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Delicate topology protected by rotation symmetry: Crystalline Hopf insulators and beyond
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Pontrjagin’s seminal topological classification of two-band Hamiltonians in three momentum dimensions is
hereby enriched with the inclusion of crystallographic rotational symmetry. The enrichment is attributed to a
new topological invariant which quantifies a 2π -quantized change in the Berry-Zak phase between a pair of
rotation-invariant lines in the bulk, three-dimensional Brillouin zone; because this change is reversed on the
complementary section of the Brillouin zone, we refer to this new invariant as a returning Thouless pump (RTP).
We find that the RTP is associated with anomalous values for the angular momentum of surface states, which
guarantees metallic in-gap states for open boundary conditions with sharply terminated hoppings; more generally
for arbitrarily terminated hoppings, surface states are characterized by Berry-Zak phases that are quantized to
a rational multiple of 2π . The RTP adds to the family of topological invariants (the Hopf and Chern numbers)
that are known to classify two-band Hamiltonians in Wigner-Dyson symmetry class A. Of these, the RTP and
Hopf invariants are delicate, meaning that they can be trivialized by adding a particular trivial band to either the
valence or the conduction subspace. Not all trivial band additions will nullify the RTP invariant, which allows
its generalization beyond two-band Hamiltonians to arbitrarily many bands; such generalization is a hallmark of
symmetry-protected delicate topology.
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I. INTRODUCTION

One of the central problems in topology—to determine
equivalence classes of maps between two manifolds [1–4]—
has found diverse applications in physics [5–9]. We focus
here on an application in condensed matter physics, where the
momentum (k)-dependent Bloch Hamiltonian can be viewed
as a map from the Brillouin zone (BZ) to a classifying space
of Hamiltonians [10–12]. One of the seminal results is Pontr-
jagin’s topological classification [3] of two-band, insulating
Hamiltonians [13–15] in Wigner-Dyson symmetry class A
[16] and in three momentum dimensions. [By “two-band,
insulating” we mean the Hamiltonian has a spectral gap
throughout the Brillouin zone, with a valence subspace (also
a conduction subspace) given by one linearly independent
Bloch function.] The classification is given by four quantized
invariants [17,18], three of which are Chern invariants defined
on two-dimensional subtori of the 3-torus, while the fourth
can be identified as the integer (Z) valued Hopf invariant if
the Chern class is trivial. However, Pontrjagin’s classifica-
tion has never been generalized to include crystallographic
point-group symmetries, i.e., crystalline symmetries beyond
discrete translations.
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Crystallographic point-group symmetries have had a trans-
formative role in the topological classification of band struc-
tures, rendering some topological invariants to vanish [19], as
well as introducing new topological invariants [19–25]. One
approach to characterize band topology is based on the anal-
ysis of crystalline symmetry representations of one-particle
Bloch states [26–29]. This approach led to a successful
prediction of numerous new topological materials [30–32];
however, by design, these symmetry-representation-based fil-
tering schemes do not identify topologically nontrivial band
structures that are band representations [33,34], i.e., band
structures admitting a description by a set of exponentially
localized, locally symmetric crystalline (Wannier) orbitals
[35–37], of which the Hopf insulator [13] is an example.

As was recently revealed [38,39], the presence of crys-
talline symmetry also extends the characterization of two-
band, insulating Hamiltonians with a trivial first Chern class
beyond the Z-valued Hopf invariant. In particular, if the va-
lence and the conduction bands transform differently under
rotation, additional Z-valued topological invariants can be
defined: each of them is given by a 2π -quantized difference in
Berry-Zak phase between two rotation-invariant lines (in the
Brillouin zone) separated by half a reciprocal-lattice vector,
with the Zak phase reverting to its original value over a full
reciprocal vector. By viewing two of three independent mo-
mentum coordinates as adiabatic parameters, this Zak-phase
reversion can be interpreted as an adiabatic evolution of the
electric polarization defined for a single-momentum Hamilto-
nian: a unit charge is pumped across one (or more) real-space
lattice periods within half an adiabatic cycle, and is then
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pumped back in the next half of the cycle. In analogy with the
quantized charge pumping first investigated by Thouless [40],
we call the Zak-phase reversion a returning Thouless pump
(RTP). We refer to the corresponding rotation-symmetry-
enriched topological two-band Hamiltonians as crystalline
Hopf insulators.

In this work, we classify two-band, insulating Hamil-
tonians (with a trivial Chern class) by the Hopf and the
rotation-protected RTP invariants, for all crystallographically
allowed orders of rotation: n = 2, 3, 4, and 6. We discover
that these invariants are not independent: the RTP invariants
determine the Hopf invariant modulo n, resembling in spirit
a known relation between rotation-symmetry representations
and the Chern number [19]. At the same time, the RTP
invariants characterize qualitatively distinct phases beyond
the Pontrjagin classification; as proof of principle we will
demonstrate a model that carries vanishing Chern and Hopf
invariants but nonvanishing RTP invariants.

A RTP leads to potentially measurable surface signatures
which are qualitatively unique among the known topological
insulators. Fundamentally, the RTP leads to anomalous values
for the angular momentum of all surface states that are local-
ized to a single, rotation-invariant crystalline facet. By “facet”
we mean a crystalline surface retaining two of three indepen-
dent translational symmetries of the bulk space group; by “all
surface states” we mean all surface-localized states irrespec-
tive of whether they are occupied or unoccupied by fermions;
by “anomalous” we mean that these angular-momentum val-
ues are nonidentical to the angular momentum of bulk valence
states, and also nonidentical to the angular momentum of bulk
conduction states. Such an angular-momentum anomaly is
physically manifested in two ways.

(i) For open boundaries with sharply terminated hoppings,
the anomaly implies the existence of facet-localized states
along any line in the reduced/surface Brillouin zone con-
necting a certain pair of rotation-invariant reduced momenta.
These states energetically connect the bulk valence and bulk
conduction bands in a manner that is robust against contin-
uous, gap-preserving deformations of the bulk Hamiltonian;
however, the energetic connection crucially relies on the
sharpness of the boundary condition, namely that Hamilto-
nian matrix elements are everywhere identical as in the bulk,
except for those hopping matrix elements crossing a facet;
these exceptions are set to zero. Such conditionally robust
surface states have no analog in stable [23,41,42] and fragile
[29,35–37,43] topological insulators, and are unique to deli-
cate topological insulators (a notion introduced in Ref. [38]
and elaborated below).

(ii) For a general choice of the Hamiltonian termination,
facet-localized states are characterized by Berry-Zak phases
that are quantized to a rational multiple of 2π , which is dis-
tinct from the Berry-Zak phases of bulk states in both the bulk
conduction and the bulk valence bands. How surface states can
be topologically distinct from bulk states may be rationalized
in a slab geometry with two facets: the Zak phase of top-
facet-localized states are “conjugate” to the Zak phase of the
bottom-facet-localized states, such that the totality of states
localized to both facets are topologically equivalent to the bulk
states. Colloquially, one may say that topologically “interest-
ing” bands have arisen from being physically separated across

the bulk of the slab; such a hallmark of delicate topological in-
sulators stands in stark contrast to the conventional wisdom of
energetically separating topologically interesting bands across
a bulk energy gap.

Unlike stable and fragile topology, both Hopf and RTP
invariants are delicate [38], meaning that they are not stable
under addition of a particular trivial band to either the bulk
conduction or the bulk valence subspace. Addition of any
trivial band makes the Hopf invariant ill-defined, however,
the RTP invariants remain well-defined and quantized upon
addition of trivial bands with certain angular momenta. Such
symmetry-constrained generalization of the RTP to Hamilto-
nians with an arbitrary number of bands is a distinctive feature
of symmetry-protected delicate topology, whose existence im-
proves the odds of discovering delicate topology in realistic
materials.

II. ORGANIZATION OF THE MANUSCRIPT

A. Berry dipole as origin of crystalline Hopf insulators:
Secs. III and IV

The crystalline Hopf insulator originates from a unique
semimetallic phase—characterized by a band-touching point
that acts as a rotation-symmetric, dipolar source of Berry cur-
vature. By elucidating the geometric-topological properties of
this Berry dipole in Sec. III, we can explain (in Sec. IV) why
a Berry dipole mediates a topological phase transition from a
trivial insulator to a crystalline Hopf insulator.

It is also in Sec. IV that we formalize the notion of the
returning Thouless pump (RTP) and explain why it is quan-
tized. Together with the Hopf invariant (reviewed therein), the
RTP invariant classifies two-band, insulating, tight-binding
Hamiltonians with trivial Chern class. A substantial amount of
basic band-theoretic vocabulary (including the notion of band
representations) is also reviewed in this section, to streamline
subsequent reading.

B. Models of crystalline Hopf insulators: Sec. V

Beyond its explanatory power, a Berry dipole is also a
theoretically useful strategy for inventing tight-binding mod-
els of crystalline Hopf insulators—a program carried out in
Sec. V. As proof of principle, we invent representative mod-
els of crystalline Hopf insulators for all Pn space groups1

(as summarized in Table II), illustrating how crystallographic
symmetry enriches the topological classification of two-band
Hamiltonians; in particular, we show explicitly a model with
a trivial Hopf invariant but a nontrivial RTP invariant.

C. Complete classification of crystalline
Hopf insulators: Sec. VII

The Hopf and RTP invariants are not independent but are
related modulo n, as shown in Sec. VII for all Pn space groups,
with the main result summarized in Sec. VII A. Without yet a

1A Pn space group, with n = 2, 3, 4, and 6, is a semidirect
product of a three-dimensional translational group and an order-n
rotational group.
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rigorous algebraic-topological proof, we conjecture that this
Hopf-RTP relation gives the complete classification of Pn-
symmetric, two-band insulating Hamiltonians with a trivial
Chern class.

D. Bulk-boundary correspondence: Sec. VI

We establish the boundary signatures of the bulk RTP
invariant in Sec. VI. The fundamental signature is the angular-
momentum anomaly (described briefly above); the more
physically accessible signatures are the conditionally robust
surface states as well as the anomalous values of the Zak phase
of surface bands. Our result here, combined with the boundary
signature of the bulk Hopf invariant established in Ref. [39],
completes the bulk-boundary correspondence of crystalline
Hopf insulators. Because the angular-momentum anomaly
offers one way to prove the mod-n Hopf-RTP relation, we
have chosen to present the bulk-boundary correspondence
section (Sec. VI) before the above-mentioned Hopf-RTP sec-
tion (Sec. VII). However, there is no substantial loss in
switching the order of reading, because we have found other
means to independently prove the Hopf-RTP relation.

E. Symmetry-protected delicate topology
beyond two-band Hamiltonians: Sec. VIII

We discuss the extent to which the Hopf and RTP in-
variants can be generalized beyond two-band Hamiltonians
in Sec. VIII, which naturally leads to the related notions
of delicate versus symmetry-protected delicate topology.
We re-establish a known result that the Hopf invariant is
delicate-topological and cannot be extended to (>2)-band
Hamiltonians; however, we highlight that the RTP is a
symmetry-protected delicate topological invariant that can be
extended to (>2)-band Hamiltonians, with the caveat that the
expanded Hilbert space satisfies certain symmetry constraints.

F. Multicellularity of crystalline Hopf insulators: Sec. IX

A real-space implication of a nontrivial RTP or a nontrivial
Hopf invariant is the impossibility to confine a representa-
tive Wannier orbital (of either the valence or the conduction
band) to a single primitive unit cell. This obstruction exists
despite all Wannier orbitals being exponentially localized and
locally symmetric. Such “multicellularity” is investigated in
Sec. IX for various models of crystalline Hopf insulators,
and proven more generally to be a (symmetry-protected)
delicate-topological property. Going beyond the terminology
introduced in our earlier work [38], we here refine the no-
tion of multicellularity through the introduction of grading: a
positive-integer-valued number that places a lower bound on
the number of unit cells into which representative Wannier
orbitals can be contained.

G. Topological semimetals intermediate crystalline
Hopf insulators: Sec. X

In spite of the conceptual simplicity of the Berry dipole,
it is worth remarking that such a band touching is fine-
tuned, i.e., occupying a region in the phase diagram which
is “harder to reach” than generic band touchings for Pn-

symmetric Hamiltonian. Aiming toward more naturalistic
models of delicate topology, Sec. X investigates the more
generic semimetallic phases (“generic” = requiring fewer
tuning parameters) that intermediate a trivial insulator and
a crystalline Hopf insulator. In particular, we find that the
rotation-protected delicate topological insulators, studied in
this work, are proximate to mirror-protected delicate topolog-
ical semimetals—a notion that we introduce here.

H. Material applications and outlook
of delicate topology: Sec. XI

We conclude the paper in Sec. XI, with a partial
summary of results that emphasizes the possible natural/
(meta)material/cold-atomic applications. We also present an
outlook toward future developments in delicate topology.

I. Appendices

The manuscript is supplemented by a series of Appen-
dices A–P, which mostly serve either a pedagogical purpose
or add to the rigor of discussions in the main text. The sole
exception are: Appendix A, which is a glossary of all recurring
technical symbols and abbreviations; and Appendix B that
contains a list of key terms and notions accompanied with
their brief definitions.

III. CRYSTALLINE HOPF INSULATORS FROM LIFTING
A BERRY-DIPOLE BAND DEGENERACY

One convenient strategy to realize known topological insu-
lators has been to perturb topological semimetallic phases so
as to develop an energy gap (cf. Refs. [44,45] and Chap. 8 of
Ref. [46]). We show here that crystalline Hopf insulators can
be realized by perturbing a rotation-symmetric semimetallic
phase with a band touching (at an isolated k point) that acts
as a dipolar source of Berry curvature. We present a k · p
Hamiltonian for such a Berry dipole in Sec. III A, then argue
in Sec. III B that a Berry-dipole band degeneracy mediates a
topological phase transition. We then move from k · p Hamil-
tonians to tight-binding lattice models in Sec. IV, showing that
a Berry dipole mediates a quantized change of the integer-
valued Hopf and RTP invariants.

A. Rotation-symmetric k · p model of a Berry dipole

In contrast to a Weyl point [Fig. 1(a)], the Berry curvature
integrated over a sphere enclosing the Berry dipole necessarily
vanishes. We define the Berry dipole such that the Berry flux
through a hemisphere oriented parallel to the dipole axis is
quantized to integer multiplies of 2π [Fig. 1(b)],

� =
∫

hemisphere
F · dS ∈ 2πZ, (1)

where F is the Berry curvature of the valence band and dS
is an infinitesimal surface element normal to the hemisphere.
We say that the Berry dipole is of the dth order if the absolute
value of the flux |�| through a hemisphere equals 2πd.

We further restrict our attention to rotation-symmetric
Berry dipoles, for which the dipole axis coincides with
a rotation axis of symmetry. We assume that a two-band
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(a) (b)(b)(a)

FIG. 1. Berry-curvature vector fields of (a) an isotropic Weyl
point with positive chirality, and of (b) a rotation-symmetric Berry
dipole in Eq. (3) with spin �� = −1. Both vector fields are plotted
over a sphere centered at the band-touching point.

Hamiltonian is symmetric under continuous rotations with
respect to the z axis:

Rθ h(k) R−1
θ = h(θk),

Rθ = e−iθ��/2·σz , (2)

with θk being the momentum vector obtained from k by a
counterclockwise rotation of (kx, ky) by an arbitrary angle θ ,
Rθ being the matrix representation of a rotation by angle θ ,
and �� (assumed �=0) is the integer-valued Berry-dipole spin,
in units where h̄ = 1.

To study the prospective gapped phases obtained by lifting
the Berry-dipole band degeneracy, we construct a two-band
k · p Hamiltonian that depends on a tuning parameter φ. At
φ �= 0 the two energy bands are separated by a finite gap,
which closes for φ = 0 when the bands form a Berry dipole.
A simple realization of a rotation-symmetric Berry-dipole
Hamiltonian is encoded with a spinor

ζ (k) =
(
ζ1(k)

ζ2(k)

)
=
(

(k−sgn(��) )
|��|

υ kz + iφ

)
∈ C2, (3)

with k± = kx ± iky and helicity υ ∈ {−1,+1} (cf. footnote 8
for a geometric interpretation of υ). The spinor serves as an
input for the

spinor-form Hamiltonian: h(k) = [ζ †(k)σζ (k)] · σ, (4)

with σ = (σx, σy, σz ) being the vector of Pauli matrices. We
have obtained Eq. (3) by first assuming that ζ has a multi-
variable Taylor expansion in all momentum components and
in the tuning parameter φ, then deriving (in Appendix D)
the lowest-order form for ζ such that the k·p-Hamiltonian
in Eq. (4) fulfills the symmetry condition in Eq. (2). If one
further allows for continuous deformations of the Hamiltonian
that preserve its “topology” (in a sense that will be made
increasingly precise), ζ can be simplified to the form shown
in Eq. (3).2

2We emphasize that a Hamiltonian with rotation symmetry given
by Eq. (2) can as well be constructed with the spinor

ζ (k) =
(

υ kz + iφ

(ksgn(��) )
|��|

)
, (5)

The energy-momentum dispersion of each band of the
spinor-form Hamiltonian (indexed by±) is simply the squared
norm of the spinor multiplied by ±1:3

E±(k) = ±‖ζ (k)‖2. (8)

The particular form of the Hamiltonian defined by Eqs. (3)
and (4) implies that the energy gap grows quadratically with
the kz component of momentum and with the parameter φ.
Furthermore, the Berry-dipole spin �� determines the expo-
nent of k± to be |��|, and therefore the energy gap grows with
2|��|th power of the momentum distance from the rotation
axis. In certain parts of our discussion, it will be convenient to
consider the spectrally flattened4 spinor-form Hamiltonian,

hflat (k) = 1

‖ζ (k)‖2 h(k), (10)

which is defined for all (k, φ) �= (0, 0), and for which the
spectrum is simply Eflat (k) = ±1.

We derive in Appendix E 1 for the Hamiltonian defined by
Eqs. (3) and (4) that the Berry-dipole spin �� determines the

as shown in Appendix D. Spinor-form Hamiltonians [Eq. (4)] con-
structed with spinors given by Eqs. (3) respectively (5) differ by
symmetry eigenvalues of their eigenstates. Namely, define an angular
momentum �v (�c) of the valence (conduction) eigenstate as

Rθ |uv(c)(0, 0, kz )〉 = eiθ�v(c) |uv(c)(0, 0, kz )〉. (6)

Then for the Hamiltonian defined through spinor (3) the difference
�c − �v coincides with the Berry-dipole spin ��. For the Hamil-
tonian defined though spinor (5), one instead finds the difference
�c − �v = −��. See Appendix D 2 for a more extended discussion.
The two classes of models are related by flipping the sign of their
energy bands. Throughout Sec. III we will present results for the
Hamiltonian given by the spinor (3).

3To reveal this, first recall the completeness relation for the Pauli
matrices: 1

2

∑
i∈{0,x,y,z} σ

i
αβσ

i
γ δ = δαδδβγ [47], where δ is the Kro-

necker symbol and σ 0 is the identity matrix. This is equivalent to∑
i∈{x,y,z}

σ i
αβσ

i
γ δ = 2δαδδβγ − δαβδγ δ. (7a)

Since the two-band Hamiltonian in Eq. (4) is traceless, the two
eigenvalues have the same magnitude but opposite sign: ±E .
The determinant (being the product of eigenvalues) is then found
as det h = −E 2. Simultaneously, for a Pauli-matrix Hamiltonian
h =∑i∈{x,y,z} hiσ

i, the determinant is also expressed as det h =
−∑i∈{x,y,z} h2

i . For the spinor-form Hamiltonian, hi = ζ ∗α σ
i
αβζβ ;

therefore, matching the two expressions for det h results in

E 2 =
∑

i∈{x,y,z}
ζ ∗α σ

i
αβζβζ

∗
γ σ

i
γ δζδ

(7a)= ζ ∗α ζ
∗
γ (2δαδδβγ − δαβδγ δ )ζβζδ, (7b)

where summation over repeated indices α, β, γ , δ is implied. From
the last expression, E 2 = (ζ ∗α ζα )2 follows easily, which is equivalent
to Eq. (8).

4For traceless, two-band Hamiltonians that are not of the spinor
form, the spectral flattening is instead defined as

hflat (k) = h(k)√− det[h(k)]
. (9)
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(a) (b) (c)

FIG. 2. Relation between the Hopf invariant and the linking
of preimages. (a) The Bloch sphere (S2) represents the space of
(spectrally flattened) gapped two-band Hamiltonians, with the three
axes indicating the decomposition of such Hamiltonians into Pauli
matrices: hflat = hflat (k) · σ. (b) For a Hamiltonian with trivial Hopf
invariant, and for two arbitrarily chosen points on the Bloch sphere:
hred, hblue ∈ S2 (indicated by red and blue dots), we plot their re-
spective preimages inside the Brillouin zone (black frame), i.e., the
collection of momenta k, where hflat (k) = hred and hflat (k) = hblue,
respectively. (c) shows the linked preimages for a Hamiltonian with
absolute value of the Hopf invariant |χ | = 1.

Berry flux through the upper hemisphere as5

�
(rotation-sym.

Berry dipole

) = −2π��; (13)

implying that the absolute value of the Berry-dipole spin
equals the order of the Berry dipole |��| = d.6

B. Berry dipole as a topological phase transition

While the Hamiltonian given in Eqs. (3) and (4) has been
defined for k ∈ R3, the fact that each Hamiltonian matrix
element is a low-order polynomial in k allows us to interpret
the same Hamiltonian as a small-momentum, truncated Taylor
expansion of a tight-binding Hamiltonian defined over the
Brillouin zone. Tuning φ through zero makes the energy gap
close at an isolated point k = 0, then subsequently reopens

5To derive the Berry flux for the Hamiltonian defined through the
spinor (5), observe that this spinor can be brought to the form (3) by
first flipping the order of the basis orbitals (i.e., rotating the Hilbert
space with Pauli matrix σx) and by subsequently changing the sign of
the Berry-dipole spin. The order of the basis orbitals (i.e., the rotation
of the Hilbert space) does not affect the Berry flux, and therefore

�
(Berry dipole

spinor (5)

) = 2π��. (11)

Recalling the expression for the valence and conduction angular
momenta given in footnote 2, we conclude that the Berry flux through
the upper hemisphere of both spinor-form Hamiltonians is given by

� = −2π (�c − �v ). (12)

6We note that the quantization of the Berry flux through the hemi-
sphere holds for the Hamiltonian in Eqs. (3) and (4) due to an
accidental z-mirror symmetry at the critical parameter φ = 0, which
is discussed in Sec. X A. We expect that this symmetry is broken
by terms of higher order in k that can be added to the expansion in
Eq. (3). In the presence of such higher order terms, the quantization
in Eq. (13) asymptotically holds for sufficiently small spheres sur-
rounding the nodal point.

the gap; throughout this tuning, the rotation-symmetry rep-
resentations at k = 0 are not inverted. We will find that the
parameter φ = 0 marks a critical point between two gapped
phases that are distinguished by the Hopf and Returning-
Thouless-pump topological invariants, both of which are
integers defined for the tight-binding Hamiltonian.

