature (left) and pressure (right) fields in
the wall-parallel plane at z/H = 0.0008 for Ra = 1016 for the double-finer
mesh resolution in the homogeneous directions.

5 Conclusions

A detailed three-dimensional information on the heat transfer and fluid flow
of the Rayleigh-Benárd convection at very high Ra number, inaccessible to
both experiments and classical LES and DNS simulations, is obtained us-
ing a hybrid RANS-LES method. The proposed hybrid model is based on
the elliptic-relaxation RANS eddy-viscosity ζ − f model, blended with the
dynamic Smagorinsky LES model. The RANS and LES are combined in
a seamless fashion, enhanced by the inclusion of a compound wall treat-
ment. This makes the model suitable for very large Ra number flows. The
RANS-LES blending is not based on a wall distance only, but it also takes
the local turbulence properties into account, therefore ensuring significant
RANS contribution throughout the flow and not only in the near-wall region.
The model was verified by comparison with the well-resolved LES results at
Ra = 109 by using both the wall integration and wall function approach. To
this aim, two different coarse meshes were employed and satisfactory results
were obtained in both cases. In particular, results for the finer grid were
found to be nearly as good as those reported in the well-resolved RBC LES
simulation, which was though performed on a much larger computational
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grid.
We used the ER-HRL to study coherent thermal and vortical structures,

their relationship to the thermal field and thermal imprint on the heated
walls. The dominant event that governs the flow and the heat transfer
dynamics is the formation and evolution of thermal plumes that generate
instabilities in the shear layer formed on their edges. The imprints of these
large structures on the walls very much resemble the classical impinging jet
flow case where a high pressure region is formed in the impingement zone
and the Nusselt number reaches maximum values. The high Nusselt num-
ber regions are located in regions of radially accelerating fluid. Another
important similarity to impinging jet flows is the presence of large toroidal
vortices close to the wall which, in the case of an impinging jet, are related
to and affected by large-scale vortices originating from the free shear layer.
These large scale structures impact the heat transfer in a similar way as
in the impinging jets by slowing down the wall-jet and reducing heat re-
moval capacity of the fluid leading to the formation of low Nusselt number
zones. The specific conclusions emerging from the above observations can
be summarized as follows:

• The proposed hybrid model is successfully validated against LES data
with a good prediction of the Nusselt number as well as distribution
of the mean temperature, turbulent heat flux and turbulent kinetic
energy. The wall-function approach is able to reproduce reasonably
well the Nusselt number even on a very coarse mesh.

• The results of the Nusselt number confirm switch to the ultimate
regime somewhere around 1013 where the effective Ra exponent in-
creases to 0.38. We obtained a ultimate exponent around 0.4.

• There is a strong correlation between the instantaneous pressure and
temperature fields. This is mainly due to the fact that the high Nusselt
number zones are located in the stagnation zones where the large-scale
coherent structures impinge on the walls.

• The impingement of the thermal plumes resemble some important fea-
tures of the classical impinging jet case such as the maximum Nusselt
number in the stagnation region and presence of the large scale vortical
structures in the wall-jet region.

• The instantaneous pressure field in the wall-parallel plane reveals ex-
istence of a superstructure in all considered cases (Ra = 109 − 1016).
The individual thermal plumes exist in parallel to the superstructure
but their number decreases with an increase of Ra number.

• The size of the observed superstructure is compatible with the previous
observations for lower Rayleigh numbers, that is lS ≈ 6H at Ra = 108.
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For Ra = 1016 we find a slightly smaller lS , which we take with a
caution given the lack of previous literature in this respect.

• There is a tendency of the superstructure to occupy certain area of the
domain and not to move much in time. As Ra number is increasing
the superstructure is more stable in terms of its size and location.

We conclude the manuscript with a few open perspectives that will be
in the focus of the future investigations. Though the numerical results re-
ported for RBC are very satisfactory, still it is a rather simple geometry.
Thus, the next step will be to apply the proposed hybrid model to the cases
with different configurations and more complex geometry such as buoyancy-
driven flows in cavities, vertical heated walls, mixed convection in different
configurations, etc. Furthermore, we believe that this method can be used
to gain some relevant physical insight on large-scale atmospheric flow phe-
nomena such as vortices and dust devils. To this end, we aim at scaling
up the Rayleigh number to typical atmospheric values, that is Ra ≥ 1017

while, at the same time, enlarging the computational domain by increasing
the aspect ratio.
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