To demonstrate why the Berry dipole intermediates a
change in the Hopf invariant, we utilize the known, linking-
number interpretation of the Hopf invariant, that applies to
two-band Hamiltonians with trivial Chern class. (This trivial-
ity is assumed throughout the manuscript.) The Hamiltonian
can be viewed as a continuous map from the BZ 3-torus to the
Bloch 2-sphere; for a 3-toroidal k space, the Hopf invariant
equals the linking number of the preimages corresponding
to any two distinct points on the Bloch 2-sphere [2,5,15],
cf. Fig. 2. In the k · p model, this linking number is not
well-defined since the preimage manifolds are noncompact,
forming a family of infinite (and for φ �= 0 nonintersecting)
straight lines7 in R3, as illustrated representatively by two
lines in Fig. 3(a) for the case �� = 1 and υ = 1.8 [The red

7According to the correspondence S2 ≈ CP1 (the complex pro-
jective plane), points on the Bloch sphere are in one-to-one
correspondence with rays in the Hilbert space C2 [6]. Therefore, for
any two k points (k1 and k2) in the preimage of a single Bloch-sphere
point, the corresponding spinors ζ (k1) and ζ (k2), as given by the
Hamiltonian in Eq. (4), are related to each other by rescaling with a
nonzero complex number. Such rescaling keeps the ratio of the two
spinor components invariant; specifying the preimage is equivalent
to fixing a constant c ∈ C∪{∞} in ζ1(k) = cζ2(k). Plugging in the
spinor components of a first-order Berry dipole from Eq. (3) for the
case |��| = 1, one obtains kx ± i ky = c(υkz + iφ), where the sign
on the left-hand side equals −sgn(��). This may be viewed as a
straight k line (parametrized by kz), which intersects the kz = 0 plane
at point kx ± iky = icφ. Note that the inclination of the straight line,
as captured by d (kx ± iky )/dkz = cυ, is independent of the tuning
parameter φ. In addition, observe that for the critical point φ = 0
one finds the preimages to be straight lines passing through (and
crossing at) the origin, k = 0. As a consequence, each line crosses the
upper hemisphere centered at k = 0 exactly once. This observation,
combined with Eq. (3) in Ref. [15], implies that the Chern number
on the hemisphere at the critical point is ±1, in agreement with the
Berry-dipole characterization in Eq. (13).

8The geometric constellation of the preimages motivates the
adopted name helicity for the parameter υ ∈ {−1,+1}; namely: if
we extract the polar coordinate of any particular preimage line,
θ (kz ) = arg[kx (kz ) + iky(kz )] (where polar coordinate θ and the ra-
dial coordinate k are defined via kx = k cos θ and ky = k sin θ ), as
a function of kz [the dependence being emphasized by the round
brackets: “(kz )”], then

sgn

[
dθ (kz )

dkz

]
= sgn[φυ]. (14)

Pictorially, as one moves along the positive kz direction, we observe
all preimage lines to wind in the positive direction around the kz axis
when sgn[φυ] = +1 (respectively in the negative direction when
sgn[φυ] = −1), indicating a notion of handedness. [Note that these
conclusions are derived for a Hamiltonian given by Eqs. (3) and (4)
with the Berry-dipole spin fixed to �� = 1; the sign of Eq. (14) is
flipped for �� = −1.]
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FIG. 3. (a) and (b) characterize the Hamiltonian of Eqs. (3)–(4) with �� = υ = +1 and φ = −0.8; for (c) and (d), we maintain �� =
υ = +1 but change φ = +0.8. For both Hamiltonians, the corresponding momentum surfaces where the z component of hflat (k) vanishes
[hflat,z(k) = 0] form hyperboloids illustrated in (a) and (c), respectively. The coloring of the surfaces indicates the values of hflat,x and hflat,y

according to an inset in (a). The cyan and red lines indicate the momenta where the Hamiltonian hflat ∝ (1, 0, 0) and hflat ∝ (−1, 0, 0),
respectively. The gray semicircle represents a 2D radial cut given by ϕk = 0, θk ∈ [0, π ] and |k| ∈ [0,R], with spherical coordinates (|k|, θk, ϕk )
specified in the main text. The vector field of hflat (k) is illustrated over the gray semicircle in panels (b) and (d), for φ = −0.8 and +0.8,
respectively. The colored line in (b) [and also (d)] denotes momenta where the radial cut is intersected by the hyperboloid; the color scheme
follows again the legend in (a).

line is the preimage of h ∝ (1, 0, 0), and the cyan line a
preimage of h ∝ (−1, 0, 0).] Given any two distinct points on
the 2-sphere, a change in their associated linking number (as
attributed to the Berry-dipole band touching) remains well-
defined. For instance, comparing Figs. 3(a) and 3(c) (for φ <

0 and φ > 0, respectively) shows that the red and cyan lines
“pass through” each other as φ is tuned through zero, which
can be interpreted as a unit change in the linking number. The
sense of this interpretation is that no matter how we “close
off” the cyan and red lines at k infinity, their linking number
must change by unity under the “passing through.”

To diagnose a change in the Hopf invariant of the tight-
binding Hamiltonian, we look at changes in the continuum
Hopf number (of the k · p Hamiltonian), defined as an integral
of the Chern-Simons three-form:

χ cont. = − 1

4π2

∫
R3

d3kF ·A, F = ∇k ×A(k) (15)

withA(k) = 〈uv (k)|i∇kuv (k)〉 the Berry gauge connection of
the intracell wave function |uv (k)〉 (the subscript “v” stands
for “valence band”) and F (k) the corresponding Berry curva-
ture.

The continuum analog of the RTP invariant is given by the
Berry-Zak phase computed along the rotation axis:

Z cont. =
∫ ∞

−∞
Az(0, 0, kz )dkz, (16)

where Az is the z component of the Berry connection. We
refer to Eq. (16) as the continuum Zak phase. Let us clarify
that the quantity is indeed a phase, meaning it is well-defined
modulo integer multiples of 2π . This holds under the condi-
tions that the wave function is differentiable everywhere on
the kz line, and moreover coincides at kz →±∞, allowing to
“compactify” the kz line by identifying the points at infinity.

(Under these conditions, gauge transformations can at most
change the value of Z cont. by an integer multiple of 2π .9) A
stronger statement, namely that Z cont./2π is integer-valued,
follows from the Hamiltonian matrix being diagonal along the
rotation-invariant k line, according to the rotation constraint in
Eq. (2).10

Changes in the continuum Hopf number χ cont. and Zak
phase Z cont./2π across a gapless point are quantized to
integer values, assuming that the k · p Hamiltonian is a small-
momentum expansion of a tight-binding Hamiltonian. In the
next section, we will identify δχ cont. ∈ Z as the change in the
Hopf invariant of the tight-binding model, and δZ cont./2π ∈
Z as the corresponding change in the RTP invariant. Assuming
the gapless point is described by the Berry-dipole Hamiltonian
[Eqs. (3) and (4)], χ cont. and Z cont. are modified by

δχ cont. = −υ��, (17)

δZ cont. = −2πυ, (18)

as φ is tuned from negative to positive values.11 Note that
although the continuum Zak phase is defined only modulo 2π ,

9Under a gauge transformation |u(k)〉 → e−iβ(k)|u(k)〉, the Berry
connection transforms as Az → Az + ∂kzβ. If the resultant wave
function is to remain differentiable with respect to kz and periodic
over the compactified kz axis, then β/2π must be a differentiable
function of kz with

∫
(∂kzβ ) dkz/2π being an integer-valued winding

number.
10The diagonal constraint ensures the existence of a gauge where

the wave function is constant along the rotation-invariant k line, and
hence the Berry connection vanishes at each point on said line.

11In analogy with footnote 5, we argue that the change in the
continuum Hopf number over a Berry dipole given by the spinor (5)

075124-6



DELICATE TOPOLOGY PROTECTED BY ROTATION … PHYSICAL REVIEW B 106, 075124 (2022)

the change in the Zak phase across a Berry dipole (18) is well
defined modulo nothing if we require a wave function to be
smooth for all (k, φ) �= (0, 0).

Equation (18) can be directly derived after noticing that the
valence intracell wave function of the Hamiltonian in Eq. (4)
can be analytically expressed as

|uv (k)〉 = eiβ(kz )iσyζ
∗(k)/‖ζ (k)‖, (20)

with ζ given in Eq. (3) and a phase β(kz ) chosen to ensure a
smooth wave function along the compactified kz axis.12 bPlug-
ging this wave function in the definition of the continuum Zak
phase in Eq. (16) gives the change in the Zak phase according
to Eq. (18).13

The quantized jump of the Hopf number expressed in
Eq. (17) is derived generally in Appendix E 3. For the partic-
ular case of �� = 1 and υ = 1, we present here a pictorial
argument for χ cont. = ±1/2, with the sign changing across
φ = 0. We utilize Wilczek and Zee’s [5,6] correspondence of
the unit Hopf invariant with a “self-eating, rotating” skyrmion
texture for the pseudospin vector h associated with the Hamil-
tonian h(k) = h(k) · σ. By “self-eating” and “rotating,” we
mean that the skyrmion’s “worldline” forms a loop in k space,
with the skyrmion pseudospin texture (in a plane orthogonal
to the loop) rotating by 2π as k is advanced along the loop,
as illustrated in Fig. 1 of Ref. [5]. Analogously, we now argue
that χ cont. = ±1/2 for the Berry-dipole transition is associ-
ated with “half” a self-eating, rotating skyrmion: consider a
two-dimensional radial cut given by ϕk = 0, θk ∈ [0, π ] and
|k| ∈ [0,R], where (|k|, θk, ϕk) are spherical coordinates in
the k space14 and R is a large radius. The pseudospin tex-
ture on this cut forms half of a skyrmion, as h(k) covers
half of the Bloch 2-sphere when k is swept over the cut
[cf. Fig. 3(b)]. Indeed, the vectors on the edge of the cut
are mapped to the great circle of the 2-sphere with hy = 0,
while all vectors within the cut cover the hemisphere given
by hy < 0 for φ < 0, and the hemisphere given by hy > 0
for φ > 0 [cf. Fig. 3(d)]. Whether it is the hemisphere with
hy < 0 or with hy > 0 determines the sign of χ cont . = ±1/2.
The sense in which this half-skyrmion is “rotating” is illus-
trated in Figs. 3(a) and 3(c), where the hyperboloid is the

has an opposite sign than for the spinor (3), δχ cont. = υ��. Therefore
more generally for both spinors (3) and (5) this change is determined
by the difference in angular momenta between the conduction and
the valence band, defined in footnote 2:

δχ cont. = −υ(�c − �v ). (19)

The change in the continuum Zak phase given by Eq. (18) is valid
for Hamiltonians defined through both spinors (3) and (5).

12To guarantee this, we choose the phase β(kz ), which depends
smoothly on kz, such that β(−∞) = 0 and β(∞) = π .

13The Berry connection computed in the gauge specified in Eq. (20)
is Az(0, 0, kz ) = −υφ/(k2

z + φ2) − ∂kzβ(kz ) (cf. the supplementary
Sec. III of Ref. [38] for the explicit calculation), which plugged into
the definition of the continuum Zak phase in Eq. (16) gives Z cont. =
−π [1 + υ sgn(φ)]. Hence, when φ changes sign from negative to
positive, the continuum Zak phase changes according to Eq. (18).

14We specify the spherical coordinates to be kx = |k| sin θk cosϕk,
ky = |k| sin θk sin ϕk, and kz = |k| cos θk.

preimage of the Bloch-sphere equator (hz = 0): each point on
the hyperboloid is colored according to the angle θxy between
the (hx, hy )-vector and the hx axis (hx =

√
h2

x + h2
y cos θxy ),

following a color-coding scheme in the inset of Fig. 3(a). For
any point on the hyperboloid, we see that θxy changes by 2π
as we encircle the rotation axis while circumnavigating the
hyperboloid sheet at a fixed “elevation” kz. (A similar rotation
of the full skyrmion in a lattice-regularized model was shown
in Fig. 1 of Ref. [48].)

The presented results demonstrate that the Berry-dipole
transition alters the value of the topological numbers in
Eqs. (15) and (16). It is worth remarking that, per codi-
mension counting [49,50], a generic band degeneracy in a
four-dimensional momentum-parameter space for Wigner-
Dyson class A extends over one-dimensional nodal lines.
Therefore the Berry dipole, which constitutes a single gapless
point in the four-dimensional space, requires certain amount
of fine-tuned parameters. Nevertheless, as discussed in
Appendix F, the Berry dipole is a representative model for
the considered topological phase transitions, because any pro-
cess that alters the value of the Hopf invariant while keeping
the Chern class trivial can be, in a sense specified in the
Appendix, deformed into the Berry-dipolar form in Eqs. (3)
and (4). If one is interested in realizing delicate topology for
realistic Hamiltonians, it pays to explore the phase diagram
in the vicinity of the fine-tuned Berry-dipolar form of the
Hamiltonian. It turns out the vicinity contains a variety of
topological (semi)metallic phases, some of which manifest a
generalized notion of symmetry-protected delicate topology.
Such a discussion is deferred to Sec. X.

In the next section, we show how the k · p model of the
Berry dipole arises as the small-momentum expansion of a
tight-binding Hamiltonian on a lattice. Such a lattice regular-
ization makes precise the notion of “closing off” the infinite
preimage lines.

IV. FROM BERRY DIPOLES TO RTP
AND HOPF INVARIANTS

In this section, we extend the notion of the Berry dipole
from k · p models to Pn-symmetric tight-binding Hamiltoni-
ans (n ∈ {2, 3, 4, 6}), with Pn being the space group whose
order-n point group is generated by an n-fold rotation. These
tight-binding Hamiltonians will be formulated in Sec. IV A,
which also contains a pedagogical introduction to several
basic concepts in band theory that underlie the subsequent
exposition. In Sec. IV B, we define the lattice analogs of the
continuum Hopf number and Zak phase. The lattice analog
of a nontrivial continuum Zak phase will be interpreted as
a “returning” Thouless pump (RTP), by analogy with charge
pumping in one-momentum-parameter Hamiltonians. Finally,
in Sec. IV C, we discuss the changes in the Hopf and in the
RTP invariants across the possible Berry-dipole band touching
points. In particular, we show how the individual contributions
from each touching point add up for a resulting change in a
lattice invariant.

The introduced notions will be illustrated on concrete mod-
els in the subsequent Sec. V. The present discussion also
constitutes the basis for deriving the bulk-boundary corre-
spondence of these topological models (analyzed in Sec. VI)
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FIG. 4. For each of the space groups Pn (n ∈ {2, 4, 3, 6}), we
show (a) all Cn-invariant Wyckoff positions in the primitive unit
cell, and (b) all Cm-invariant momentum-lines in the Brillouin zone
(BZ), with m a nontrivial divisor of n, as well as all Cm-invariant
momentum-points in the reduced Brillouin zone (rBZ); rBZ is ob-
tained from BZ by projection in the direction of the rotation axis.

and will help us derive a constraint on the admissible values
of the Hopf and the RTP invariants (discussed in Sec. VII).

A. Pn-symmetric tight-binding Hamiltonians

We review here certain basic properties of Pn-symmetric
tight-binding Hamiltonians which form the basis for a fol-
lowing higher level discussions. Much of what is said in this
section is either well-known or exists in the literature, but we
hope that our pedagogical introduction of basic band-theoretic
vocabulary streamlines the subsequent reading. It is not im-
possible for an experienced reader to selectively read parts
of this section, or even skip this section on a first reading,
returning only when clarification is needed for certain sym-
bols or terminology.

The Hilbert space of our tight-binding Hamiltonians is
first formulated in Sec. IV A 1 as an infinite set of Wan-
nier orbitals on which the space group Pn has a certain
action. Such a Hilbert space is our first example of a “band
representation”—a fundamental notion in the topological
classification of crystalline insulators. Basic properties of
the momentum-dependent tight-binding Hamiltonian are ped-
agogically reviewed in Sec. IV A 2, with emphasis on the
angular momentum of Bloch states—the latter is an essential
concept in formulating the returning Thouless pump. Our
assumption that the tight-binding Hamiltonian has trivial first
Chern class has implications (for the space-group action on
Wannier orbitals) that are elaborated in Sec. IV A 3.

1. Pn-symmetric, tight-binding Hilbert space
and band representations

We consider a class of Pn-symmetric tight-binding Hamil-
tonian whose Hilbert space is specified by two representative
tight-binding-basis orbitals: ϕ1 and ϕ2, with ϕ1 unrelated to ϕ2

by any space-group operation.15 Modulo Bravais-lattice trans-

15Our considerations can be generalized to any G-symmetric tight-
binding Hamiltonian, with G any space group (double or not,

lations, ϕα is defined to have a positional center (or Wyckoff
position) rα = (rα,⊥, zα ).

For any point r in R3, its site-stabilizer Gr is defined as
the subgroup of the space group G that preserves r; in our
example with G = Pn, we assume Grα to be isomorphic to
the order-n-rotational point group Cn; in short, we say that rα
is a Cn-invariant Wyckoff position. All Cn-invariant Wyckoff
positions for space groups Pn, n ∈ {2, 3, 4, 6} are presented in
Fig. 4(a) as red lines, indicating that rα,⊥ are symmetry-fixed
but zα are not.

We further assume ϕα transforms under a one-dimensional
representation ei2πLα/n of Cn, for both α = 1 and 2. We refer
to Lα ∈ {0, 1, . . . , n − 1} as the on-site angular momenta.16

magnetic or not) that contains Pn as a subgroup, such that ϕ1 is
unrelated to ϕ2 by elements in G.

16Mod-n integer-valued angular momenta most directly apply to
bosonic particles, with the caveat that ‘insulating Hamiltonians’
should be interpreted more generally as single-boson Hamiltoni-
ans with a spectral gap separating the two bands. The ultracold
atomic realization of the Hopf invariant in Ref. [51] is a case in
point.

Mod-n integer-valued angular momenta also apply to three cate-
gories of single-fermion Hamiltonians.

(i) In the absence of spin-orbit coupling, the wave function at each
k factorizes into a tensor product of orbital and spin wave functions.
Assuming the spin SU(2) symmetry is not spontaneously broken by
magnetism, the spin wave function plays a trivial “spectator role” and
is removed from the Hilbert space under consideration. A “two-band
Hamiltonian” is then implicitly the restriction of a spin-dependent
Hamiltonian to its action on the orbital wave function; a conduction
band (given by a single linearly independent Bloch-type orbital wave
function) is implicitly a shorthand for an energy-degenerate conduc-
tion band (given by two linearly independent, spin-dependent Bloch
functions), and likewise for the valence band.

(ii) If the spin SU(2) symmetry is spontaneously broken down to a
subgroup H ⊂ SU(2), with H containing U(1) as a subgroup (mean-
ing one component of spin is conserved, say, Sz), then the Hilbert
space decomposes into two Sz-labelled sectors, and our “two-band
Hamiltonian” should be interpreted as a mean-field Hamiltonian
applying to either of these sectors. In each sector, one can remove the
spectator spin quantum number, such that all angular momenta are
integer-valued. For instance, a ferromagnetic, spin-U(1)-symmetric
realization of the Hopf insulator was introduced by two of the present
coauthors in Ref. [39].

(iii) If the spin SU(2) symmetry is spontaneously broken down
to H with no U(1) subgroup, then the mean-field Hamiltonian es-
sentially has a interaction-induced spin-orbit coupling, which can
be addressed in essentially the same manner as a single-particle,
non-symmetry-breaking Hamiltonian whose spin-orbit coupling has
a relativistic origin. In both cases, the spin quantum number is not a
spectator variable, and one should begin by considering half-integer-
spin representations of the site stabilizer. However, our restriction to
one-dimensional representations of the site stabilizer allow to rede-
fine the n-fold rotation operator by an overall multiplicative phase
factor, such that all eigenvalues of the redefined rotation operator are
shifted toward mod-n integer-valued angular momenta. A “two-band
Hamiltonian” is then unambiguously ‘two-band’, with the spin-orbit
coupling needing to be sufficiently strong that the bands closest to
the Fermi level are spin-split.
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(For the purpose of introducing notation used throughout the
text, Lα is an example of a mod-p quantity, p ∈ Z:

integer mod p ∈ {0, 1, . . . , p− 1}, (21a)

and we will denote a mod-p equivalence between two integer-
valued quantities by “=p”:

a =p b meaning a mod p = b mod p. (21b)

By applying all Bravais-lattice translations to the represen-
tative basis orbital ϕα , one generates an infinite set of Wannier
orbitals that forms a representation space of Pn. (We use “rep-
resentative” in the English sense of one representing many and
“representation” in the mathematical sense of group represen-
tations.) In general, the process of going from a representation
of subgroup H to a representation of a group G ⊃ H is known
mathematically as induction. In the crystallographic context
where G is a space group, an exponentially localized Wannier
orbital gives a representation of a site stabilizer H = Gr ⊂ G,
and the resultant induced representation is known as a band
representation [34–37]. Not only are band representations
relevant to the construction of tight-binding models, but also
the categorization into band representations versus nonband
representations has been viewed in many works [26–29,52]
as being synonymous to a categorization into topologically
“trivial” versus “nontrivial” band insulators. Crystalline Hopf
insulators present a counterpoint to these views by being “triv-
ial” due to their band representability, yet also nontrivial in the
more refined classification of delicate topological insulators.

Unless specified otherwise in this paper, we will only
concern ourselves with space groups G = Pn, with Wyckoff
positions r that are Cn-invariant, and with representations
(of the site-stabilizer Pnr) that are one-dimensional. Under
these assumptions, an equivalence class of band representa-
tion is fully specified by the data (L, r⊥) with L an on-site
angular momentum, and with the understanding that the z
component of r is irrelevant to the representation of Gr and
hence also irrelevant to the representation of G. Henceforth,
we will often apply the figure-of-speech of a band repre-
sentation induced from an (L, r⊥) orbital, and denote the
corresponding equivalence class by BR(L, r⊥). Two band
representations belonging in the same equivalence class are
said to be symmetry-equivalent [a formal definition is given in
Eq. (33) and footnote 19 of Sec. IV B].

In the particular case that the representative Wannier or-
bital is a tight-binding-basis orbital ϕα with on-site angular
momentum Lα and Wyckoff position rα , the induced repre-
sentation will be referred to as a basis band representation
and denoted by BBR[ϕα]. A basis band representation is a re-
fined notion17 of a band representation carrying two pieces of

17The conventional notion of band representations carries an ad-
ditional notion of equivalence which is absent in our definition of
basis band representations. This equivalence is more specifically an
isomorphism in space-group-equivariant vector bundle theory [37],
as elaborated in Sec. IX A. Under this equivalence, zα can be con-
tinuously deformed along the rotation axis, and the support of the
representative Wannier orbital can be continuously deformed from
one-site-localized to exponentially localized.

additional data: (a) the zα coordinate of the Wyckoff position,
and (b) the fact that the representative Wannier orbital ϕα is
not just exponentially localized but also compactly supported
on a single “site.” BBR[ϕα] is a member of the equivalence
class BR(Lα, rα,⊥). Data (a), despite being irrelevant to the
symmetry representation, are of paramount relevance to the
returning Thouless pump—a topological invariant unique to
delicate topological insulators.

The sum of basis band representations induced from ϕ1 and
ϕ2 defines the Hilbert space of our tight-binding Hamiltonian.

2. Pn-symmetric, k-dependent tight-binding Hamiltonian
and itinerant angular momenta

Linearly combining all Wannier orbitals of BBR[ϕα] with
weight coefficient eik·(R+rα ), where R is a Bravais-lattice vec-
tor, defines a momentum-dependent Bloch state; the two
Bloch states thus attained may be viewed as basis vectors for
a two-by-two Hamiltonian matrix h(k), as briefly reviewed
in Appendix C 1. We refer to h(k) as the k-dependent tight-
binding Hamiltonian, to be distinguished from the real-space
tight-binding Hamiltonian which acts on the infinite set of
Wannier orbitals.

Because the Wyckoff positions of ϕ1 and ϕ2 are not nec-
essarily equal (modulo lattice translations), the tight-binding
Hamiltonian is not necessarily periodic in reciprocal-lattice
translations, and instead satisfies

h(k + G) = V (G)−1h(k)V (G), (22)

with G an arbitrary reciprocal-lattice vector, and V a ma-
trix that encodes the two Wyckoff positions: [V (G)]αβ =
exp(iG · rα )δαβ [note that V (G)−1 = V (−G)]. Consequently,
the two-component (“intracell”) eigenstates of h(k) are two-
component wave functions (with ket notation |u(k)〉) that
are not necessarily periodic over the Brillouin zone; it is
advantageous to fix the boundary condition as |u(k + G)〉 =
V (−G)|u(k)〉, for subsequent computations of the Berry-Zak
phase.

The Pn symmetry constrains the Hamiltonian as

RCn h(k)R−1
Cn

= h(Cnk), (23)

with RCn a rotation matrix that is more generally defined as

RCm =
(

ei2πL1/m 0

0 ei2πL2/m

)
(24)

for 1 < m � n being any nonunit, positive divisor of n; the
diagonal elements of the rotation matrix specified by the on-
site angular momenta of the two representative basis orbitals.

An important concept that underlies the returning Thouless
pump (to be formally defined in the next section) is that
individual Bloch states can carry an angular momentum. To
elaborate, we focus on Bloch states with momenta on any
of the vertical Cm-invariant k lines in the BZ. Each such
line is denoted γ�, where the reduced momentum � is the
projection of γ� onto the 2D plane perpendicular to the ro-
tation axis. Analogously, the projection of the 3D BZ will be
referred to as the reduced BZ (rBZ). For each of the space
groups Pn, n ∈ {2, 3, 4, 6}, all rotation-invariant k lines are
presented in Fig. 4(b). Note that when m < n, the Cm-invariant
k lines form an n/m-fold multiplet (n/m-plet, in short) of
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Cn-related k lines. Therefore we will sometimes speak of the
set of rotation-inequivalent rotation-invariant k lines, which
includes only one k line per each n/m-plet.

For any k ∈ γ�, the Hamiltonian satisfies the commutation
relation:

Cm-invariant k-line γ�: [h(�, kz ),VG�
RCm ] = 0,

G� = Cm�−�. (25)

Hence, for a Hamiltonian restricted to a rotation-invariant line,
we can define an itinerant rotation matrix

R̃Cm (�) = VG�
RCm , (26)

whose two eigenvalues

ρ̃m,α (�) = exp

[
i

(
2πLα

m
+ rα,⊥ · G�

)]
:= exp

(
i
2πL̃α (�)

m

)
(27)

determine the symmetry of extended/itinerant basis Bloch
states. The eigenvalues of R̃Cm are a function of the on-site
angular momenta and Wyckoff positions, because VG�

and
RCm are both diagonal matrices with eigenvalues eirα,⊥·G� and
ei2πLα/m, respectively. The logarithm of ρ̃m,α (�) defines a
mod-m itinerant angular momentum

L̃α (�) = Lα + m
rα,⊥ · G�

2π
mod m, (28)

which sums two contributions: the first from rotating the rep-
resentative basis orbital ϕα about its positional center, and the
second from rotating the plane-wave phase factor eik·(R+rα ) in
the definition of the Bloch state. The commutation relation
Eq. (25) guarantees that the Hamiltonian matrix and the itiner-
ant rotation matrix have common eigenstates at Cm-invariant
k lines. The eigenvalue of the itinerant rotation matrix cor-
responding to the valence state of the Hamiltonian defines
the itinerant angular momentum of the valence band L̃v (�),
which at a fixed reduced momentum � coincides either with
L̃1(�) or with L̃2(�), with a possibly different choice at
different �. Defined in a similar way is the itinerant angular
momentum of the conduction band L̃c(�), which coincides
with L̃2(�) or L̃1(�), respectively.

3. Triviality of Chern class and band representability

We restrict ourselves to tight-binding insulating Hamiltoni-
ans with trivial Chern class. In three momentum dimensions,
the triviality of the Chern class means the vanishing of all
three independent first-Chern numbers, which are defined as
integrals of the Berry curvature over three independent 2D
subtori of the 3D Brillouin torus.

A theorem proven in Ref. [35] ensures that the bulk valence
band, being nondegenerate at each k and with trivial Chern
class, is a band representation; this also holds for the bulk
conduction band. It follows that our models would be missed
under classification schemes in which band representations
are deemed trivial, such as the methods of band structure
combinatorics [27], topological quantum chemistry [26], and
symmetry indicators [28].

To remind ourselves that the valence band is a band rep-
resentation, we sometimes refer to the valence band as a
valence-band representation (VBR). Note however that the
valence band is generically not a basis band representation,
even if the two are symmetry-equivalent. The inter-orbital
matrix elements of the tight-binding Hamiltonian prevent the
valence band from being continuously deformable to a basis
band representation.

B. Defining the RTP and Hopf invariants
for tight-binding Hamiltonians

We are ready to discuss the lattice analogues of the contin-
uum Hopf number and Zak phase discussed in Sec. III. The
Hopf invariant is given by an integral of the Chern-Simons
form over the three-dimensional BZ,

χ = − 1

4π2

∫
BZ

d3kF ·A, (29)

which differs from Eq. (15) in two aspects: (i) the integration
domain is changed from R3 to the BZ and (ii) the intracell
wave function |uv (k)〉, used to compute the Berry connection
and curvature, is now an eigenstate of the lattice tight-binding
Hamiltonian. The Hopf invariant takes integer values for any
two-band insulating tight-binding Hamiltonian with a trivial
Chern class; this fact has been demonstrated for k-periodic
Hamiltonians [13], and we further show in Appendix C 4 that
the same fact holds also for k-nonperiodic Hamiltonians for
which the positional centers of the tight-binding-basis orbitals
are distinct.

According to the geometric theory of polarization [53,54],
the Zak phase of the valence-band wave function [computed
over a k line with a fixed reduced momentum k⊥ = (kx, ky)] is
equal (up to a factor 2π ) to the 1D electric polarization for a
one-momentum-parameter Hamiltonian, obtained by restrict-
ing h(k) to the same k line:

P (k⊥) = 1

2π

∫ π

−π

Az(k⊥, kz )dkz. (30)

In referring to P as polarization, we have taken the liberty of
setting the electron charge e and the lattice constant to unity.
We define a topological invariant as the difference in polar-
ization �P�1�2 between two inequivalent rotation-invariant
k lines, which we label by �1 and �2. Such quantization
is guaranteed under two assumed conditions that we detail
below. The first condition [Eq. (31)] applies to the sym-
metry representations of conduction and valence states at a
rotation-invariant k line, and ensures that the valence-band
wave function along the line is induced from one and only
one basis orbital. Not only does this condition give us a corre-
spondence between each rotation-invariant k line and a basis
orbital, the same condition fixes the polarization (along said
line) to the z coordinate (modulo integer) of the corresponding
basis orbital. The second condition [Eq. (33)] imposes that
the basis orbitals corresponding to both rotation invariant lines
(�1 and �2) are identical. Both conditions sufficiently imply
that �P�1�2 is integer-valued [Eq. (35)], as we will see.

To elaborate on the first condition, suppose that at a
Cm-invariant reduced momentum �, the itinerant angular mo-
menta of the valence band L̃v (�) and of the conduction band
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L̃c(�) are distinct. In the sense that {L̃v (�)} ∩ {L̃c(�)} = ∅,
we call this a

mutually disjoint condition at �: �L̃(�) �= 0.

where �L̃(�) = L̃c(�) − L̃v (�) mod m. (31)

It follows from this condition that the tight-binding Hamil-
tonian h(k) is diagonal along the line γ� in a basis that
simultaneously diagonalizes the rotation matrix [cf. Eq. (23)].

Let us not forget that h(k)αβ is a two-by-two matrix with
row index α corresponding to a basis Bloch state that lin-
early combines the representative tight-binding-basis orbital
ϕα with all its Bravais-lattice translations [cf. Eq. (C2)]. Each
of the two basis Bloch states may be said to be purely of one
orbital character; clearly, there are only two orbital characters
in a two-band Hamiltonian. The above-positioned, italicized
statement may then be equivalently stated as following: any
Bloch energy eigenstate (with momentum k ∈ γ�) is [up to
a trivial U(1) phase] a basis Bloch state with momentum
k, and is thus purely of one orbital character. Because the
Hamiltonian is assumed to be insulating, the orbital charac-
ter is constant along any rotation-invariant k line γ�. If the
valence-band wave function along γ� is of the ϕα character,
then the polarization at � is fixed, up to an integer, to the z
coordinate of ϕα’s Wyckoff position:

γ� of ϕα character ⇒ P (�) =Pn
1 zα. (32)

We have added a superscript to =Pn
1 to remind ourselves that

the equivalence modulo integers is robust under continuous
deformations of the Hamiltonian that preserves both the bulk
energy gap and the Pn symmetry. For a derivation of the
intuitive result in Eq. (32), see Appendix G.

Let us assume that the mutually disjoint condition is sat-
isfied at a pair of rotation-invariant reduced momenta �1

and �2. Two possibilities emerge: either (a) the valence-band
wave functions along γ�1 and γ�2 are of the same orbital
character or (b) they are not. Utilizing the Greek word “isos”
meaning “equal to,” we say in case (a) that the iso-orbital
condition holds at �1 and �2. An instructive restatement of
the iso-orbital condition is that there exists a single basis band
representation BBR[ϕα] induced from a tight-binding-basis
orbital ϕα (α ∈ {1, 2}), such that the restriction of the valence
band representation VBR to γ�1 equals18 the restriction of
BBR[ϕα] to γ�1 , and likewise for γ�1 → γ�2 :19

iso-orbital condition at �1 and �2 : ∃ α ∈ {1, 2} s.t.

VBR|γ�1
= BBR[ϕα]|γ�1

and VBR|γ�2
= BBR[ϕα]|γ�2

.

(33)

18To formalize being “equal,” one may say that the projector to all
Bloch states (on the BZ line γ� at fixed reduced momentum �) are
equal for VBR and for BBR[ϕα]. Note that equality of the sum of
projectors over a k line γ� implies equality of projectors at each point
k ∈ γ� individually.

19If this equality holds at all rotation-invariant lines γ�, we say
that the valence band representation VBR is symmetry-equivalent
to the basis band representation BBR[ϕα]. In other words, both
band representations belong to the equivalent class BR(Lα, rα,⊥), cf.
Sec. IV A 1.

It follows from Eq. (32) that the polarizations at both �1 and
�2 are symmetry-fixed to zα , modulo integers. This contrasts
with case (b), where one of the two polarizations is symmetry-
fixed to z1, and the other to z2. In the absence of fine-tuning,
one expects that z1 �=1 z2, because by assumption no space-
group symmetry relates the two tight-binding-basis orbitals.20

Since our interest is to formulate an invariant difference in
polarizations, let us assume that both mutually disjoint and
iso-orbital conditions hold:

RTP invariant: �P�1�2 = P (�2) −P (�1), (34)

�P�1�2 ∈Z ⇐
{

mutually disjoint condition: Eq. (31)

iso-orbital condition: Eq. (33)
.

(35)

It is worth emphasizing that the integer-valued polarization
difference is uniquely defined, because the triviality of the
first Chern class allows to find a global smooth gauge for
the intracell wave function |uv (k)〉 (cf. Refs. [56–58] and
footnote 12 in Ref. [35]), so that the polarization P (k⊥) is
a continuous and periodic function over the rBZ.

A nonzero value of this polarization difference can be
interpreted as a returning Thouless pump (RTP) in a 2D sub-
torus of the BZ containing the lines γ�1 and γ�2 [38]. For
this interpretation, we view the Hamiltonian as having only
one momentum component kz and view the perpendicular
momentum component k⊥ as an external adiabatic parameter.
�P�1�2 �= 0 then means that a charge is pumped across
�P�1�2 number of lattice periods in the z direction, when k⊥
is advanced from �1 to �2. The assumption of a trivial first
Chern class ensures that the pumped charge is reverted back
in the second half of the adiabatic cycle. Henceforth, we refer
to the quantized polarization difference as the RTP invariant.

The RTP invariant is well-defined for any pair of “mutually
disjoint” reduced momenta that also satisfies the iso-orbital
condition (33). It turns out that a combination of symmetry
(Pn), topology (triviality of Chern class) and Hilbert-space
constraint (two-band Hamiltonian) imposes that the iso-
orbital condition holds for any mutually disjoint pair in space
groups Pn with n = 3, 4, and 6, as is proven in Appendix J.
This has implications—for the mod-n relation between the
Hopf and RTP invariants—that are discussed in Sec. VII C 2,
wherein we also discuss the exceptional case of P2.

For any Pn-symmetric two-band tight-binding Hilbert
space induced by any pair of basis orbitals on Cn-symmetric
Wyckoff positions, we have exhaustively identified all pos-
sible pairs of reduced momenta which satisfy the mutually

20Depending on the context, there may exist chemical principles
(beyond symmetry principles) that approximately enforce z1 =1 z2.
For instance, this is true of crystals containing a single atom within
each primitive unit cell, with both tight-binding-basis orbitals chosen
to be atomic orbitals. In this case, the RTP invariant, defined in the
next paragraph, is quantized even in the absence of the iso-orbital
condition. A simple model exhibiting the RTP without the iso-orbital
condition was presented in Ref. [55]. All the results derived for the
RTP invariant in the following Secs. VI and VII hold in this case as
well.
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TABLE I. Itinerant angular momenta differences L̃2(�) −
L̃1(�) mod m at all Cm-invariant reduced momenta � (value of m
given in brackets) [cf. Fig. 4(b)] for space groups Pn, n ∈ {2, 3, 4, 6},
and for basis orbitals with all possible differences in angular momen-
tum �L = L2 −L1 and with relative displacement �r⊥ = r2,⊥ −
r1,⊥ =

∑
i �r⊥,iai where ai, i = 1 and 2 are primitive lattice transla-

tion vectors. For P2 and P4 symmetries, we choose a1 = (1, 0) and
a2 = (0, 1), while for P3 and P6 symmetries, a1 =

√
3

2 (
√

3, 1) and

a2 =
√

3
2 (
√

3,−1). We omit the cases �L = 0 with �r⊥ = (0, 0),
when the itinerant angular momenta of the two bands coincide at all
�.

L̃2(�) − L̃1(�) mod m
for Cm-invariant �

Group �L �r⊥ = (�r⊥,1,�r⊥,2) �(C2) X (C2) Y (C2) M(C2)

P2 0 (0, 1/2) 0 0 1 1
(1/2, 0) 0 1 0 1

(1/2, 1/2) 0 1 1 0

1 (0,0) 1 1 1 1
(0, 1/2) 1 1 0 0

(1/2, 0) 1 0 1 0
(1/2, 1/2) 1 0 0 1

�(C3) K (C3) K ′(C3)

P3 0 (1/3, 1/3) 0 1 2
(2/3,−1/3) 0 2 1

1 (0,0) 1 1 1
(1/3, 1/3) 1 2 0

(2/3,−1/3) 1 0 2

−1 (0,0) 2 2 2
(1/3, 1/3) 2 0 1

(2/3,−1/3) 2 1 0

�(C4) X (C2) M(C4)

P4 0 (1/2, 1/2) 0 1 2

1 (0,0) 1 1 1
(1/2, 1/2) 1 0 3

2 (0,0) 2 0 2
(1/2, 1/2) 2 1 0

−1 (0,0) 3 1 3
(1/2, 1/2) 3 0 1

�(C6) K(C3) M(C2)

P6 1 (0,0) 1 1 1
2 (0,0) 2 2 0
3 (0,0) 3 0 1

−2 (0,0) 4 1 0
−1 (0,0) 5 2 1

disjoint condition [the first line in Eq. (35)]. We summa-
rize in Table I the itinerant angular momentum difference
L̃2(�) − L̃1(�) (mod m) between two basis Bloch states for
(i) all rotation-invariant lines at (ii) all space groups Pn, n ∈
{2, 3, 4, 6}, given (iii) any difference of the on-site angular
momenta, �L = L2 −L1, and (iv) any positional difference:
�r⊥ = r2,⊥ − r1,⊥ [projected to the (x, y) plane] of the two
tight-binding-basis orbitals. All these options [with the sole
exception of �L = 0,�r⊥ = (0, 0), which is not listed in the

table] exhibit at least two rotation-invariant reduced momenta
with nonzero values of L̃2(�) − L̃1(�) (mod m). These
momenta thus have nonzero itinerant angular momentum dif-
ferences between conduction and valence states �L̃(�) =
L̃c(�) − L̃v (�) (mod m) and therefore satisfy the mutually
disjoint condition.

To recapitulate, Table I tells us where (in the BZ) one might
in principle find a nontrivial RTP, given a certain tight-binding
Hilbert space. To derive the tight-binding Hamiltonian that
realizes an RTP, our strategy (elucidated in Sec. V) is to
design Berry-dipole band-touching points along any rotation-
invariant k line specified in Table I.

C. Berry dipole mediates a change in the RTP
and Hopf invariants

Both the Hopf and the RTP invariants of a lattice
tight-binding Hamiltonian can be altered across critical phase-
transition points where the conduction and valence bands
touch (as a Berry dipole) along one (or more) rotation-
invariant k line(s).

For any Berry-dipole band touching at Cm-invariant mo-
mentum kt, we assume that the tight-binding Hamiltonian
h(k) has a convergent, multivariable Taylor expansion in
(k − kt ), such that the truncated Taylor expansion is a k · p
Hamiltonian of the spinor form [cf. Eq. (4)], with spinor given
by Eq. (3) for a certain Berry-dipole spin [��(kt ) ∈ Z] and a
certain Berry-dipole helicity [υ(kt ) = ±1] that both depend
on the particular band touching kt. For this to be possible, we
additionally assume that the valence band is of a ϕ1 charac-
ter at kt —this guarantees that the valence band in the k · p
expansion is also of the first orbital character, as required
for the Hamiltonian defined through the spinor (3) [cf. foot-
note 2]. Comparison of the symmetry constraints Eq. (2) and
Eqs. (25)–(27) allows to equate (modulo m) the Berry-dipole
spin with the difference in itinerant angular momenta of the
basis Bloch states:

��(kt ) =m L̃2(�t ) − L̃1(�t ) =m �L̃(�t ), (36)

with �t the projection of kt onto the (kx, ky) plane;21 the
Berry-dipole helicity depends on details of the Hamiltonian
hopping matrix elements. The second equality follows from
the assumption that the valence band is of ϕ1 character, and
hence conduction band is of ϕ2 character, at kt.

Recall from Sec. III B that the Berry dipole results in
an integer-valued change of the continuum Hopf number
δχ cont. = −��υ according to Eq. (17). Recall that χ cont. can
be viewed as a momentum-local contribution to the Hopf
invariant—a BZ-integral of the Chern-Simons three-form.
Suppose our tight-binding Hamiltonian depends on a non-
momentum variable � ∈ R, and that for an isolated value of
� = �c, the conduction and valence bands touch as Berry
dipoles at T momenta, {kt}t=1,...,T . The net change in the Hopf

21As we show in Appendix D 5, to the lowest-in-k order, ��(kt ) of
corresponding continuum expansion is chosen to be the smallest (in
absolute value) integer that obeys this constraint.
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invariant is then obtained by summing over all kt:22

δχ =
T∑

t=1

δχ cont.(kt ), δχ cont.(kt ) = −υ(kt )��(kt ) ∈ Z.

(38)

If kt is a Cm-invariant momentum in a Pn-symmetric BZ
with m < n, then kt belongs to an n/m-plet of dipole-
band-touching momenta which are mutually related by Cn

symmetry, and δχ cont. is identical for each member of this
n/m-plet.23

Recall that a Berry-dipole band touching at kt changes also
the continuum Zak phase by δZ cont. = −2πυ according to
Eq. (18). δZ cont. can be viewed as a momentum-local contri-
bution to the RTP invariant �P�1�2 if kt is a point on either
of the rotation-invariant lines: γ�1 and γ�2 . The net change
in the RTP invariant across the critical parameter value �c is
contributed by all dipole-band-touching points within either
line:

δ�P�1�2 =
∑

kt∈γ�1

υ(kt ) −
∑

kt∈γ�2

υ(kt ). (39)

If kt belongs to a n/m-plet, then υ is identical for each member
of this multiplet.24

Let us begin from a canonical trivial phase with only
on-site energies and zero “hopping” matrix elements of the
real-space tight-binding Hamiltonian. In such a phase, both
valence and conduction bands are basis band representations,
and the Hopf and RTP invariants vanish. By tuning the Hamil-
tonian, we then transit to a different gapped phase via a
Berry-dipole critical point, with both Hopf and RTP invari-
ants simultaneously modified through Eqs. (38) and (39). One
can eliminate the Berry-dipole helicity υ(kt ) from both equa-
tions, thus expressing the Hopf invariant in terms of the RTP
invariants—this is done in Sec. VII. A phase transition involv-
ing multiple Berry dipoles can in principle leave the Hopf
invariant unchanged, while altering the RTP invariant. This
happens when the individual band-touching contributions in
Eq. (38) cancel each other.

We name insulators that are classified by both Hopf and
RTP invariants as crystalline Hopf insulators. In the next

22If the valence band is instead of a ϕ2 character, the k · p expansion
in the spinor-form Hamiltonian will be defined via the spinor given
in Eq. (5). In this case, the local contributions to the Hopf invariant
will instead be given by

δχ cont.(kt ) = υ(kt )��(kt ) (37)

(cf. footnote 11). Note that both Eqs. (38) and (37) can be formulated
with the same sign on the right-hand side if we employ the difference
�c − �v (instead of �� = �2 − �1) at kt.

23δχ cont. is identical for each member of a n/m-plet because the
Berry-connection vector A transforms as a vector under spatial
operations, Berry-curvature vector F = ∇ ×A transforms as a
pseudovector, and hence the Chern-Simons three-form F ·A trans-
forms as a pseudoscalar.

24υ is identical for each member of a n/m-plet, because A trans-
forms as a vector under spatial operations, and in particular Az

transforms as a scalar under rotations with axes parallel to z.

section we illustrate the richness of their classification by
means of explicit tight-binding models. The RTP invariant,
in contrast to the Hopf invariant, admits generalization to
more than two bands [38] as will be discussed in details in
Sec. VIII C. Therefore we adopt the name of RTP insulator to
define a two-or-more band insulator characterized by at least
one nonzero RTP invariant.

V. MODELS OF CRYSTALLINE HOPF INSULATORS

In this section, we illustrate the concept of crystalline
Hopf insulators on several explicit tight-binding models. In
Secs. V A, we present an example model for which the Hopf
invariant remains zero although the RTP invariants are non-
trivial. In Sec. V B, we introduce a model that exhibits two
phases with the same nonvanishing value of the Hopf in-
variant but which are topologically distinguished by the RTP
invariant. Based on these examples, we claim that rotational
symmetry enriches the topological classification of Hopf insu-
lators through the introduction of the RTP invariants. We also
note a relation between the Hopf and the RTP invariants that
holds in both models. This relation is formally generalized and
proven in Sec. VII. Finally, in Sec. V C, we present several
representative tight-binding models, that possess quantized
values of the Hopf and RTP invariants, in all space groups
Pn. All the presented models are summarized in Table II and
their phase diagrams are presented in Table III.

A. Hopf-less RTP insulator

We present a model that has a trivial Hopf invariant but
nontrivial RTP invariants. The existence of such a model
demonstrates that in the presence of crystalline symmetries
the topological classification of two-band Hamiltonians (with
trivial first Chern class) is not exhausted by the Hopf invariant.

One way to realize a tight-binding model with the above-
mentioned property is to start with a trivial insulator and
induce a phase transition via a pair of Berry dipoles at two
rotation-invariant points k1 ∈ γ�1 , k2 ∈ γ�2 , that lie on two
rotation-invariant lines in the BZ. For simplicity, we assume
that both γ� j ( j = 1 and 2) are invariant (modulo lattice
translations) under n-fold rotation, with n the order of the
maximal point group of Pn. The changes in the Hopf invariant
attributed to the two Berry dipoles are chosen to cancel each
other: δχ (k1) = −δχ (k2). The model can nonetheless ac-
quire a nonzero RTP invariant �P�1�2 , if the corresponding
changes in polarization at these points have opposite signs,
δP (�1) = −δP (�2).

With the RTP-protecting symmetry chosen to be a fourfold
rotation C4z, represented by RC4z = diag(1, i), a model with
the required characteristics is achieved by the Hamiltonian

h(k) = [ζ †(k)σζ (k)] · σ, ζ (k) = (ζ1, ζ2)�,

ζ1(k) = sin kx − i sin ky, (40)

ζ2(k) = sin kz + i �[�+ cos kz(cos kx + cos ky)],

with σ = (σx, σy, σz ) a vector of the Pauli matrices and � ∈
R a tuning parameter. The model is defined on a tetragonal
lattice in r = (x, y, z) space, and we rescale the dimensionless
lattice constants/periods in both the vertical and the in-plane
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TABLE II. Glossary of representative Hamiltonians of crystalline Hopf insulators. The model Hamiltonians, with the indicated space group
symmetry Pn and basis orbitals ϕ1,2 characterized by their angular momentum difference �L = L2 −L1 and real-space position difference
�r = (�r⊥, 0), �r⊥ = r1,⊥ − r2,⊥, are of the form h(k) = [ζ †(k)σζ (k)] · σ with the spinor components ζ (k) = (ζ1(k), ζ2(k))� listed in the
table. Notations in the table: t (a) = √

3(sin(πa/3),− cos(πa/3))�, k⊥ = (kx, ky )�. The Hopf-less model of Sec. V A is not included in the
table, while the MRW model of Sec. V B corresponds to the second listed model.

SG �L �r⊥ ζ1(k) ζ2(k)

P4 0 ( 1
2 ,

1
2 ) ei

kx+ky
2 [cos kx

2 cos ky

2 + i sin kx
2 sin ky

2 sin kx+ky

2 sin kx−ky

2 ] ei
kx+ky

2 [sin kz + i(
∑

i=x,y,z cos ki +�)]

1 (0,0) sin kx − i sin ky sin kz + i(
∑

i=x,y,z cos ki +�)

( 1
2 ,

1
2 ) ei

kx+ky
2 [sin kx+ky

2 + i sin kx−ky

2 ] ei
kx+ky

2 [sin kz + i(
∑

i=x,y,z cos ki +�)]

2 (0,0) sin kx+ky

2 sin kx−ky

2 + i sin kx sin ky sin kz + i(
∑

i=x,y,z cos ki +�)

P3 0 ( 1
3 ,

1
3 ) 1 + 2 exp {−i 3

2 kx} cos{
√

3
2 ky} e−ikx [sin kz + i(

∑3
a=1

√
3 sin{t (2a) · k⊥} + 9

2 cos kz +�)]

1 (0,0)
∑3

a=1 e−ia 2π
3 exp {it (2a) · k⊥} sin kz + i(

∑3
a=1

√
3 sin{t (2a) · k⊥} + 9

4 cos kz +�)

P6 1 or 2 (0,0)
∑6

a=1 e−i�La π
3 exp {it (a) · k⊥} sin kz + i(

∑6
a=1 cos{t (a) · k⊥} + 4 cos kz +�)

3 (0,0)
∑6

a=1 eiπa[exp {it (a) · k⊥} − i exp {i√3t (a + 1
2 ) · k⊥}] as for �L = 1 and 2

direction to 1, such that the first Brillouin zone is given by
|kx,y,z| � π . The presented model has a pair of basis orbitals
{ϕ j} j=1,2 placed along a rotational axis passing through the
center of the unit cell, which transform under rotations like a
spinless s and p+ = px + ipy orbital (i.e., they carry angular
momenta L1 = 0 and L2 = 1, respectively).

Owing to the trivial value of the Chern number on all sub-
planes of the BZ, the eigenstates of the Hamiltonian (40) can
be expressed as periodic and analytic functions of k over the
Brillouin torus. We adopt the gauge in which the valence (con-
duction) eigenstates are given by |uv〉 = iσyζ

∗/‖ζ‖ (|uc〉 =
ζ/‖ζ‖), with ζ (k) an analytic and periodic function specified
in Eq. (40). One easily verifies that the valence and conduction
wave functions along each rotation-invariant line transform
under rotation with itinerant angular momenta L̃v = 0 respec-
tively L̃c = 1, implying that the mutually disjoint condition
is fulfilled. The RTP invariants are the polarization differ-
ences between pairs of C4z-invariant reduced momenta � =
(0, 0) and M = (π, π ) and C2z-invariant reduced momentum
X = (π, 0), (0, π ). All possible pairwise differences in po-
larization can be expressed as a linear combination of two
independent ones: �P�X and �P�M .

To verify that the Hamiltonian indeed enters the phase
with zero Hopf invariant but nontrivial RTP, we analyze in
detail the phase transition at �c = −2. For large negative pa-
rameter values � →−∞, the valence band is k-independent
and the Hopf invariant and the differences in polarization
are all zero. Increasing � to −2, the gap closes simultane-
ously at two BZ points (�, 0) and (M, π ). Expanding the
Hamiltonian in Eq. (40) around (�, 0) [respectively (M, π )],
to quadratic order in φ = �−�c and in κ = k − (�, 0) [re-
spectively κ = k − (M, π )], we get ζ (κ) = (κ−, κz − 2iφ)�
[respectively ζ (κ) = (−κ−,−κz − 2iφ)�]. These spinor func-
tions are topologically equivalent to the form in Eq. (3)
with �� = 1 and υ = −1 [respectively υ = +1]. According
to Eqs. (17) and (38), the Hopf invariant does not change
through this phase transition while from Eq. (18), the polar-
ization exhibits a positive (respectively negative) unit jump at

� (respectively M). This produces two nonzero topological
invariants �P�X = −1 and �P�M = −2, as governed by
Eq. (39).

Upon further increasing �, the model defined by Eq. (40)
exhibits two more phase transitions (namely at parameter val-
ues � ∈ {0,+2}), and eventually returns to the trivial phase,
as summarized by the phase diagram in Fig. 5(a). To illustrate
the quantization of the RTP invariants we plot in Fig. 5(b)
the electric polarization of the valence band [Eq. (30)] as a
function of rBZ momentum on a path connecting rotation-
invariant momenta �, M, and X for a representative parameter
value in each topological phase.

Γ Γ Γ ΓX M X M

-3 -1 31 Φ

0 -1 2 -1 0

0 1 0 -1 0
0 1 -1 0 0

χ

-2 0 2 Φ

0 0 0 0

0 -2 2 0
0 -1 1 0

(a)

(b)

(c)

(d)

Δ ΓX

Δ ΓM

FIG. 5. Phase diagram (a) of the model with zero Hopf invariant
[defined in Eq. (40)] and (c) of the Moore-Ran-Wen (MRW) model
[described by Eq. (41)]. Both models belong to space group P4, with
L1 = 0 and L2 = 1 orbitals set along the same C4 rotation axis. The
three rows corresponds to the values of the Hopf invariant (χ ) and
of two quantized polarization differences between points � and X
(�P�X ) respectively between � and M (�P�M ) in the reduced
Brillouin zone. [(b) and (d)] For each phase in the phase diagram
(a) respectively (c), the z component of the polarization as a function
of momentum along path �XM� is shown for a representative value
of the parameter �.
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TABLE III. Summary of the Hopf-RTP relation [cf. Eq. (68)] and bulk-boundary correspondence [cf. Eqs. (59), (61), and (63)] for the
tight-binding models presented in Table II. The MRW model corresponds to the second listed model. The column “Phase diagram” specifies
the values of the Hopf and RTP invariants in each phase of the given tight-binding models, specified by the values of the model parameter �.
The column “Loop” lists all k loops going through at least one pair of rotation-invariant momenta for which the RTP invariant is nontrivial and
a Zak-phase anomaly exists. The bulk Zak phases are given in columns “Zv” and “Zc”; the faceted Zak phase is given in the column “Z f (�)”
as a function of the parameter �.

ecnednopserrocyradnuob-kluBnoitalerPTR-fpoHyrtemmysledoM

SG � �r Hopf-RTP relation Phase diagram Loop v c f (�)

P4 0 (1/2,1/2) χ �4 2� XM
χ

-1 31

0 -2 2 0
0 1 -1 0

Φ

Δ XM
�M(� � G1)X �(1) 0 0

-1 31

0 0π π

Φ
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aG1 = (2π ; 0) is one of the reciprocal lattice vectors in the reduced BZ.

B. RTP invariant distinguishes between insulators
with the same Hopf invariant

We now consider the possibility that the RTP invariant
distinguishes two topological insulators with the same and
nontrivial value of the Hopf invariant. For this purpose, we
re-examine the role of symmetries of the canonical Moore-
Ran-Wen (MRW) model of the Hopf insulator [13],

h(k) = [ζ †(k)σζ (k)] · σ, ζ (k) = (ζ1, ζ2)�,

ζ1(k) = sin kx − i sin ky,

ζ2(k) = sin kz + i

( ∑
i=x,y,z

cos ki +�

)
. (41)

The tight-binding basis vectors coincide with those of the
previous model in Sec. V A, hence the MRW model is clas-
sified by the same topological invariants �P�X and �P�M

in addition to the Hopf invariant χ .

By applying Eqs. (17) and (38) to the phase transitions ex-
hibited by the MRW model at � ∈ {−3,−1, 1, 3}, we get the
phase diagram given in Fig. 5(c); the polarization as a function
of rBZ momentum for all representative parameter values is
numerically plotted in Fig. 5(d). We observe that two phases
with −3 < � < −1, respectively 1 < � < 3, have the same
value of the Hopf invariant χ = −1. However, the two phases
are distinguished by the RTP invariants, i.e., it is impossible
to deform one phase into the other without closing the energy
gap or breaking P4 symmetry.

In addition to refining the topological classification, the
RTP invariant also explains the existence of mid-gap surface
states at open boundaries with sharply terminated hoppings,
as elaborated in Sec. VI B. Such surface states were first
numerically observed in Ref. [13]; however, since the crys-
talline symmetries and the RTP invariants of the model have
previously not been analyzed, the appearance of these surface
states lacked explanation. We are proposing in Sec. VI B,
that the RTP invariants not only guarantee that surface states
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interpolate across the bulk gap for sharply terminated bound-
aries, but also put some restrictions on the shape-topology of
the Fermi surface (of surface states) over the rBZ.

From the colored panels in Figs. 5(a) and 5(c), one can de-
duce a pattern among the Hopf and RTP invariants that holds
for both Hopfless and MRW models [cf. Eqs. (40) respectively
(41)]:

χ =4 2�P�X +�P�M . (42)

This Hopf-RTP relation can be rationalized by noticing that
all phase transitions in both models occur via Berry dipoles at
rotation-invariant momenta; each Berry dipole is responsible
for an increment to the Hopf and RTP invariants given by
Eqs. (17) and (18). This suggests a more general Hopf-RTP
relation that depends on the itinerant-angular-momentum dif-
ference between the valence and conduction bands, which
reduces to Eq. (42) in the case when the itinerant-angular-
momentum difference is unity. This general relation is derived
in Sec. VII for all space groups Pn and all possible combina-
tions of tight-binding-basis orbitals. We will further reveal in
that section that the Hopf-RTP relation holds whether or not
the band-topology-altering band touchings are of the Berry-
dipolar form.

C. Representative models of crystalline Hopf
insulators in all Pn space groups

Adopting the tight-binding Hilbert spaces described in
Sec. IV A, we will construct tight-binding Hamiltonians in
the spinor form given by Eq. (4) with different choices of the
spinor functions ζ (k,�). All the constructed Hamiltonians
below have a trivial first Chern class and a valence band
representation which is symmetry-equivalent to25 to a basis
band representation, i.e., a band representation induced from
either of the tight-binding-basis orbitals.

As shown in Appendix D 1, the rotation-symmetry condi-
tion in Eq. (23) is equivalent to the following condition on the
spinor function:

RCn (k)ζ (k) = eiβ(k)ζ (Cnk), (43)

with β(k) being an arbitrary phase factor. To construct a
Hamiltonian that transforms under reciprocal lattice transla-
tions according to Eq. (22), it is sufficient26 to choose each
spinor component to transform as

ζ j (k + G) = e−iG·r jζ j (k) (44)

for both j = 1 and 2.
To find model Hamiltonians that realize nontrivial RTP

and Hopf invariants, we look for spinor functions that vanish
[ζ (k0,�0) = (0, 0)�] at a rotation-invariant point k0 at an
isolated parameter value �0; in the vicinity of k0, we want

25Symmetry-equivalent to, but not continuously deformable to; cf.
end of Secs. IV A 1 and IV A 3 for the definition of these two distinct
notions.

26To see this, we use completeness of the Pauli matrices (7a) to
rewrite the spinor form Hamiltonian (4) as hαβ (k) = 2ζα (k)∗ζβ (k) −
δαβ |ζ |2. Taking into account Eq. (44) we see that this Hamiltonian
transforms under reciprocal lattice translation according to Eq. (22).

the effective k · p Hamiltonian to have the Berry-dipolar form
given by Eq. (3). We can then claim with certainty that after
reopening the gap the values of the Hopf and the RTP invari-
ants will change according to Eqs. (17) and (18).

In Table II, we list representative spinors for several
choices of the space group symmetry Pn and of the basis
orbitals, the latter specified by the difference in on-site an-
gular momenta �L = L2 −L1 and in the positional centers
�r⊥ = r2,⊥ − r1,⊥.

A few comments are in order.
(i) A tight-binding Hamiltonian with a fixed value for �L

and �r⊥ is compatible with multiple choices of the basis or-
bitals whose on-site angular momenta and Wyckoff positions
differ by �L and �r⊥ respectively, as long as both Wyckoff
positions are Cn-invariant. However, in deriving the specific
forms for the spinor ζ in Table II, we have assumed that
the tight-binding-basis orbital ϕ1 has trivial on-site angular
momentum L1 = 0 and a Cn-invariant Wyckoff position with
reduced coordinate r1,⊥ = (0, 0).27

(ii) Table II does not explicitly present P2-symmetric mod-
els. However, a representative P2-symmetric model can be
obtained simply by perturbatively lowering the symmetry of
the explicitly given P4-symmetric models, e.g., by applying
a small uniaxial compression in one of the directions per-
pendicular to the rotation axis, while maintaining the bulk
energy gap. (iii) In Table II, we have listed only models with
positive values for the difference in on-site angular momenta:
�L � 0 for a given difference in Wyckoff position �r⊥.
Model Hamiltonians with the same �r⊥ but with negative �L
can be obtained from the tabulated model Hamiltonians by
applying complex conjugation composed with the inversion
k →−k:

h−�L(k) = h∗�L(−k). (45)

h−�L and h�L can be viewed as two Hamiltonians related
by time reversal, which inverts angular momenta while pre-
serving real-spatial positions.28 Because time reversal also
inverts the Berry-curvature vector, the polarization and the
Hopf invariant of a pair of time-reversal-related Hamiltonians

27r1,⊥ = (0, 0) implies that ζ1 is periodic in reciprocal-vector trans-
lations orthogonal to the kz axis, according to Eq. (44). In the
presented models the reciprocal lattice vectors in (kx, ky ) plane are
G1,⊥ = (1, 0), G2,⊥ = (0, 1) in the case of P2 and P4 space groups
and G1,⊥ = 2π

3 (1,
√

3), G2,⊥ = 2π
3 (1,−√3) in the case of P3 and P6

space groups.
28A two-band Hamiltonian h�L(k) is expressed in the basis of

orbitals ϕ1,2. Adopting the complex-conjugate orbitals ϕ∗1,2, the time-
reversal operator [understood as a linear map from the Hilbert
space spanned by orbitals (ϕ1, ϕ2) to the Hilbert space spanned
by (ϕ∗1 , ϕ

∗
2 )] is represented as complex conjugation; therefore, the

time-reversal-related Hamiltonian is h�
�L(k) = h∗�L(−k). Addition-

ally, time-reversal flips the on-site angular momenta but preserves the
real-space coordinates: if the basis vectors ϕ1,2 are characterized by
the onsite angular momenta difference �L and position difference
�r, then ϕ∗1,2 are characterized by −�L and �r. In other words,
it must be that h�

�L(k) = h−�L(k). The sought Eq. (45) follows by
combining the previous two. A more formal discussion is included
as Appendix K.
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are related as

P (�; h�L) = P (−�; h−�L), χ [h�L] = −χ [h−�L].
(46)

VI. BULK-BOUNDARY CORRESPONDENCE OF RTP

The key notion that underlies the bulk-boundary corre-
spondence of RTP insulators is that of an angular-momentum
anomaly associated with a rotation-symmetric boundary—
roughly speaking, this means the itinerant angular momentum
values of surface states are nonidentical to the itinerant an-
gular momentum values of bulk-conduction states, as well
as of bulk-valence states. This anomaly of the surface states
derives from a nontrivial RTP invariant in the bulk, as proven
in Sec. VI A.

The surface states having anomalous values of itinerant
angular momenta has two implications that we explore sub-
sequently. First, in Sec. VI B, we show that, in the presence
of an open boundary with sharply terminated hoppings, the
surface-state energies necessarily interpolate across the bulk
gap to connect the bulk-valence and bulk-conduction bands,
ensuring that there are gapless excitations no matter where the
Fermi level is positioned within the bulk energy gap.

When the boundary is not sharp, this interpolation across
the bulk energy gap is not guaranteed by a nontrivial RTP
invariant. Nevertheless, Sec. VI C shows that a more general
topological feature survives that is encoded not in the energy
dispersion but rather in the wave function of surface-localized
states. Namely, the Berry-Zak phase of surface states along a
certain symmetrically chosen loop in the rBZ is quantized to
rational multiples of 2π , and moreover these quantized values
for the Berry-Zak phase are nonidentical to the Berry-Zak
phase of bulk-conduction Bloch states (also nonidentical to
the Berry-Zak phase of bulk-valence Bloch states) along an
equivalent loop in the bulk BZ. We call this a Zak-phase
anomaly.

A. Angular-momentum anomaly

Here, we formulate the angular-momentum anomaly for a
two-band, Pn-symmetric, insulating Hamiltonian with trivial
Chern class. Firstly in Sec. VI A 1, a sketchy formulation
is given to quickly convey the essence of the anomaly.
The admitted vagueness in Sec. VI A 1 will be dispelled
Sec. VI A 2 by a detailed exposition of the projected position
operator, conjoined with a case study of the P4-symmetric
Moore-Ran-Wen model. Much of this section will rely
on model-dependent, pictorial illustrations; a more formal,
model-independent proof is deferred to Appendix L.

1. Angular-momentum anomaly: Sketchy introduction

By assumption, there exists a pair of rotation-invariant
reduced momenta, labeled � and �, where both mutually
disjoint and iso-orbital conditions are fulfilled [cf. Eq. (35)].
This implies that the difference in polarization between �

and � is quantized to integer values. For convenience, the
labels for the reduced momenta are chosen such that the RTP
invariant �P�� [defined in Eq. (34)] is positive.

Our goal is to elucidate what implications this bulk invari-
ant has for a pn-symmetric facet, with the pn plane group being

a subgroup (of the 3D space group Pn) that is generated by Cn

rotation as well as translations in the directions perpendicular
to the rotation axis. For concreteness, we consider a RTP
insulator on a semi-infinite geometry defined for z > 0, with
the z axis coinciding with the rotation axis; the boundary at
z = 0 forms a “bottom” pn-symmetric facet.

The angular-momentum anomaly is a property of the itiner-
ant angular momenta of the Hilbert space associated with this
semi-infinite geometry. Roughly speaking, a nontrivial RTP
invariant guarantees that certain minimal number of bands of
states localized to the surface have itinerant angular momenta
that are distinct from those of the bulk bands; this minimal
number of “anomalous” bands is nothing more than the abso-
lute value of the RTP invariant itself.

To characterize what exactly makes an anomalous band
distinct from a bulk band, we will need to define four num-
bers that count Bloch states with certain itinerant angular
momenta. Firstly, let us define � f L̃v (�) as the number of
(linearly independent) rotation-invariant Bloch states29 in our
Hilbert space that (i) have reduced momentum �, (ii) has
support in the proximity of the surface, and (iii) have itinerant
angular momentum coinciding with that of the bulk-valence
band [L̃v (�)]. We take a “state” localized near a surface to
mean an eigenstate of the projected position operator, with
an eigenvalue that is close to the spatial coordinate of the
surface; this will be formalized below in Sec. VI A 2. Such a
state is thus not necessarily an eigenstate of the Hamiltonian.
We define � f L̃c(�) almost identically as � f L̃v (�), except in
(iii) we replace “bulk-valence” with “bulk-conduction,” and
L̃v → L̃c. Lastly, we define two other numbers � f L̃c,v (�) for
states satisfying (i)–(iii) with � → �.

We propose that these counting numbers are related to the
bulk RTP invariant as

−� f L̃v (�) + � f L̃v (�) = � f L̃c(�) − � f L̃c(�) = �P��.

(47)

We call this relation an angular-momentum anomaly. Our
emphasis on the bottom facet is merely to fix a sign con-
vention; if we had chosen instead a pn-symmetric facet at the
top of a semi-infinite bulk, then Eq. (47) holds with replaced
�P�� →−�P�� on the right-hand side.

The condition �P�� > 0 implies there are at least
|�P��| number of anomalous surface-localized bands (a)
whose itinerant angular momentum at � is identical to that of
the bulk-conduction band, but distinct from that of the bulk-
valence band, and (b) whose itinerant angular momentum at
� is identical to that of the bulk-valence band but distinct
from that of the bulk-conduction band. The sense in which
the angular-momentum values of surface-localized bands are
anomalous is that they could neither derive from bulk con-
duction states alone, nor could they derive from bulk valence
states alone.

29Whenever we discuss a 3D Hamiltonian in semi-infinite geometry
(z > 0) or slab geometry (z1 < z < z2), we use the term Bloch state to
describe any state with a well-defined in-plane (reduced) momentum
k⊥ = (kx, ky ).

075124-17



ALEKSANDRA NELSON et al. PHYSICAL REVIEW B 106, 075124 (2022)

ϕ1 ϕ2

Λ Ξ

z̄

P ẑP
Λ Ξ

P ẑP
Λ Ξ

QẑQ

FIG. 6. For a P4-symmetric Hamiltonian with the RTP invariant
�P�� = P� −P� = +1, we plot the spectrum of the projected
position operators PẑP and QẑQ, along a straight-line path ��

in rBZ. In (a), we focus only on the bulklike polarization bands;
whereas in (b) and (c), we recognize both bulklike and surfacelike
polarization bands. The color indicates the orbital decomposition of
the wave function into the basis orbitals, with blue and red tones
indicating the wave function overlap with ϕ1 respectively ϕ2. In this
particular model, a rotation-invariant Bloch-Wannier state that over-
laps with ϕ1 (respectively ϕ2) has a bulk-valence-like (respectively
bulk-conduction-like) itinerant angular momentum, thus it is possible
to infer the four numbers (� f L̃c,v (�), � f L̃c,v (�)) from the above
plots. The dashed black line in (b) and (c) indicates (an arbitrary)
partitioning of the polarization bands into bulklike vs surfacelike,
and serves an argument presented in the text of Sec. VI A 2.

2. Angular-momentum anomaly:
Precise formulation and case study

Let us elaborate on the meaning of states localized near a
surface as eigenstates of the projected position operator in a
semi-infinite geometry.

Before tackling the more complicated case of a semi-
infinite geometry, it is worth reviewing some basic properties
of the projected position operator for an infinite-sized,
discrete-translation-symmetric lattice. Assuming that a bulk
energy gap exists, one can define the projector Pb to the bulk-
valence band of Bloch states, and Qb to the bulk-conduction
band of Bloch states. Consider the projected position op-
erators PbẑPb or QbẑQb, with (x, y, z) a set of Euclidean
coordinates such that the z axis lies parallel to the rotation
axis. Because the projected position operator is invariant un-
der a subgroup (of Pn) containing all translational elements
confined within the (x, y) plane, eigenstates of the projected
position operator can be labeled by a reduced momentum k⊥.
Such eigenstates which are extended (as a Bloch wave) in the
(x, y) plane also turn out to be maximally and exponentially
localized (as a Wannier function) in the z direction [59]; we
therefore call these eigenstates hybrid Bloch-Wannier states.

Suppose a Bloch-Wannier state is an eigenstate of PbẑPb

with eigenvalue z̄ at k⊥, then it must be that the spectrum
of PbẑPb at k⊥ contains also z̄ plus any integer,30 i.e., the
spectrum has a ladderlike structure, which we illustrate in

30This follows from the Hamiltonian being symmetric under trans-
lations parallel to the rotation axis. Denoting the operator for such
translations as tz, it holds that tz ẑt−1

z = ẑ + 1. Given that tz is
a symmetry, it follows that [tz,Pb] = 0, and hence tzPbẑPbt−1

z =
Pb(ẑ+ 1)Pb.

Fig. 6(a) for the MRW model given in Eq. (41). Each “rung”
of the ladder (indexed by integer j) is generically dispersive
over the rBZ, and this dispersion is described by a contin-
uous function z̄ j (k⊥) which covers an interval (or “band”)
on the z axis. In the context of two-band, insulating Hamil-
tonians, there is only a single Bloch-Wannier state with a
given k⊥ in any unit-length interval of the z axis, and the
dispersive function z̄ j (k⊥) can be identified, modulo one, with
the polarization function P (k⊥) [54]. We describe all Bloch-
Wannier eigenstates corresponding to z̄ j (k⊥) as belonging to
the jth polarization band, in analogy with how eigenstates of
a discrete-translation-invariant Hamiltonian can be sorted into
energy bands. The positive value �P�� = P� −P� > 0
implies that the ladder-rung function z̄ j (k⊥) is displaced at
k⊥ = � relative to � by a positive number �P�� ∈ Z+ of
unit cells, as illustrated for �P�� = 1 in Fig. 6(a).

What implications does this bulk displacement have for
surface-localized states in our semi-infinite slab geometry?
Let us assume the Hamiltonian matrix elements are termi-
nated near the surface at z = 0 such that a Fermi level
exists within the bulk energy gap and does not intersect any
surface-localized energy eigenstates; the specific values of
these matrix elements are not essential to our argument. Then
one can define a projector P to all occupied states, with the
restriction of P|k⊥ (to a reduced-momentum sector) being a
smooth31 function of k⊥; likewise, Q projects to all unoccu-
pied states. We show in Figs. 6(b) and 6(c) the spectrum of
PẑP and QẑQ respectively, with each curved line associated
with a polarization band.32

Let us sort polarization bands into two categories: bulklike
versus surfacelike. Being “bulklike” means to be indistin-
guishable from bulk polarization bands up to corrections that
are exponentially small for large z > 0. Let us then pick a
polarization band of PẑP that lies sufficiently far away from
the surface to be bulklike. (Which particular band is picked
is not essential.) This chosen band serves as a cutoff: every
polarization band lying above the chosen band (on the z axis)
is also categorized as bulklike; every polarization band lying
below the chosen band is then surfacelike. We repeat this
sorting for the polarization bands of QẑQ. The net result is
illustrated in Figs. 6(b) and 6(c), with bulklike and surfacelike
bands separated by a dashed line.

To reveal the angular-momentum anomaly, we first count
how many bulklike Bloch-Wannier states (coming from both
projectors P and Q) exist with reduced momentum k⊥ = �

31The “smooth-in-k⊥” condition would fail if the Fermi level
crossed a surface state—in such a scenario the surface state would
discontinuously move from projector P to Q as the state’s energy
passes through the Fermi level.

32We continue to call the eigenstates of PẑP and of QẑQ in the
semi-infinite geometry (and also in the slab geometry) as Bloch-
Wannier states (and their k⊥-dependent eigenvalues as polarization
bands), just as we did for the case of bulk states in infinite geometry,
even though the eigenvalues z̄ j (k⊥) (especially for the eigenstates
localized near the surface) are now not identified with the bulk
polarization as in Ref. [54].
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and bulk-valence-like itinerant angular momentum L̃v (�).33

We call this number �bL̃v (�); likewise, we define the num-
ber �bL̃v (�) at reduced momentum k⊥ = �. In fact, both
numbers �bL̃v (�) and �bL̃v (�) are formally infinite, and
only their difference is well-defined. Numbers �bL̃c(�) and
�bL̃c(�) are defined similarly using the bulk-conduction-like
itinerant angular momentum.34

In Figs. 6(b) and 6(c), any blue data point at � = � or �
corresponds to a Bloch-Wannier state with itinerant angular
momentum L̃v (�). Since there are no blue data in panel (c),
Fig. 6(b) should convince the reader that the difference of
�bL̃v (�) between the two high-symmetry points equals the
polarization difference between the two choices of �, i.e.,

�bL̃v (�) − �bL̃v (�) = �P��. (48a)

Similarly, for Bloch-Wannier states with bulk-conduction-
like angular momentum, we find [by inspecting red data in
Figs. 6(b) and 6(c)] that

�bL̃c(�) − �bL̃c(�) = −�P��. (48b)

The minus sign on the right-hand side of Eq. (48b) reflects
that the RTP invariant of the bulk conduction band is opposite
in sign to the RTP invariant of the bulk valence band.

Observe that the total number of polarization bands (both
bulklike and surfacelike) with angular momentum L̃v (�) can-
not depend35 on the choice between � = � and � = �:

�bL̃v (�) + � f L̃v (�) = �bL̃v (�) + � f L̃v (�). (50)

Combining Eq. (50) with Eqs. (48) gives the angular-
momentum anomaly (47).

The mismatch between the number of surfacelike Bloch-
Wannier bands with bulk-valence-like itinerant angular mo-
mentum at � versus at � implies an anomaly, where some of

33Since L̃v (�) is the itinerant angular momentum of bulk valence
Bloch states with reduced momentum �, we call this value of
itinarant angular momentum in the following discussion as bulk-
valence-like at � (and similarly for k⊥ = �).

34The notion of bulk-conduction-like itinerant angular momentum
at � is defined similarly to footnote 33 with using the bulk conduc-
tion Bloch states with replaced L̃v (�) → L̃c(�). Note that in our
terminology, every Bloch-Wannier state at each � and � [whether
surfacelike or bulk like in the partitioning via the black dashed line
in Figs. 6(b) and 6(c)] can be characterized as having either bulk-
valance like or bulk-conduction-like itinerant angular momentum.

35This follows from the set of all polarization bands (both bulklike
and surfacelike, coming from both projects P and Q) forming basis
vectors of the Hilbert space Hsemi-∞ in the semi-infinite geome-
try. Defining Hsemi-∞(k⊥) as the restriction of the Hilbert space
to a reduced-momentum sector, continuity over the rBZ demands
that the dimension of Hsemi-∞(k⊥) cannot depend on k⊥. (Strictly
speaking, the dimension is infinite, and what we mean is that
dim[Hsemi-∞(k⊥)] − dim[Hsemi-∞(k′⊥)] = 0 for any k⊥ and k′⊥.) Un-
der our mutually disjoint assumption, Hsemi-∞(�), with � ∈ {�,�},
can be decomposed into two itinerant-angular-momentum sectors:

Hsemi-∞(�) = Hsemi-∞(�; L̃v ) ⊕Hsemi-∞(�; L̃c ). (49)

Now the dimensions of both Hilbert spaces on the right-hand side
are equal by construction. This fact, combined with the constancy of
dim[Hsemi-∞(k⊥)] over the rBZ, implies Eq. (50).

M Γ X M M Γ X M M Γ X M

FIG. 7. Spectrum of a semi-infinite MRW model with parameter
� = −2 [Eq. (41)] defined for z > 0. The shades of blue vs red
denote contributions to the eigenstates from the basis orbitals with
angular momentum L = 0 vs L = 1. At rotation-invariant reduced
momenta the states are purely represented by orbitals with L = 0
or 1. (a) Sharp boundary possessing a gapless surface state. (b) A
surface-localized potential V = −1.3 added to both orbitals in the
bottom layer of the semi-infinite system opens a gap in the surface
spectrum. (c) There exist a Hamiltonian perturbation that detaches
the surface state from the rest of the spectrum.

these bands must change their character between � and �. For
instance, assuming �P�� = 1, Eq. (47) implies the existence
of at least one anomalous surfacelike polarization band whose
itinerant angular momentum is bulk-conduction-like at � and
bulk-valence-like at �. In our model, the anomalous surface-
like band lies at the bottom of Fig. 6(b) and exhibits the largest
color range. (That there exists only one, and that it lies in
the P subspace, are model-dependent details.) A nonpictorial,
model-independent proof of the angular-momentum anomaly
is presented in Appendix L.

Importantly, the angular-momentum anomaly has im-
plications beyond polarization bands. This is because the
surfacelike polarization band(s) are continuously deformable
to surface-localized energy band(s) of a Hamiltonian with
open boundary conditions, modulo addition or subtraction
of bands whose itinerant angular momenta are bulk-valence-
like at all �, or bulk-conduction-like at all �. (Examples
of analogous deformations were discussed in Refs. [60,61].)
As a case in point, the anomalous surfacelike polarization
band in Fig. 6(b) is continuously deformable to the surface-
localized energy band in Fig. 7(c). Henceforth, any statement
that applies equally well to surface-localized energy bands
and surfacelike polarization bands is said to apply to faceted
bands, e.g., the angular-momentum anomaly holds for faceted
bands. The states that make up a faceted band will be referred
to as faceted states.

Further implications of the anomaly are discussed in the
subsequent two sections.

B. Conditionally robust surface states at sharp boundaries

The RTP implies conditionally robust surface states;
namely, the interpolation of surface-state energies across the
bulk energy gap is robust against gap- and rotation-symmetry-
preserving deformations of the bulk Hamiltonian, assuming
that the surface Hamiltonian is rotation-symmetric and satis-

075124-19



ALEKSANDRA NELSON et al. PHYSICAL REVIEW B 106, 075124 (2022)

fies the sharp boundary condition. “Sharpness” of a boundary
means that all Hamiltonian elements are exactly as they would
be in the bulk, except for hopping matrix elements crossing
a surface; these latter elements are set to zero. Examples
of such conditionally robust surface states were numerically
observed for the rotation-symmetric Hopf-insulating models
in Refs. [13,14], but have thus far lacked explanation.

Here, we explain the relation of these conditionally robust
surface states to the RTP invariants. First, in Sec. VI B 1,
we use spectral properties of Toeplitz and circulant matrices
to derive a bulk-boundary correspondence for surface states
along lines connecting high-symmetry momenta in rBZ. In
Sec. VI B 2, we discus how much information the RTP in-
variants convey about the actual shape-topology of the Fermi
lines formed by the surface states inside rBZ. Finally, in
Sec. VI B 3, we compare our theoretical discussion against
concrete numerical calculations performed for the MRW
model.

1. Bulk-boundary correspondence at sharp boundaries

To prove this conditional robustness, we first focus on
rotation-invariant lines (denoted γ�) that project onto reduced
momentum � ∈ {�,�}. By restricting the bulk Hamiltonian
h(k) to any of these lines, we obtain a Hamiltonian h�(kz )
that depends continuously on one parameter kz. Because of
the mutually disjoint condition (31) at �, h�(kz ) is a diagonal
two-by-two matrix (for all kz), in the basis that simultaneously
diagonalizes the rotation matrix. Thus h�(kz ) = hv

�(kz ) ⊕
hc
�(kz ) can be interpreted as a direct sum of Hamiltonians for

two nonhybridizing chains, with each chain having one orbital
per primitive unit cell.

Generally, the Hamiltonian of a one-orbital-per-cell chain
with sharp boundaries is equal to a Hermitian Toeplitz ma-
trix.36 As was shown in Ref. [62] for a sufficiently long chain,
the spectrum of a Toeplitz matrix is asymptotically equal
to the spectrum of a corresponding circulant matrix37 which
describes the same tight-binding model with periodic (instead
of open) boundary conditions. It is known that a Hamiltonian
defined on a periodic chain of length L, with one orbital per
unit cell, gives a continuous energy band in the limit L →∞.
In particular, there are no isolated states outside of the (single)
energy band for both hv

�(kz ) and hc
�(kz ). Crucially, per the

result of Ref. [62], it follows that the continuity of the spectra
of hv

� and hc
� persists in the presence of open boundary condi-

tions on the chain, meaning that the two-orbital-per-cell chain
h� has no in-gap states at sharp boundaries.

Here, the angular-momentum anomaly enters the stage. As
argued in Sec. VI A, Eq. (47) with �P�� > 0 implies the

36Elements of a Toeplitz matrixT are constant along each diagonal,
i.e., Ti, j = Ti− j . Hermiticity further implies Ti− j = T ∗

j−i. See also
Eq. (O5) for an explicit example of a Toeplitz matrix.

37Circulant matrices form a special class of Toeplitz matrices with
ci− j = c−n+i− j for matrices of size n × n. Given a Toeplitz matrix
Ai, j = ai− j we define the corresponding circulant matrix as

ci− j =
{

a0 for i = j,

a−i+ j + an−i+ j otherwise.
(51)

Λ Ξ

E

E
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(a) (b)

(c)

j=1 2 3 4 5

21 3 4 5

Λ Ξt

Λ Ξt

FIG. 8. (a) Spectrum of a semi-infinite RTP insulator with an
RTP invariant �P�� = 1 along a path in rBZ, that starts at �, ends
at � and is parametrized by a real parameter t . Given any reference
energy Ē inside the bulk energy gap, the value of the RTP invariant
is equal, up to a sign, to the sum of sgn[dEj/dt] (signs of scalar
velocities) over all surface-localized states ( j) that cross Ē (green
dots), cf. Eq. (52). (b) The surface-localized states form Fermi lines
(green lines) at the Fermi energy with an orientation defined by green
arrows. (c) There is an ambiguity in the exact number and position
of the Fermi lines which is assigned to (i) the possibility to add or
remove pairs of Fermi states with opposite signs of scalar velocity,
and (ii) the possibility to shift a Fermi state along the �� line without
removing it. In this sense, (b) and (c) are topologically equivalent and
can both arise for �P�� = 1.

existence of |�P��| number of anomalous bottom-surface-
localized energy band(s) whose itinerant angular momentum
is bulk-conduction-like at � and bulk-valence-like at �.
Moreover, the absence of any discrete energy eigenvalues
within the bulk energy gap at both � and � (explained in
the previous paragraph) ensures that each of the anomalous
surface-localized energy bands is energetically attached to the
bulk valence band at �, and also energetically attached to
the bulk conduction band at �. Thus, if we associate one
E (k⊥) (i.e., energy versus reduced-momentum) dispersion to
each linearly independent, surface-localized Bloch state, it
is guaranteed that at least |�P��| number of surface-state
dispersions interpolate across the bulk gap as the reduced mo-
mentum is varied along any (possibly curved) line connecting
� and �.38

To be more precise, let us parametrize any such a line
as k⊥(t ) with t ∈ [0, 1] [where k⊥(0) = � and k⊥(1) = �].
Then for any fixed reference energy Ē within the bulk energy
gap, one can associate to each linearly independent Bloch
state (at energy Ē ) a scalar velocity dEj/dt , with j an index
to distinguish between multiple Bloch states crossing Ē [with
possibly several such states along a given band, cf. Fig. 8(a)].
These velocities are related to the RTP invariant as

�P�� = −
∑

j

sgn

[
dEj

dt

]
, (52)

where
∑

j sums over all states at the reference energy [de-
noted by green dots in Fig. 8(a)]. Thus there are minimally

38Interestingly, these conditionally robust surface states admit gen-
eralization to models with more than two bands. The generalization
of the RTP invariants to these models will be introduced later in
Sec. VIII C 1 and the existence of surface states in multiband models
with sharp boundaries is proven using the spectral properties of
block-Toeplitz matrices in Appendix O.
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|�P��| number of Bloch states at the reference energy,
all with the same sign for the velocity. In principle, how-
ever, this number can be increased by any even number, so
long as each added pair of Bloch states comes with opposite
signs for dEj/dt . Such possible additions are attributed to (i)
nonanomalous surface-localized energy bands whose itinerant
angular momenta are either bulk-conduction-like at both �

and �, or bulk-valence-like at both � and � or to (ii) addi-
tional crossings of Ē by the anomalous band when parameter
t swipes the interval [0,1].

Figure 8(a) illustrates how the counting in Eq. (52) is
done for a schematic energy spectrum representing the case
of �P�� = 1: there are five surface-localized Bloch states at
the reference energy Ē , of which four have pairwise opposite
signs for their scalar velocity. One pair [denoted by j = 4, 5
in Fig. 8(a)] can be associated with a nonanomalous surface-
localized energy band “peeled” off from the bulk-conduction
valence band. Another pair [denoted by j = 2, 3 in Fig. 8(a)]
is attributed to additional crossings of energy Ē by the anoma-
lous band. Contribution from these pairs vanishes in Eq. (52)
leading to a correct prediction of the RTP invariant.

2. Fermi-line topology

The above argument holds for any Ē within the bulk energy
gap, and holds in particular for Ē being the Fermi energy of
the bulk insulating Hamiltonian for an electronic system. This
has further implications for the topology of Fermi surfaces at
sharp boundaries. Since Fermi surfaces contributed by surface
states form lines in the rBZ, we henceforth call them Fermi
lines.

It is useful to equip each Fermi line with an orientation:
for this we define a right-handed (possibly nonorthogonal)
system of the following three vectors: (i) the first vector equals
to t̂ (dE/dt ) (with t̂ a unit two-vector that is locally parallel
to the rBZ-line ��, and points in the direction of increasing
t), (ii) the second vector points in the paper-to-sky direction,
and (iii) the third vector is locally tangential to the Fermi line.
The orientation of the third vector is fixed by the handedness
of the frame, thus defining the orientation of the Fermi line.
For illustration, Fig. 8(b) presents five segments of the Fermi
lines crossing the rBZ line ��, with orientations determined
by applying the right-hand rule to Fig. 8(a). Because the
right-hand-rule mapping is bijective, one can also start from
the oriented Fermi-line segments in Fig. 8(b) to deduce the
signs of dEj/dt and therefore the RTP invariant via the rule
in Eq. (52).

Let us now consider the inverse problem of determining
Fermi lines from the RTP invariant(s): knowing all the RTP
invariants in the rBZ, can one infer the topology of the shape
of Fermi lines, as well as their orientations? We argue that
the answer is “no,” i.e., that the Fermi-line topology remains
ambiguous, which can be understood as follows. For each
RTP invariant between reduced momenta �1 and �2, one
can infer that the sum of all Fermi-level states on a possi-
bly curved rBZ-line (connecting �1 and �2) must satisfy
the velocity-RTP rule in Eq. (52). There are two potential
sources of ambiguity. First, the oriented segments of Fermi
lines crossing the rBZ-line �1�2 are determined modulo an
ambiguity in the exact positioning of segments along �1�2;

bulk
Δ

Γ X

M

Γ X

M

Γ X

M

1
0

1

(a)

(b) (c)

Φ = −2

surface
Fermi 
lines ˜

Γ X

M

Γ X

M
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11

(d)
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FIG. 9. [(a) and (d)] RTP invariants in the top right quadrant of
the rBZ for the MRW model with parameter values (a) � = −2 and
(d) 2. Arrows denote the direction along which the polarization is
changing by the shown values. [(b), (c), and (e)] Fermi lines are
denoted by green lines and their orientations by green arrows. Green
shaded areas correspond to momenta in rBZ at which the surface-
localized states are occupied. In (b), we show the minimal number of
Fermi lines that is compatible with the RTP invariants for the MRW
model with � = −2. Another possible topology of Fermi lines is
shown in (c), which differs from (b), by the addition/subtraction of
Fermi loops that intersect the XM rBZ lines twice and with opposite
orientations. In both (b) and (c), the surface-band state at � (at
X and M) is empty (occupied). (e) The areas of occupied surface
states enclose different high-symmetry momenta in rBZ when the
model parameter is changed to � = 2 and the RTP invariants acquire
different values.

however, such smooth changes cannot induce changes in the
topology. On the other hand, the Fermi lines crossing the rBZ
line �1�2 are fixed modulo addition/subtraction of pairs of
Fermi-line segments with opposite orientations [as illustrated
in Figs. 8(b) and 8(c)]; as this is a discontinuous change
that alters the number of summands in Eq. (52), it should be
expected that it implies a change in the Fermi line topology.

The oriented Fermi-line segments, which are in the de-
scribed sense ambiguously defined over all rBZ-lines {�1�2}
on which an RTP invariant is well-defined, can be continued
and connected to form closed Fermi loops that preserve ori-
entation. We illustrate in Figs. 9(b) and 9(c) two topologically
reconstructed Fermi lines obtained in this way for the same
choice of RTP invariants, with the Fermi lines being topo-
logically distinct from one another because of the ambiguity
explained here. The ambiguity due to addition/subtraction of
paired Fermi-line segments translates to an ambiguity due to
addition/subtraction of trivial Fermi loops; if a Fermi loop
intersects any rBZ-line for which an RTP invariant is well-
defined, the condition of triviality means that the intersection
does not modify

∑
j sgn[dEj/dt].39

39An example of a nontrivial loop is any that encircles only one
rotation-invariant reduced momentum �, assuming � is mutually
disjoint and belongs to an iso-orbital subset. An example of a trivial
loop is any that encircles no such �.
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3. Sharp-boundary states and Fermi-line topology
in P4-symmetric model

To illustrate the findings of this section, we focus on
the same P4-symmetric tight-binding Hilbert space that
formed the basis for the Moore-Ran-Wen model, presented in
Sec. V B. To remind the reader, the mutually disjoint condition
holds at all rotation-invariant reduced momenta {�,X,M},
and the iso-orbital condition holds also for any pair in this set,
implying an RTP invariant is well-defined for any pair in this
set. There are however only two independent RTP invariants.
We start by looking at a semi-infinite Moore-Ran-Wen model
Hamiltonian [given in the bulk by Eq. (41)] with � = −2, for
which the polarization protrudes in the negative z direction at
C4-invariant momentum � [orange line in Fig. 5(d)]. In Fig. 7,
we present the energy spectrum of the model, with colors
(blue versus red) indicating the contribution of basis orbitals
(with on-site angular momentum L = 0 versus L = 1) to the
eigenstates. At rotation-invariant reduced momenta, each va-
lence (respectively conduction) bulk state has itinerant angular
momentum L̃v = 0 (respectively L̃c = 1). The itinerant an-
gular momentum of the anomalous surface-localized energy
band is bulk-valence-like at X and M, and bulk-conduction-
like at �. At a sharp boundary [cf. Fig. 7(a)] we indeed see
that, in accordance with the above argument, the surface-state
energies interpolate from the bulk-conduction band at � to
the bulk-valence band at X ; likewise, a similar interpolation
occurs between � and M.

Now let us illustrate for the present RTP invariants [shown
for the studied model in Fig. 9(a) with the arrows denoting
the direction in which the polarization difference is calculated
and the values equal to �P in this direction] the possible
topology of Fermi lines. In Fig. 9(b), we draw the minimal
number of (oriented) Fermi lines compatible with the RTP
invariants �P�1�2 , �1,�2 ∈ {�,X,M}, �1 �= �2, within
one quadrant of rBZ (denoted by green arrows). The Fermi
lines at other quadrants can be obtained by a fourfold rota-
tion of the displayed pattern around �. The area where the
surface states are occupied with electrons is denoted by a
green shade. Importantly, the RTP invariant defines only the
minimal amount of Fermi lines that cross a given line con-
necting two rotation-invariant reduced momenta. As we show
in Fig. 9(c), the connectivity of the Fermi lines can change,
for instance, due to the addition of trivial Fermi loops located
between X and M, which do not enclose any rotation-invariant
reduced momentum and which contribute to the summation in
Eq. (52) with a pair of states of opposite scalar velocity; this
new connectivity is presented in Fig. 9(c). However, the am-
biguity in connecting the Fermi lines does not change the fact
that for the given RTP invariants, the reduced momenta X and
M are surrounded by areas with one more occupied surface
state than in the area around the reduced momentum �.

Reduced momenta around which the surface states are
occupied can change when the values of the RTP invariant
change. To see this, consider the MRW model with the param-
eter value � = 2. The corresponding values of the topological
invariants can be read from Fig. 9(d); in particular, note that
the Hopf invariant coincides with the one for the previously
considered parameter, i.e., χ [� = −2] = χ [� = 2] = −1.
We see in Fig. 9(e) that with the new parameter value the areas

with occupied surface states surround reduced momenta � and
X , instead of M and X .

We emphasize that the assumption of a sharp boundary
is essential for the robust surface states as it allows to use
certain spectral properties of Toeplitz matrices. For nonsharp
boundaries, the anomalous surface bands can be detached
from the bulk bands. Because the energy eigenvalues of
each anomalous surface band form a sheet over the rBZ,
it is in principle possible that none of the sheets intersect
the Fermi level, implying the existence of an energy gap
to surface-state excitations.40 To illustrate this point for the
MRW model, we added to the bottom layer of the sharply
terminated tight-binding Hamiltonian an on-site potential that
does not discriminate between s and p+ orbitals. This leads to
an energetic detachment of the anomalous surface-localized
energy bands from the bulk-conduction band in Fig. 7(b), thus
confirming that surface states are not robust for an arbitrary
surface termination.41 Finally, we show in Fig. 7(c) that the
anomalous surface-localized energy band can be energetically
detached from both bulk-conduction and bulk-valence bands
for a particular, rotation-invariant surface termination. How-
ever, despite the complete detachment, the itinerant angular
momenta of the surface energy bands remain anomalous. This
has nontrivial implications for their Zak phase, which we
explore in the next section.

C. Zak-phase anomaly as boundary signature
of the returning Thouless pump

The angular-momentum anomaly at two rotation-invariant
momenta � and � implies the existence of anomalous faceted
band(s) whose itinerant angular momentum is bulk-valence-
like at one rotation-invariant, reduced momentum, say �, and
bulk-conduction-like at another, say �. This implies that there
exists a symmetrically chosen loop (to be specified below)
in the reduced Brillouin zone which passes through both
momenta, such that the Zak phase of the faceted band(s)
(henceforth called the faceted Zak phase) is topologically
distinct from both the bulk-conduction Zak phase and the
bulk-valence Zak phase on the corresponding BZ loop. We
call this distinction of Zak phases the Zak-phase anomaly.

Our discussion is structured as follows. First, in
Sec. VI C 1, we define the faceted Zak phase. Then we proceed
with Sec. VI C 2 to define the bulk-Zak phases. Having all
the definitions at hand, in Sec. VI C 3, we exemplify the Zak-
phase anomaly through the P4-symmetric Moore-Ran-Wen
model. Finally, in Sec. VI C 4, we precisely formulate the
Zak-phase anomaly for all Pn space groups. We clarify what
we mean by two Zak phases being distinct, and we summarize
in Table III all the symmetrically chosen rBZ loop for which
the Zak-phase anomaly exists.

40This however does not rule out the existence of “gapless” excita-
tions due to higher order topology [25,63]—a concept explored for
delicate topological insulators in Ref. [64].

41This is how we actually constructed the projectors P and Q with
smooth-in-k⊥ restrictions P|k⊥ and Q|k⊥ when generating the data in
Fig. 6.
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FIG. 10. An (incomplete) list of symmetrically chosen rBZ-
loops for which a Zak-phase anomaly may exist. (a) C2-related-,
(b) C3-related-, and (c) C4-related-two-segment loops. (d) and (e)
Two exceptional four-segment loops, described in Sec. VI C 4.

1. Faceted Zak phase

The faceted Zak phase is simplest to conceptualize in the
case where the faceted band is a single surface-localized
energy band that is completely detached from both the bulk-
conduction and the bulk-valence bands, as illustrated in
Fig. 7(c) for the P4-symmetric MRW model under nonsharp
boundary conditions. Letting |v(k⊥)〉 denote the intracell42

wave function of the detached band, we define the faceted
Zak phase as a line integral of the associated Berry connection
over a symmetrically chosen loop S in the rBZ (dk⊥ denotes
a line element along this loop):

Z f =
∫
S

dk⊥ ·A⊥,

A⊥ = (Ax,Ay), Aμ[v(k⊥)] = i
〈
v(k⊥)

∣∣∂μv(k⊥)〉. (53)

The pathS is chosen so that the faceted Zak phase is quantized
to integer multiples of 2π/n owing to the Pn symmetry. A few
representative examples of symmetrically chosen loops are
illustrated in Fig. 10, but a full disclosure on the general form
of the loops for any Pn symmetry is deferred to Sec. VI C 4.
We emphasize that the faceted Zak phase inputs the wave
functions of surface states independent of whether the states
are occupied by fermions.

More generally, one may deal with any number of surface-
localized energy bands (as long as they are detached from the
bulk energy bands), or any number of surfacelike polarization
bands. Then the faceted Zak phases are obtained as the phases
of the eigenvalues of a Wilson-loop matrix; this matrix is a
path-ordered exponential of the non-Abelian Berry connec-
tion:

W f = T̂ exp

[
i
∫
S

dk⊥ ·A⊥[v(k⊥)]

]
,

A j j′
μ = i〈v j (k⊥)|∂μv j′ (k⊥)〉, (54)

where T̂ is the path-ordering operator, and j, j′ are band in-
dices of the surface bands. An algorithm to extract the intracell
wave functions |v j (k⊥)〉 for surfacelike polarization bands

42For the semi-infinite geometry, the cell is infinite in the z direc-
tion.

was introduced in Ref. [65] and is reviewed pedagogically in
Appendix L 1.

2. Zak phase of the bulk bands

The Zak-phase anomaly states that the faceted Zak phase
is topologically distinct from the bulk-conduction Zak phase
as well as from the bulk-valence Zak phase, which inputs the
wave function of the bulk-conduction respectively the bulk-
valence band:

Z j =
∫
S(kz )

dk⊥ ·A⊥[u j (k⊥, kz )], j = v, c. (55)

The line integral is over a loop S(kz ) contained within a plane
of fixed kz; if projected in the kz direction, S(kz ) coincides
with S defined for the faceted Zak phase. Note that Zv(c) can
depend on kz through S(kz ) for a general two-band Hamil-
tonian. However, the Cn symmetry [in combination with the
fact that S(kz ) is a symmetrically chosen path] imply that the
admissible values of Z j are quantized to integer multiples
of 2π/n, which reduces the prospective kz dependence to
discontinuous jumps. However, such discontinuities are for-
bidden under the assumption that the two-band Hamiltonian
is insulating, hence the bulk Zak phase ultimately has no kz

dependence.

3. Case study: P4-symmetric Moore-Ran-Wen model

Let us illustrate the Zak-phase anomaly with the P4-
symmetric MRW model Hamiltonian given in Eq. (41). We
focus on the parameter range −3 < � < −1 where the po-
larization protrudes (in the negative z direction) at �, as
illustrated in Fig. 5(d); this implies RTP invariants �P�X = 1
and �P�M = 1. The corresponding energetically detached
anomalous surface band is illustrated in Fig. 7(c) for a suitable
choice of a nonsharp boundary.

According to our formulation of the Zak-phase anomaly,
we expect that the faceted Zak phase, computed for the
anomalous surface band in Fig. 7(c), is distinct from the bulk
Zak phases. Based on the just-mentioned RTP invariants, we
further expect this mismatch of Zak phases for an rBZ-loopS2

passing through momenta � and X , as well as an rBZ-loop S4

passing through � and M. For this mismatch to be quantized
to integer multiples of 2π/4, the rBZ-loops must be chosen
symmetrically: we choose S2 (respectively S4) such that half
the loop is mapped to the other half by a twofold (respectively
fourfold) rotation in the rBZ, as illustrated in Figs. 10(a)
and 10(c). While S2 = X�(C2X ) can be chosen as a straight
loop, S4 = M�(C4M ) necessarily has kinks at the fourfold-
invariant momenta.43 The advantage of these Cm-related loops
(m = 2 and 4) is that the Zak phase for a nondegenerate en-
ergy band is quantized to rational multiples of 2π and fully
determined by the itinerant angular momenta at �, X , and M,
according to a theorem in Ref. [66] (cf. Sec. IVD1 therein):

ZX�(C2X ), j

2π
=1
L̃ j (X ) − L̃ j (�)

2
, (56a)

ZM�(C4M ), j

2π
=1
L̃ j (M ) − L̃ j (�)

4
, (56b)

43Compare also to similar consideration of Berry phases on C3-
related paths by Ref. [36] within the context of fragile topology.
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where j ∈ {v, c, f } respectively denotes the bulk-valence, the
bulk-conduction, and the faceted Zak phases.

Let us offer a hand-waving argument that captures the
essential intuition of the above results. The Zak phase for
M�(C4M ) can be expressed as a sum of two contributions:
ZM�(C4M ) = ωM� + ω�(C4M ), with ωM� [respectively ω�(C4M )]
the contribution from the oriented line M� [respectively
�(C4M )]. Note that ω�(C4M ) receives as input the wave func-
tion along �(C4M ), which is related by fourfold symmetry
to the wave function along M�. However, M� is mapped
by fourfold rotation to the inverse of �(C4M ), i.e., �(C4M )
with opposite orientation. It follows that the contribution
to ZM�(C4M ) from an infinitesimal line element along M�

cancels the contribution from a rotation-related line element
along �(C4M ); the only nontrivial contributions to ZM�(C4M )

arise from applying fourfold rotation to the Bloch states
at rotation-invariant momenta, thus giving Eq. (56b). This
sketchy explanation is formalized in Appendix M 1.

Equations (56) can be applied to calculate the bulk-
conduction Zak phase, the bulk-valence Zak phase, as well
as the faceted Zak phase. For the bulk Zak phases, we input
into the formula the values of itinerant angular momenta in
the second row of the P4 segment of Table I. To compute the
faceted Zak phase, we apply that the itinerant angular mo-
mentum of the anomalous surface band is bulk-valence-like
at X and M and bulk-conduction-like at � according to the
angular-momentum anomaly (cf. Sec. VI A). The final result
of these computations confirms a mismatch between the bulk
and faceted Zak phases, namely,

for X�(C2X ): Zv = 0, Zc = 0, Z f = π,

for M�(C4M ): Zv = 0, Zc = 0, Z f = 3π/2, (57)

with all equalities understood to hold modulo 2π . Similar
computations can be performed for different choices of the
parameter � in the MRW model, with the resultant values of
the Zak phases summarized in the second row and last column
of Table III.

4. Zak-phase anomaly: Main result

Having obtained some intuition about the Zak-phase
anomaly in specific models, we now prove it in a more general
setting. Let us first specify the symmetrically chosen loops for
which a Zak-phase anomaly exists in correspondence with a
nontrivial RTP invariant in general Pn symmetric models. We
assume that the RTP invariant �P�� > 0 for two rotation-
invariant reduced momenta � and �. The associated little
groups are denoted by G� and G�, with both groups being
subgroups of the cyclic, order-n group Cn, which is isomor-
phic to the point group of Pn.

Suppose there is an integer m that satisfies the following
two properties:

(i) m > 1 and divides the order of G�, for both � ∈
{�,�}.

(ii) The itinerant angular momenta of bulk-conduction and
bulk-valence bands are distinct modulo m:

L̃c(�) �=m L̃v (�), (58)

for both � ∈ {�,�}.

If there are multiple values of m satisfying (i) and (ii), for
concreteness we choose the largest such value for m. Then
the Zak-phase anomaly exists for a suitably chosen oriented
loop in rBZ. This loop is defined as a (possibly bent) path that
concatenates two segments, �� and �(�+ G), such that one
segment is, up to a translation by a reciprocal lattice vector and
with reversed orientation, equal to the Cm rotation of the other
segment: �(�+ G) = Cm(��) + G′. For brevity, we call
such path as a Cm-related-two-segment loop. In Figs. 10(a)–
10(c), we illustrate a representative Cm-related-two-segment
loop for all m = 2, 3, 4.44

Let us formulate the Zak-phase anomaly for these two-
segment loops, supposing that the faceted-band subspace
consists of N linearly independent Bloch states that are
smoothly defined over the rBZ. We emphasize that this dis-
cussion equally applies to a set of surface-localized energy
bands detached from the rest of the spectrum or of surfacelike
polarization bands defined by the partitioning illustrated in
Figs. 6(b) and 6(c).

Parallel transport (within the faceted-band subspace, along
a rBZ loop) is encoded in N faceted Zak phases {Z i

f }Ni=1,
which are computed by diagonalizing the N-by-N Wilson-
loop matrix in Eq. (54). For a generically chosen rBZ-loop, the
N phases take generic values without preference for rational
multiples of 2π . However, for the Cm-related-two-segment
rBZ loops, we propose that �P�� number of the faceted
Zak phases (denoted {Z i

f }i=1,...,�P��
) are symmetry-fixed to a

rational multiple of 2π/n that depends on the itinerant angular
momenta of the bulk-valence and bulk-conduction bands:45

Z i
f

2π
=1
L̃v (�) − L̃c(�)

m
. (59)

This result derives ultimately from the angular-momentum
anomaly, which guarantees the existence of at least �P��

number of anomalous faceted bands with itinerant angular
momenta that are bulk-conduction-like at � and bulk-valence-
like at �:

L̃ f (�) = L̃c(�); L̃ f (�) = L̃v (�). (60)

Application of a theorem from Sec. IVD1 in Ref. [66] (which
relates itinerant angular momenta to Zak phases) gives us
Eq. (59), as elaborated in Appendix M 1. Equation (59) should
be contrasted with the Zak phases of the bulk-valence and

44A C6-related-two-segment loop does not exist because there is
only a single C6-invariant reduced momentum—the rBZ center. For
Hamiltonians with sixfold symmetry, a nontrivial RTP can arise
solely from a subgroup (e.g., P2 or P3) of the full space group.

45According to Eq. (21) in Ref. [66], we anticipate Zak phases
along such two-segmented loops to reveal information about the
positional centers of the Wannier functions of faceted bands—at least
for faceted bands which are “strong” band representations of Pn.
However, one should bear in mind that Wannier representations do
not exist in the presence of a nonzero faceted Chern number [39], in
which case any real-space interpretation of the Zak phase is presently
unknown.

075124-24



DELICATE TOPOLOGY PROTECTED BY ROTATION … PHYSICAL REVIEW B 106, 075124 (2022)

bulk-conduction bands:

Zv

2π
=1
L̃v (�) − L̃v (�)

m
,

Zc

2π
=1
L̃c(�) − L̃c(�)

m
, (61)

which also follow directly from applying the just-stated theo-
rem to the itinerant angular momenta of each individual bulk
band. Both bulk Zak phases are distinct from each of the
anomalous faceted Zak phase, as can be proven by the method
of contradiction.46

By going through all possible RTP invariants in all possi-
ble Pn-symmetric two-band Hamiltonians, we find only two
exceptions to the rule that an integer m exists satisfying (i)
and (ii). In both these exceptions (to be elaborated below), we
propose that the Zak-phase anomaly exists for a four-segment
loop going through four rotation-invariant reduced momenta
{�,�,�+ G, �}, with � and G specified below.

Exception 1. A P4-symmetric tight-binding Hilbert space
that is a sum of two basis band representations, induced
from two orbitals with onsite angular momentum difference
�L = 0 and centered at C4-invariant Wyckoff positions with
relative distance �r⊥ = (1/2, 1/2) [for example, at positions
1a and 1b defined in Fig. 4(a)]. According to Table I, the
mutually disjoint condition in this case is fulfilled only at
reduced momenta X and M, hence there is only one indepen-
dent RTP invariant �PXM . In the first row of Table II, we
present a model Hamiltonian that realizes Exception 1, with
a one-parameter phase diagram summarized in the first row
of Table III. The itinerant angular momenta of the bulk bands
satisfy

L̃v (X ) �=2 L̃c(X ),

L̃v (M ) �=4 L̃c(M ), (62)

but L̃v (M ) =2 L̃c(M ),

implying that the choice m = 4 violates the property (i) at X ,
while the choice m = 2 violates the property (ii) at M. One
may verify that a Zak-phase anomaly does not exist for a C2-
related-two-segment loop MX (M + G), but it exists for four-
segment loop going through {� = �,� = M,�+ G = �+
(2π, 0), � = X }, as illustrated in Fig. 10(d).

Exception 2. A P4-symmetric tight-binding Hilbert space
that is identical to Exception 1, except the onsite an-
gular momenta difference is �L = 2. In analogy with
the first exception, we find the appropriate four-segment
rBZ loop that goes through {� = M,� = �,�+ G = M +
(−2π, 0), � = X }, as illustrated in Fig. 10(e).

In both exceptions, the mutually disjoint condition holds
at � and �, but not at �. [As a reminder, the last statement
means that the itinerant angular momentum at � is identical
for both bulk-valence and bulk-conduction states: L̃v (�) =
L̃c(�) ≡ L̃(�).]

46Assuming that Z f =2π Zv , Eq. (61) implies that L̃v (�) =m

L̃c(�) which contradicts the initial assumption (58). Similarly we
can prove that Z f =2π Zv leads to a contradiction.

By generalizing techniques developed in Ref. [66], we
derive in Appendix M 2 a relation between the Zak phases (for
these four-segment rBZ-loops) and the itinerant angular mo-
menta of the bulk bands. We find that �P�� number of the
faceted Zak phases (denoted {Z i

f }i=1,...,�P��
) are symmetry-

fixed to a rational multiple of 2π/n that depends on the bulk
itinerant angular momenta as:

Z i
f

2π
=1
L̃(�) − L̃c(�)

m�

+ L̃(�) − L̃v (�)

m�

, (63a)

where m�(�) denotes the maximal order of rotation symmetry
of the little group G�(�). This rational value is distinct (mod
2π ) from the symmetry-fixed values of the bulk-valence and
bulk-conduction Zak phases:

Zv

2π
=1
L̃(�) − L̃v (�)

m�

+ L̃(�) − L̃v (�)

m�

,

Zc

2π
=1
L̃(�) − L̃c(�)

m�

+ L̃(�) − L̃c(�)

m�

. (63b)

Once again, we can show by contradiction that the faceted
Zak phase is always distinct from the bulk-valence and bulk-
conduction Zak phases.

To illustrate the Zak-phase anomaly for a four-segment
loop, we employ a model Hamiltonian presented in the first
row of Table II, and substitute the bulk values of itinerant
angular momenta into Eqs. (63), to derive the faceted and bulk
Zak phases detailed in the first row of Table III. The remaining
entries in Table III summarize the Zak-phase anomaly for var-
ious two-segment loops, and for all remaining tight-binding
models in Table II.

VII. RELATING THE RTP AND HOPF INVARIANTS

By considering the k · p description near Berry-dipolar
band-touching points, we have previously argued in Sec. IV C
that the RTP and Hopf invariants are not completely inde-
pendent; a specific relation [cf. Eq. (42)] between the two
invariants was extracted heuristically for a class of Hamilto-
nians with P4 symmetry. Here, we derive this P4 result more
systematically, and further generalize the Hopf-RTP relation
to all Pn space groups, with the main result encapsulated in
Eqs. (66)–(68) of Sec. VII A. Representative case studies from
all Pn space groups are presented in Sec. VII B to corroborate
the Hopf-RTP relation.

We prove the Hopf-RTP relation in three different ways,
with each offering distinct insights.

(i) In Sec. VII C, we prove the relation assuming that all
phase transitions are mediated by Berry dipoles (by general-
izing the arguments in Sec. IV C).

(ii) In Sec. VII D, we relax the just-mentioned assumption,
and prove the Hopf-RTP relation more generally by relating
the angular-momentum anomaly of RTP invariants (formu-
lated in Sec. VI A)s to the bulk-boundary correspondence of
Hopf insulators.

(iii) In Sec. VII E, we prove the relation purely from a bulk
perspective, by utilizing an interpretation of the Hopf invariant
in terms of linking numbers (as was briefly introduced in
Sec. III B).
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A. Main result: Hopf-RTP relation

Let us first formulate the RTP invariants in the most general
context of a two-band, Pn-symmetric, insulating Hamiltonian
with a trivial first Chern class.

Consider a subset of rotation-invariant reduced momenta
{� j} j=1,...,Jα in the rBZ. For the polarization difference be-
tween any pair j, j′ in this subset to be quantized to integer
values, it is necessary that (i) the itinerant angular momenta
of both bulk-conduction and bulk-valence bands satisfy the
mutually disjoint condition for all j:

�L̃(� j ) = L̃c(� j ) − L̃v (� j ) mod m� j �= 0. (64)

(ii) For all j, the restriction of the valence band representa-
tion (VBR) to γ� j is identical to the restriction of a basis band
representation to γ� j :

∃α ∈ {1, 2} s.t. ∀ j ∈ {1, . . . , Jα},
VBR|γ� j

= BBR[ϕα]|γ� j
. (65)

Here, BBR[ϕα] denotes the basis band representation induced
from tight-binding-basis orbital ϕα with positional center rα =
(rα,⊥, zα ). Note the equality in Eq. (65) holds with the same
basis band representation (specified by α = 1 and 2) for all j.

One may view condition (ii) as a generalization of the
iso-orbital condition in Eq. (33) for any number of rotation-
invariant reduced momenta. Conditions (i) and (ii) jointly
imply that the polarizations at all � j are symmetry-fixed,
modulo integers, to zα .

We take the order (Jα) of the subset to be maximal, in
the sense that every rotation-invariant reduced momentum
satisfying the iso-orbital condition for BBR[ϕα] and the mu-
tually disjoint condition should be included in the subset.
Consequently, if the subset contains a Cm-invariant reduced
momentum � j , it also contains all momenta from the cor-
responding n/m-plet obtained from � j by a Cn rotation.
Because there are only two basis band representations in
a two-band Hamiltonian, all “mutually disjoint” rotation-
invariant reduced momenta in the rBZ are sortable into at most
two maximal “iso-orbital” subsets.

1. Pn-symmetric Hopf-RTP relation for n = 3, 4, and 6

For space groups Pn (n = 3, 4, and 6), a combination
of symmetry (Pn), topology (triviality of Chern class) and
Hilbert-space constraint (two-band Hamiltonian) ensures that
all reduced momenta in the rBZ satisfying the mutually dis-
joint condition belong to a single iso-orbital subset {� j} j=1...J ,
as shown in Appendix J. Then the RTP invariants relate to the
Hopf invariant and the itinerant-angular-momenta differences
through

for Pn (n = 3, 4, 6), χ =n

J∑
j=2

�L̃(� j ) �P�1� j . (66)

Within the momenta subset, the choice of �1 can be made
arbitrarily without affecting the above relation modulo n.

2. P2-symmetric Hopf-RTP relation

For space group P2, depending on the equivalence class47

of the Hamiltonian, either (P2-I) the rBZ contains only a sin-
gle maximal momentum subset satisfying (i) and (ii), in which
case one may also apply the formula (66) with n = 2, or (P2-
II) the four rotation-inequivalent rotation-invariant momenta
of the rBZ can be divided into two maximal subsets, with one
subset {�1

j1} j1=1,...,J1 satisfying (i) and (ii) for BBR[ϕ1], and
the other {�2

j2} j2=1,...,J2 satisfying (i) and (ii) for BBR[ϕ2]. It is
shown in Appendix J that neither J1 nor J2 can be odd, lest the
first Chern invariant in the (kx, ky) plane is also odd. Focusing
on Hamiltonians with trivial first Chern class restricts our con-
sideration then to J1 = J2 = 2, with the following, modified
Hopf-RTP relation:

For P2-II, χ =2

2∑
α=1

�P�α
1�

α
2
. (67)

Within any maximal iso-orbital momenta subset indexed by
α, the choice of �α

1 can be made arbitrarily without affecting
the above relation modulo 2. A representative P2-symmetric
model of class P2-I can be obtained by lowering the symmetry
of either of the P4-symmetric models presented in the second
and third rows of Table II, while an example realization of a
class P2-II Hamiltonian is presented in Sec. VII B 2.

3. Summarizing Hopf-RTP relation for all Pn space groups

The previously presented Hopf-RTP relations can be
viewed as particular instances of a summarizing Hopf-RTP
relation:

for any Pn, χ =n

2∑
α=1

Jα∑
jα=2

�L̃(�α
jα ) �P�α

1�
α
jα
, (68)

with one of {J1, J2} possibly being zero.

B. Model Hamiltonians exemplifying the Hopf-RTP relation

1. Examples for Pn (n = 3, 4, 6) models

For each Pn-symmetric (n = 3, 4, 6) model Hamiltonian
presented in Table II, we display in Table III the particular
forms of the Hopf-RTP relation, derived from Eq. (66) by in-
putting the model-dependent itinerant angular momenta listed
in Table I. Additionally, Table III provides a phase diagram
with the values of the Hopf and RTP invariants for each phase,
corroborating the relation between the invariants.

While the tables only explicitly describe models whose
tight-binding-basis orbitals differ in on-site angular momenta
by 0 � �L � n/2, models with �L < 0 can be obtained
from the tabulated models by time reversal. One may verify
that if the Hopf-RTP relation [Eq. (66)] holds for a model
h�L(k), it holds consistently for the time-reversed model
h−�L(k) [related by time reversal to h∗�L(−k) via Eq. (45)].48

47Two Hamiltonians are equivalent if they can be continuously
deformed into one another while preserving gap and P2 symmetry.

48For this consistency check, we utilize that the Hopf invariant and
the polarization transform under time reversal as in Eq. (46), while
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2. Model Hamiltonian in class P2−II

To exemplify the Hopf-RTP relation in Eq. (67), we con-
struct an explicit model with a valence band representation
that is not symmetry-equivalent to a basis band representa-
tion. To do so, we start with the P4-symmetric MRW model
[Eq. (41)] and add a term that reduces the symmetry to P2:

hinv. = f (1 − cos kx )σz, (71)

which closes the bulk energy gap along two out of the four
rotation-invariant lines (γX and γM) for 0.5 � f � 12.5. After
the gap reopens, the valence band representation satisfies

VBR|γ�∪ γY = BBR[ϕ1]|γ�∪ γY ,

VBR|γM∪ γX = BBR[ϕ2]|γM∪ γX ,
(72)

while the triviality of the Chern class is preserved. Since
the mutually disjoint condition is fulfilled at all rotation-
invariant momenta, the complete set of RTP invariants is
�P�Y ,�PXM ∈ Z. For the presented model, the Hopf-RTP
relation reads

χ =2 �P�Y +�PMX . (73)

the difference in itinerant angular momentum changes as

�L̃(−�; h−�L) = m −�L̃(�; h�L) (69)

for a Cm-invariant momentum �. This equality can be derived from
Eq. (28) with the observation that G−� = Cm(−�) +� = −G�,
and that time reversal inverts on-site angular momenta while pre-
serving Wyckoff positions. Combining these time-reversal relations
into the statements of the Hopf-RTP relation [Eq. (66)], we get

−χ [h�L]
Eq. (66)=n −

J∑
j=2

�L̃(� j ; h�L) �P�1� j [h�L]

Eqs. (69,46)=n −
J∑

j=2

[mj−�L̃(−� j ; h−�L)] �P−�1,−� j [h−�L]

=n

J∑
j=2

�L̃(−� j ; h−�L) �P−�1,−� j [h−�L]

=n

J∑
i=2

�L̃(�i; h−�L) �P�1,�i [h−�L]
Eq. (46)=n χ [h−�L].

(70)

To derive the third row, we used that Cm-invariant momenta always
appear in n/m-plets with equal values of polarization, and therefore
we deduced that the term

∑
mj�P−�1,−� j will contribute multiples

of n to the sum. To derive the fourth row, we used that a maximal sub-
set {� j} j=1...J satisfying mutually disjoint and iso-orbital conditions
in a h[�L] model is in one-to-one correspondence with a maximal
iso-orbital subset {−� j} j=1...J in a h[−�L] model. Therefore one
may relabel reduced momenta in the sum and arrive at the fourth row
of Eq. (70). Using the fact that the Hopf invariant changes sign under
time reversal (46), we conclude that if the Hopf-RTP relation holds
for h�L then it must also hold for h−�L.

C. Hopf-RTP relation from Berry dipoles

1. Berry-dipole transitions lead to Eq. (66)

Our goal here is to prove the Hopf-RTP relation in Eq. (66),
assuming that one begins from a canonical trivial phase and
that all subsequent band touchings are Berry-dipolar. By
“canonical trivial” we mean a phase with only on-site ener-
gies and zero “hopping” matrix elements of the real-space
tight-binding Hamiltonian. In such a phase, the Hopf and RTP
invariants vanish, and both bulk-valence and bulk-conduction
bands are basis band representations. In the following proof
we assume the valence band representation to be induced
from basis orbital ϕ1, and the conduction band representation
from ϕ2. Then the itinerant angular momenta of the valence
and conduction bands are compatible with the Berry dipole
k · p Hamiltonian of the form given by Eqs. (3) and (4) (cf.
discussion in footnote 2). We comment on the opposite choice
of the orbitals inducing valence and conduction bands at the
end of this section.

Let us modify the Hamiltonian and transit to a distinct
gapped phase via a Berry-dipole critical point. We assume that
a Berry-dipole band touching occurs at an (n/m) multiplet of
Cm-invariant momenta {kt = (�t, kt

z )}t=1,...,n/m. As explained
in Sec. IV C [Eq. (38)], the Hopf invariant changes by an
integer value:

δχ = −
n/m∑
t=1

υ(kt )��(kt ) = − n

m
υ(k1)��(k1), (74a)

with helicity υ(kt ) = ±1 and spin ��(kt ) ∈ Z being param-
eters of the Berry-dipole k · p Hamiltonian [cf. Eq. (3)] and
k1 being a representative momentum of the n/m multiplet. At
the same time, according to Eq. (18), the Zak phase at reduced
momentum �t must change by −2πυ(kt ), implying (by the
geometric theory of polarization) that the polarization at �t

changes by δP (�t ) = −υ(kt ). Combining the last two equal-
ities relates the change in the Hopf invariant to the change in
polarization:

δχ = n

m
��(k1) δP (�1). (74b)

The integer-valued ��(k1) defined through the continuous-
rotation-invariant, Berry-dipole Hamiltonian can be identi-
fied, modulo m, as the difference in itinerant angular momenta
between conduction and valence states at k1 [cf. Eq. (36)].

One may therefore substitute �� → �L̃ in Eq. (74b) if we
relax the equality to an equivalence modulo n:

δχ =n
n

m
�L̃(�1) δP (�1) =

∑
�

�L̃(�) δP (�). (74c)

In the last equality, we extended the expression to sum over all
Cm�

-invariant (m� > 1) momenta �, with the understanding
that values of � not belonging to the (n/m) multiplet do not
contribute to the sum, as the change in polarization δP (�) is
zero for these nonbelongers.

Next, we apply that differences δP in polarization are
unaffected by the choice of spatial origin, hence one may as
well redefine the polarization P → P ′ = P − z1, with z1
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the z coordinate of the positional center of basis orbital ϕ1:

δχ =n

∑
�

�L̃(�) δ[P (�) − z1]. (74d)

Beginning from the canonical trivial phase and tuning a
Hamiltonian parameter, the net change of the Hopf/RTP in-
variants after a series of band touchings is simply a sum of
changes attributed to each band touching, and moreover δχ is
linearly related to δ[P (�) − z1] [cf. Eq. (74d)]. This implies
the Hopf invariant is related to the polarization as

χ =n

∑
�

�L̃(�)[P (�) − z1]. (74e)

By our assumption that the Hamiltonian has a RTP, there
exists at least one rotation-invariant momentum (call it �′)
where the mutually disjoint condition is satisfied: �L̃(�′) �=
0; the polarization P (�′) must then equal z1 modulo inte-
ger, according to an argument presented below Eq. (30). By
replacing z1 in Eq. (74e) by P (�′) (mod 1), one arrives at

χ =n

∑
�

�L̃(�)[P (�) −P (�′)] + (integer)
∑
�

�L̃(�).

(74f)

The sum
∑

� �L̃(�) in the last term may be recognized,
modulo n, as the first Chern invariant over a 2D subtorus
(of the BZ) parametrized by kx and ky (cf. Appendix H for
details). However, this Chern invariant vanishes by our as-
sumption that the first Chern class is trivial. Therefore we can
simply drop the last term in Eq. (87) under the equivalence
modulo n:

χ =n

∑
�

�L̃(�)�P�′�; �P�′� = P (�) −P (�′).

(74g)

Assuming that there is only one maximal iso-orbital subset
{� j} j=1,...,J , the above equation is equivalent to Eq. (66). To
recognize this equivalence, note in the summation over all
rotation-invariant reduced momenta, that �L̃(�) �= 0 only
when � belongs to the subset {� j} j=1...J , and one may as
well choose �′ = �1 (a representative member of this subset)
without changing the relation modulo n.

Let us finally show, that the derived result does not depend
on the choice of the orbital inducing the valence band repre-
sentation. Indeed, if instead of ϕ1 we choose it to be ϕ2, the
spinor of a Berry dipole k · p Hamiltonian compatible with
the itinerant angular momenta of the valence and conduction
bands is given by Eq. (5). As was discussed in footnote 11, the
change in the Hopf invariant in this case is of an opposite sign
than in Eq. (74a). Simultaneously, the differences in itinerant
angular momenta between the basis Bloch functions and be-
tween conduction and valence bands are related with an extra
minus sign �L̃(�) =m�

−(L̃2(�) − L̃1(�)). Therefore, for
a k · p expansion around �, �� =m�

−�L̃(�), and Eq. (74c)
holds without modifications.

Note that so far we did not reproduce Eq. (67) which ap-
plies for the exceptional P2-symmetric case, which leads us to
raise the following question: could there have been two maxi-
mal iso-orbital subsets within the described construction? The

answer is that not under our assumption that all band touchings
are Berry-dipolar, as we proceed to clarify.

2. Beyond the Berry-dipole assumption

We have just derived the Hopf-RTP relation Eq. (66) based
on an assumption that the only band touchings are Berry
dipoles. What Hamiltonian phases are missed under this as-
sumption? Could it be that the Hopf-RTP relation takes a
different form in these “missed phases”? The short answer
is that there are no “missed phases” for space groups P(n =
3, 4, 6); however, there exists “missed phases” for P2, for
which a more general Hopf-RTP relation in Eq. (68) holds.

What exactly distinguishes the “missed phases” from the
phases that are not missed? To pin this down, one needs to ap-
preciate that a Berry-dipole band touching does not transform
the band representation of the bulk-valence subspace into a
distinct band representation. In more detail, if one begins from
the canonical trivial phase with the bulk-valence band being
a basis band representation BBR[ϕ j], with ϕ j a basis orbital
with on-site angular momentum L j and Wyckoff position r j ,
then any subsequent Berry-dipole band touchings will not
change the fact that the bulk-valence band is a band repre-
sentation induced from an (L j, r j,⊥) orbital; the z coordinate
of the Wyckoff position will, however, generically differ. This
follows from three facts.

(i) Recall that the Berry dipole is, by definition, a dipolar
source of Berry curvature with zero monopole charge. Hence
fact 1 (topological formulation): a Berry dipole cannot change
the first Chern class of the bulk-valence band. A theorem
proven in Ref. [35] tells that a unit-rank Pn-symmetric band
with trivial first Chern class is simply a band representation
of Pn. By “unit-rank,” we mean that the band is given by
a single linearly independent Bloch function ψk over the
Brillouin torus, as is certainly true for the bulk-valence band
of a two-band Hamiltonian. Thus an equivalent statement
is fact 1 (crystallographic formulation): a Berry-dipole
transition preserves the band-representability of a unit-rank
bulk-valence band.

(ii) Because a Berry-dipole band touching occurs at an
isolated k point, while the itinerant angular momentum is a
property of a k line, a Berry-dipole touching cannot change
the itinerant angular momenta of the bulk-valence band.
Hence fact 2: the bulk valence band has exactly the same
itinerant angular momenta as a basis band representation
induced from ϕ1.

(iii) Fact 3 (crystallographic formulation): two unit-rank
band representations of Pn are equivalent as band representa-
tions if and only if they have exactly the same itinerant angular
momenta. To be equivalent as unit-rank band representations
of Pn means that their corresponding representative Wan-
nier orbitals have identical on-site angular momenta L and
xy-projected Wyckoff positions r⊥; we have been denoting
equivalence classes of band representations by BR(L, r⊥).
Applying the same theorem in Ref. [35], an equivalent restate-
ment is fact 3 (topological formulation): given a Pn-symmetric,
unit-rank band with trivial Chern class, its itinerant angu-
lar momenta are in a one-to-one correspondence with an
equivalence class of band representations. Fact 3 is proven
in Appendix I, and contrasts with the other known fact that
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if the Chern class is nontrivial, the Chern invariants are not
in one-to-one correspondence with the itinerant angular mo-
menta [19].

Synthesizing these three facts, we find that in any Hamil-
tonian phase connected to the canonical trivial phase via
Berry-dipole transitions, the valence band is a band repre-
sentation in the same equivalence class BR(L j, r j,⊥) as for
BBR[ϕ j]. Thus we must admit the possibility of “missed
phases” where the bulk-valence band is a band representation
but is not symmetry-equivalent to either of BBR[ϕ j].

Actually, for two-band Hamiltonians with space groups Pn
(n = 3, 4, 6), the triviality of the first Chern class and the
Hilbert-space constraint of a two-band Hamiltonian altogether
imply that the valence band representation is symmetry-
equivalent to one of BBR[ϕ j], as proven in Appendix J.
This suggests that Eq. (66) holds without exceptions for the
Pn (n = 3, 4, 6) space groups. This is true, and the most
direct way to prove this is by the methods of Sec. VII D
or Sec. VII E. On the other hand, a trivial Chern class in
the P2 space group does not imply the bulk-valence band
is symmetry-equivalent to one of BBR[ϕ j]. Thus the more
general Hopf-RTP relation in Eq. (68) is only needed for the
P2 space group. For models in class P2-I this general relation
coincides with Eq. (66), as for Pn (n = 3, 4, 6), while for
models in class P2-II it takes the form in Eq. (67). This latter
relation is proven separately in Sec. VII D 4.

D. Hopf-RTP relation from angular-momentum anomaly

Having discussed the bulk-boundary correspondence of the
RTP insulator, we employ the angular-momentum anomaly
(introduced in Sec. VI A) to prove the general, mod-n Hopf-
RTP relation in Eq. (68). This proof will use the known
bulk-boundary correspondence of the Hopf insulator [39],
which we first review in Sec. VII D 1. To make the proof
self-contained, we recapitulate in Sec. VII D 2 a few salient
features of the bulk-RTP-boundary correspondence (discussed
at length in Sec. VI). Subsequently, in Secs. VII D 3 and
VII D 4, we relate the surface signatures of both Hopf and
RTP invariants, and then derive the relation between their bulk
counterparts. Throughout this section, we consider a semi-
infinite geometry where the insulator occupies a space with
z > 0; our boundary will be the bottom (z = 0) facet.

1. Review: Bulk-boundary correspondence of the Hopf insulator

Hopf insulators do not necessarily have conducting surface
states whose energies interpolate between the bulk valence
and conduction bands; any mid-gap surface states can be
removed from the gap by a gap-preserving Hamiltonian de-
formation [cf. Fig. 7(b)]. Despite being removable from the
energy gap, the totality of all surface-localized states (oc-
cupied and unoccupied) possesses a Chern number (which
we call a faceted Chern number) that is equal to the bulk
Hopf invariant χ [39]. We note that this equality holds in the
convention of the surface normal vector n̂ pointing outside of
the sample. For the bottom facet, this means that the normal
vector is oriented opposite to the unit vector along the z axis:
n̂ = −êz.

To rationalize the stated equality between the faceted
Chern number and the Hopf invariant, consider that the total

surface anomalous Hall conductance on a semi-infinite ge-
ometry must vanish, when the contributions from all states
(occupied or not) in the Hilbert space are added up. The bulk-
conduction and bulk-valence bands each contribute a surface
Hall conductance of −χ/2 with the same sign [67] [that the
Hopf invariant is equal (in magnitude and in sign) for both the
bulk-conduction and the bulk-valence bands follows from a
fundamental antisymmetry of all Hamiltonians that are a sum
of Pauli matrices: σyh(k)∗σy = −h(k)]. For the net surface
Hall conductance to vanish, there must exist faceted states
with a nontrivial, compensating Chern number: C f = χ .

As with the faceted Zak phases described in Sec. VI C,
there are two approaches to compute the faceted Chern num-
ber C f . First, one can find a Hamiltonian deformation that
detaches surface-localized bands from the rest of the spectrum
[e.g., cf. Fig. 7(c)], and then compute the Chern number by
standard numerical algorithms. Alternatively, one can com-
pute the Chern number of the surfacelike polarization bands,
employing a method introduced in Ref. [65] and reviewed in
Appendix L 1.

2. Recapitulation: Bulk-boundary correspondence
of the RTP insulator

There exists at most two maximal subsets of rotation-
invariant reduced momenta in the rBZ satisfying the mutually
disjoint (64) and iso-orbital (65) conditions. We denote
them as {�α

jα
} jα=1,...,Jα , with α = 1 and 2 a subset index.

Picking �α
1 as a representative member in each subset, a

complete set of independent RTP invariants is given by
{�P�1

1�
1
j1
} j1=2,...,J1

⋃{�P�2
1�

2
j2
} j2=2,...,J2 .

49

An angular-momentum anomaly is associated with each of
the independent RTP invariant �P�α

1�
α
jα

(cf. Sec. VI A). To
recapitulate what this means: defining Nc(�) [respectively
Nv (�)] as the total number of faceted states whose itinerant
angular momenta are bulk-conduction-like (respectively bulk-
valence-like) at �, then

Nv

(
�α

jα

) = Nv

(
�α

1

)+�P�α
1�

α
jα
,

Nc
(
�α

jα

) = Nc
(
�α

1

)−�P�α
1�

α
jα
, (75)

with the total number of faceted bands being independent
of �:

Ntot = Nv (�) +Nc(�). (76)

3. Hopf-RTP relation for a valence band that is
symmetry-equivalent to a basis band representation

Assuming that the valence band is symmetry-equivalent to
a basis band representation, there is only one maximal subset
of reduced momenta {� j} j=1...J fulfilling the mutually disjoint
and iso-orbital conditions, and therefore a complete set of
independent RTP invariants is given by {�P�1� j } j=2,...,J .

Our next step is to relate the surface signatures of the RTP
and Hopf invariants, by utilizing a relation between Chern

49According to Appendix J, a maximal subset containing only
one element (i.e., one reduced momentum) is incompatible with the
Hamiltonian having trivial Chern class, therefore there is at least one
well-defined RTP invariant for each nonempty maximal subset.
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numbers and itinerant angular momenta derived in Ref. [19]
for pn-symmetric Hamiltonians. A simple manipulation of
their relation (detailed in Appendix H) allows to express the
faceted Chern number, modulo n, as the sum of itinerant
angular momenta of all faceted states at all rotation-invariant
reduced momenta:

C f =n −
Ntot∑
i=1

∑
�∈all

L̃i(�), L̃i(�) ∈ {0, 1, . . . ,m� − 1}.

(77a)

By “all rotation-invariant reduced momenta,” we mean not
just Cn-invariant momenta, but also any Cm�

-invariant mo-
mentum with 1 < m� < n, where m� is the order of the little
group of �. Note that each Cm�

-invariant momentum appears
as a member of an n/m�-plet of symmetry-related momenta;
in Eq. (77a), we include all members of each multiplet. Each
of L̃i(�) should be understood as mod-m� variables taking
values in {0, 1, . . . ,m� − 1}. The minus sign in Eq. (77a)
[which is absent in Eq. (H1) in the Appendix] reflects the fact
that the facet normal is oriented opposite to the rotation axis
ẑ. One may then apply Eq. (76) to separate faceted states into
two categories, namely with bulk-valence-like versus bulk-
conduction-like itinerant angular momenta:50

C f =n −
∑
�∈all

[Nv (�)L̃v (�) +Nc(�)L̃c(�)]. (77b)

Inserting the angular-momentum-anomaly [Eq. (75)] in
Eq. (92)], we obtain

C f =n −
[
Nv (�1)

(∑
�∈all

L̃v (�)

)
+Nc(�1)

(∑
�∈all

L̃c(�)

)

+
J∑

j=2

�P�1� j

(
L̃v (� j ) − L̃c(� j )

)]
. (77c)

The first two sums on the right-hand side individually van-
ish modulo n as they are related to the Chern numbers of
the bulk-valence respectively bulk-conduction bands, which
are assumed to be zero in studied Hamiltonians.51 The third
and only remaining term on the right-hand side of Eq. (77c)
represents the effect of the anomaly in replacing angular
momenta which are bulk-conduction-like with those that are
bulk-valence-like or vice versa (depending on the sign of the

50For � not belonging to the maximal subset L̃v (�) = L̃c(�),
meaning that partitioning of Ntot into Nv (�) and Nc(�) is not
unique. However, the equality of itinerant angular momenta ensures
that the derivation goes through irrespective of the chosen parti-
tioning. A convenient choice which helps to derive the subsequent
Eq. (77c) is to set Nv(c)(�) = Nv(c)(�1) for all � not belonging to
the maximal subset and �1 being the chosen representative number
of the maximal subset.

51To elaborate, consider that (−)
∑

�∈all L̃v (�) [respectively
(−)

∑
�∈all L̃c(�)] equals (modulo n) the Chern number in the

(kx, ky ) plane of the bulk-valence [respectively bulk-conduction]
band, as derived in Appendix H. Our assumption that the Hamilto-
nian has trivial Chern class implies that the first two sums in Eq. (77c)
are zero modulo n.

RTP invariant.) A simple rewriting gives

C f =n

J∑
j=2

�P�1� j�L̃(� j ), (77d)

with �L̃(�) = L̃c(�) − L̃v (�) (mod m�).52 Using the
equality between the faceted Chern number and the bulk
Hopf invariant χ = C f (cf. Sec. VII D 2), we arrive at the
mod-n Hopf-RTP relation in Eq. (66). We also emphasize
that, in contrast to Sec. VII C, the present derivation made
no assumption whatsoever concerning the phase transitions
encountered when reaching the final Hamiltonian from the
“canonical trivial” phase.

4. Hopf-RTP relation for a valence band that is not
symmetry-equivalent to a basis band representation

We show in Appendix J that of the Pn groups, it is only
the P2 group that allows for crystalline Hopf insulators whose
valence band representation is not symmetry-equivalent to a
basis band representation. This case arises only when the mu-
tually disjoint condition is satisfied for all rotation-invariant
momenta:

∀� j, �L̃(� j ) = 1, (78)

and when the two maximal subsets of reduced momenta
(fulfilling the iso-orbital condition) each have exactly two
elements, which we denote as {�α

1 ,�
α
2 }α=1,2; there are then

only two RTP invariants {�P�α
1�

α
2
}α=1,2.

To prove the Hopf-RTP relation (67), we again express
the faceted Chern number in terms of the itinerant angular
momenta of the faceted states, i.e., we utilize Eq. (77a) with
n = m� = 2 for all �. Because each term is integer-valued,
one may freely alter plus and minus signs [in Eq. (77a)]
without modifying the equality modulo 2. Next we insert
into Eq. (77a) the angular-momentum-anomaly [Eqs. (75)],
obtaining

C f =2

2∑
α=1

[
Nv

(
�α

1

) 2∑
j=1

L̃v

(
�α

j

)+ (v → c)

]

+
2∑

α=1

�P�α
1�

α
2
�L̃
(
�α

2

)
. (79)

The square-bracketed terms in the first line of Eq. (79) sum
to an even integer53 and therefore can be dropped from the

52The fact that all Cm�
-invariant momenta from an n/m�-plet are

present in the sum ensures that a possible multiples-of-m� difference
between �L̃(�) and L̃c(�) − L̃v (�) does not modify Eq. (77d)
modulo n.

53To reveal that this sum is indeed even, we rewrite the bracketed
terms as

2∑
α=1

2∑
j=1

{Nv (�1
1)L̃v (�α

j )

+ [Nv (�α
1 ) −Nv (�1

1)]L̃v (�α
j ) + (v → c)}. (80a)

The first term is proportional to
∑

�∈all L̃v (�), which has the
same parity as the first Chern number of the bulk-valence band;
hence this term vanishes (modulo 2) under our assumption that the
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γ(b )

k0 k ∈LOOP

T 3
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(a) (b)

FIG. 11. Two-band, insulating Hamiltonian with flattened spec-
trum is represented as a map from a 3-torus to a 2-sphere, hflat (k) =
hflat (k) · σ with hflat ∈ S2. The preimage of a point b ∈ S2 [green dot
in (b)] is generically a one-dimensional BZ-submanifold γ (b) [green
line in (a)] with the orientation defined by the winding of hflat (k)
around the point b [blue line in (b)] as k varies around infinitesimal
LOOP [blue line in (a)] centered at k0 ∈ γ (b) [black dot in (a)]. The
preimage line γ (b) is a boundary to an oriented surface � [green
shaded area in (a)]. Preimage γ (b′) of another point b′ ∈ S2 [red dot
in (b)] intersects � a number of times equal to |χ |.

modulo 2 equality. Then, bearing in mind that χ = C f and
�L̃ = 1 [cf. Eq. (78)], the desired Hopf-RTP relation (67)
follows from Eq. (79).

E. Hopf-RTP relation from linking numbers

An alternative proof of the Hopf-RTP relation derives from
the linking-number interpretation of the Hopf invariant, which
we briefly introduced in Sec. III B (cf. Fig. 2). Namely, the
Hamiltonian with a flattened spectrum hflat (k) = hflat (k) · σ
[defined for the spinor-form Hamiltonian in Eq. (10)] is
viewed as a continuous map from the BZ 3-torus to the Bloch

Hamiltonian has trivial first Chern class. Likewise, the analogous
term with [v → c] vanishes modulo 2, and we are left with

2∑
j=1

[{Nv (�2
1) −Nv (�1

1)}L̃v (�2
j )

+ {Nc(�2
1) −Nc(�1

1)}L̃c(�2
j )]

=2

2∑
j=1

[{Nv (�2
1) −Nv (�1

1)}L̃v (�2
j )

+ { −Nv (�2
1) +Nv (�1

1)}L̃c(�2
j )]. (80b)

In obtaining the last row, we used that Nc(�) = Ntot −Nv (�) and
thatNtot appearing twice and with opposite signs in the second curly
bracketed term is canceled out in the expression. Combining both
terms in Eq. (80b), we get

2∑
j=1

{Nv (�1
1) −Nv (�2

1)}�L̃(�2
j )

=2 {Nv (�1
1) −Nv (�2

1)}
2∑

j=1

1 =2 0. (80c)

2-sphere. The corresponding Hopf invariant equals the linking
number of the (oriented) preimages of any two distinct points
on the Bloch 2-sphere [2,5,15].

For instance, let us arbitrarily pick a point b on the Bloch
2-sphere [green dot in Fig. 11(b)]. Because the Hamiltonian
maps between spaces whose dimensions differ by unity, the
preimage of b, denoted γ (b), is generically a one-dimensional
submanifold of the BZ. We will make a few assumptions
to simplify the first-round discussion, deferring the general
treatment to Appendix N. The first assumption is that γ (b) is
topologically equivalent to a contractible circle, as illustrated
with green path in Fig. 11(a). Then, γ (b) is equipped with
a positive-integer-valued multiplicity μ[γ (b)] and an orien-
tation τ[γ (b)], which is a vector tangential to γ (b) at each
k0 ∈ γ (b).

We proceed by defining these quantities. Let LOOP [blue
in Fig. 11(a)] be an infinitesimal loop linking with γ (b) and
centered at k0 [black dot in Fig. 11(a)]; as k is varied around
LOOP, the image of k on the Bloch sphere will make μ[γ (b)]
number of revolutions (or “orbits”) around b, as illustrated
in Fig. 11(b). Given that the direction of these revolutions is
governed by a right-hand rule with a thumb pointing inside
of the Bloch sphere, the orientation τ[γ (b)] at k0 is deter-
mined using the right-hand rule by the direction in which
k is varied around LOOP, as illustrated with a green arrow
in Fig. 11(a).

It is useful to introduce a Gaussian surface � bounded by
γ (b); any surface bounded by γ (b) will do [cf. Fig. 11(a) for
an example of such a surface]. The surface � inherits an ori-
entation from the orientation of γ (b) via the right-hand rule: if
the fingers are aligned along the positively oriented direction
of ∂� = γ (b), then the thumb gives the positive orientation of
�. The linking-number interpretation states that for any point
b′ �= b on the Bloch 2-sphere, the corresponding preimage
γ (b′) will link with γ (b) with a linking number54 that is
equal to the Hopf invariant χ [2,5,15]. This means that if we
parametrize γ (b′) by a variable that we interpret as time, then
γ (b′) will intersect the Gaussian surface � a total of |χ | times;
the sign of χ distinguishes two topologically distinct ways in
which two oriented loops can link (cf. Fig. 12). Because this
linking holds for any choice [15] of b′ over the Bloch sphere
(for fixed b), it follows that the image of � covers the Bloch
sphere χ times [4].

Furthermore, the map from � to the Bloch sphere can also
be viewed as a map between a pair of 2-spheres; namely, be-
cause the boundary ∂� of � is mapped to a single point on the
Bloch sphere, one can identify ∂� ∼ pt. with a single point,
such that the quotient �/∼ � S2 is topologically identified

54The notion of “linking number” must be generalized to contexts
beyond the Hopf map from S3 to S2. For crystallographic-symmetry-
constrained maps, it is useful to adopt a generalized linking number
which encodes not just that two loops link but also the multiplicity
μ[γ (b)] of each loop. (In the Hopf map, μ = 1 and is a nonissue.)
The generalized linking number of two loops [γ (b) and γ (b′)] is
then μ[γ (b)] × μ[γ (b′)] multiplied with the usual notion of linking
number. A subsequent use of terminology (“intersection number”) in
the main text should also be understood in this generalized sense.
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(a) (b)

χ=1 χ=–1

FIG. 12. Geometrical interpretation of the Hopf invariant χ as a
linking number of two oriented preimage lines (green and red loops).
The sign of χ [positive in (a), negative in (b)] distinguishes between
two topologically distinct ways to link the oriented loops.

as a 2-sphere. But the wrapping number of a map between
two 2-spheres is nothing more than the (first) Chern number.
Hence, we identify χ as the Chern number of the map from
� to the Bloch 2-sphere; we call this the Hopf-Chern relation
(not to be confused with the fact that the Hamiltonian map has
trivial first Chern class). The Hopf-Chern relation was first
espoused by Whitehead for the Hopf map: S3 → S2 [4]; we
are proposing here that the Hopf-Chern relation holds also for
crystallographic-symmetry-constrained maps from T 3 → S2

with trivial first Chern class.
The Hopf-Chern relation turns out to be very useful in

proving the Hopf-RTP relation. Deferring the general proof
(which holds for any Pn symmetry) to Appendix N, we fo-
cus here on proving the relation for a particular class of
P4-symmetric Hamiltonians for which only a single RTP in-
variant �P�M is well-defined, that being the polarization
difference between the only two fourfold-invariant reduced
momenta: � and M. An example of such a model is given
in the third row [i.e., SG = P4, �L = 1, �r⊥ = (1/2, 1/2)]
of Table II.

Due to P4 symmetry and the mutually disjoint condi-
tion, the wave function of the valence (and also of the
conduction) band is constant along the fourfold-invariant k
line specified by �; in other words, the Hamiltonian maps
this k line to a single point on the Bloch sphere. This
single point is either the north pole or the south pole, in
a basis that simultaneously diagonalizes the rotation ma-
trix. These statements that apply to � apply equally well
to M. In the presented argument we restrict ourselves to
models with the valence (respectively conduction) band rep-
resentation being symmetry-equivalent to the basis band
representation BBR[ϕ1] (respectively BBR[ϕ2]). Then both
fourfold-invariant k lines map to the south pole (cf. Fig. 13
for an illustration).

Let us suppose for the moment that the preimage of the
south pole comprises only these two k lines. Defining ori-
entations of these preimage lines using the above-described
procedure is not straightforward; to overcome this complica-
tion, we present in Appendix N a symmetry-based method to
determine preimage orientations. To make the discussion in
this section more brief, we defer application of this method
to the general proof in Appendix N and assume no knowl-
edge of the preimage orientations in the current discussion.

S 2

S

h
flat

γ
Γ

γ
M

BZ

FIG. 13. Preimage manifold of the south pole S ∼ −σz consists
of two vertical rotation-invariant lines γ� and γM , illustrated by dark-
green oriented lines. Light-green sheet indicates a surface bounded
by γ� ∪ γM .

This will leave a sign ambiguity in the derived Hopf-RTP
relation.

A Gaussian surface that is bounded by the preimage of
the south pole is given by a vertical rectangular sheet with
the two vertical sides equal to the fourfold-invariant k lines,
and the two horizontal sides identified due to the periodicity
of the Brillouin torus, cf. Fig. 13. For an orientation of the
constructed surface to be well-defined from orientations of
the preimages, it must be that the two vertical lines have
opposite orientations; one choice of possible orientations is
illustrated in Fig. 13. Then the Hopf-Chern relation tells us
that the Hopf invariant equals, up to a sign determined by the
preimage orientation, to the Chern number defined over this
sheet. Application of Stokes’ theorem further gives us that the
same Chern number equals the difference in Berry-Zak phase
between the two fourfold-invariant k lines, divided by 2π
[21]. However, this difference (divided by 2π ) is simply the
polarization difference (�P�M) between these lines. Hence
we arrive at a Hopf-RTP relation χ = ±�P�M . The sign
in this relation can be further specified after the preimage
orientations are fixed. This additional step is completed for
any Pn symmetry in Appendix N.

This particular instance of the Hopf-RTP relation was
naïvely derived under the assumption that the preimage of the
south pole comprises no preimages besides the two fourfold-
invariant k lines. Thus suppose the preimage of the south pole
involves a k loop centered at a generic k point. There must
then be three other k loops related by fourfold symmetry. The
Chern numbers of all four k loops must be identical, because
the Berry curvature transforms as a pseudovector under crys-
tallographic operations. It follows that the naïve Hopf-RTP
relation can be modified by additions of integer multiples of
four:

χ =4 ±�P�M . (81)

We note that other choices of additional preimages are pos-
sible; they are all analyzed in Appendix N, and result in the
same mod-4 reduction of the Hopf-RTP relation. It would be
beneficial to points readers’ attention to the result indicated
in row SG = P4, �L = 1, �r⊥ = (1/2, 1/2)] in Table III,
which specifies the sign in the relation (81) to be minus.
This is a particular instance of the Pn-symmetric Hopf-RTP
relation in Eq. (66), which is proven more generally in
Appendix N.
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VIII. DELICATE CRYSTALLINE INSULATORS
BEYOND TWO-BAND HAMILTONIANS

In discussing possible extensions of crystalline Hopf in-
sulators beyond two-band Hamiltonians, we ask: is the
classification by the Hopf and RTP invariants naturally gen-
eralizable when the Hilbert space is expanded to include
more trivial bands? (The meaning of “triviality” will be
sharpened below.) Speaking colloquially, does the topologi-
cal nontriviality “survive” an expansion of the Hilbert space
to include strictly localized degrees of freedom? Formaliz-
ing what “survival” means for the crystalline Hopf insulator
leads directly to the related notions of delicate topology and
symmetry-protected delicate topology. The categorization of
topological insulators into delicate versus fragile versus sta-
ble is the first step (or an essential premise) in any formal,
algebraic-topological classification [10,12,35–37,39,52,68].

A different motivation for the above, italicized question
comes from attempting to realize delicate topology in the lab-
oratory. Any solid-state/meta-material/cold-atomic realization
of topological band structure must contend with the number
of bands—in any single experimental platform—being large
(even infinite, formally). Thus an effective few-band Hamilto-
nian is only an approximate description. It is then essential,
when confronting nature, to explore (and hopefully break
down) the limitations of this approximation.

Our analysis of the postulated question is organized as
follows. Firstly, in Sec. VIII A, we introduce the procedure
by which we expand a topologically nontrivial two-band
Hamiltonian to a (>2)-band Hamiltonian. The implications
of the Hopf invariant being delicate-topological are explored
in Sec. VIII B; the implications of the RTP invariant be-
ing symmetry-protected delicate-topological are explored in
Sec. VIII C. Both the Hopf and the RTP invariants necessi-
tate a topological obstruction for the localization of Wannier
orbitals which is explained in the subsequent Sec. IX; going
beyond Hopf and RTP insulators, it will be argued therein that
this Wannier obstruction is generally a delicate-topological
property.

A. (>2)-band Hamiltonians from two-band Hamiltonians

We consider a specific algorithm to produce a (>2)-
band Hamiltonian from a two-band Hamiltonian: we expand
the two-band Hilbert space by adding to it a basis band
representation (of Pn) induced from a third, representa-
tive tight-binding-basis orbital ϕ3. If ϕ3 is centered at a
Cn-invariant Wyckoff position r3 and forms a certain one-
dimensional representation of the site-stabilizer group Pnr3 ,
then the Hilbert space is expanded to three bands. (The ex-
pansion is to four or more bands if r3 is not Cn-invariant.)

By construction, a basis band representation is a tightly
bound band representation—a band representation in which
each Wannier orbital is localized to a single site, or one-
site-localized. (A “site” is a notion existing only in the
tight-binding formalism, and represents the physical location
of a tight-binding-basis orbital. If r3 is Cn-invariant, the al-
lowed sites are r3 plus any Bravais-lattice vector.)

A choice is made whether to add this tightly bound band
representation to the conduction or valence subspace; in either

case, we preserve the notion of the bulk energy gap inherited
from the two-band Hamiltonian. (The choice between conduc-
tion versus valence is made by tuning the on-site energies of
the tightly bound band representation as desired.) After this
addition procedure, we allow any continuous, Pn-symmetric
deformation of the (>2)-band Hamiltonian that preserves the
bulk gap. This procedure can be repeated to produce a Hamil-
tonian with any number of conduction and valence bands.

Given that a two-band Hamiltonian is characterized by a
nontrivial Hopf or RTP invariant, one may ask if this special
topological property of the conduction and valence subspace
is lost under the expansion procedure detailed above. At this
point, the notion of delicate topology emerges. The Hopf
and RTP invariants, defined respectively by Eqs. (29) and
(34), are examples of delicate topological invariants [38]. This
means their status as topological invariants is lost under the
addition of certain “trivial” bands to either the conduction or
to the valence subspace. In the classification of stable/fragile
crystalline topological insulators, being “trivial” means being
a band representation. In contrast, in the more refined clas-
sification of delicate crystalline topological insulators, being
“trivial” means being a tightly bound band representation.55

However, the Hopf and RTP invariants differ in that
the Hopf invariant becomes ill-defined under the addition
of any tightly bound band representation (as elaborated in
Sec. VIII B), while the RTP invariant loses its invariant sta-
tus only under the addition of particular tightly bound band
representations (cf. Sec. VIII C). This difference, and its im-
plications, are elaborated subsequently.

B. Hopf insulators beyond two-band Hamiltonians

For two-band Hamiltonians with trivial first Chern class, a
bulk-boundary correspondence equates the bulk Hopf invari-
ant with the faceted Chern number. We will separately address
whether the bulk or boundary invariant has a natural extension
to (>2)-band Hamiltonians.

1. Delicacy of the bulk Hopf invariant

As originally formulated [2], the Hopf invariant classifies
maps from a three-sphere (S3) to a 2-sphere (S2). In our con-
text, the 2-sphere is the Bloch sphere—the space of two-band
Hamiltonians. Our assumption that the Chern class is trivial
allows to continuously deform the map such that its restriction
to a 2D subtorus (of the Brillouin torus) is a constant map.
In particular, it is possible to have the entire boundary of the
(first) BZ map to the same point on the Bloch sphere. This al-
lows one to compactify the boundary to a single point, ∂BZ ∼
pt., which deforms the BZ into a three-sphere, BZ/∼ � S3

(where “/∼” indicates a quotient modulo the equivalence
relation [69]). It follows that maps from the Brillouin 3-torus
to the Bloch sphere, under the constraint of a trivial first Chern
class, are topologically equivalent to maps from a three-sphere
to a 2-sphere. For this reason, we (following other authors

55For the mathematically oriented reader, further motivation of this
definition of “triviality” stems from observing that a tightly bound
band representation is a space-group-equivariant analog of a product
bundle, as explained in Appendix G of Ref. [37].
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[13]) have taken the liberty of using the term “Hopf invariant”
to classify Chern-trivial maps from the Brillouin 3-torus to
the Bloch 2-sphere. By this definition, any enlargement of
the two-band Hamiltonian renders the Hopf invariant to be
ill-defined.

It was shown in Ref. [13] that for two-band Hamiltonians,
the Hopf invariant has an equivalent expression as an integral
of the Chern-Simons three-form of the Abelian Berry gauge
field [cf. Eq. (29)]. Unlike the Hopf invariant, the Chern-
Simons formula remains well-defined and gauge-invariant for
higher-than-two-band Hamiltonians with trivial Chern class,
assuming we limit ourselves to expanding only the conduction
subspace. (The Chern-Simons formula is not directly applica-
ble to the case where the valence subspace is expanded due to
the Abelian nature of the Berry gauge field in the formula.)

One may then ask if the Chern-Simons formula re-
mains quantized to integers for (Nc + 1)-band Hamiltonians
with a (Nc > 1)-band conduction subspace and trivial first
Chern class. The negative answer can be rationalized from
algebraic-topological considerations: the space of (Nc + 1)-
band Hamiltonians with a (Nc > 1)-band conduction subspace
is the complex Grassmannian GrC(Nc, 1) = U(Nc + 1)/
[U(Nc) × U(1)] [10], where U(Nc) is the group of unitary
matrices of dimension Nc, and it is known [18] that the first
Chern class gives the complete classification of maps from
the BZ 3-torus to GrC(Nc, 1) for Nc > 1.56

2. Delicacy of the faceted Chern number

We just showed that the Hopf invariant becomes ill-defined
after enlargement of the two-band Hamiltonian. Can we say
something about the faceted Chern number when the rank of
either the valence or the conduction subspace is larger than
one? As one of us showed in Ref. [64] [cf. Sec. II A 1 and
Fig. 3(b) therein], in the absence of any crystalline symmetry
except the lattice translation, the presence of multiple bands
in a given subspace allows to modify the value of the faceted
Chern number by an arbitrary integer number, depending on
the number of considered faceted bands N f . This is due to
the fact that the bulk bands can individually carry nonzero
Chern numbers even when the total Chern number of the
corresponding subspace is zero. Now, if we enlarge the set of
surfacelike polarization bands by including one polarization
band with a bulklike nonzero Chern number, the value of the
faceted Chern number will be modified by this bulk Chern
number.

While both the Hopf invariant and the faceted Chern num-
ber lose their invariance for (>2)-band Hamiltonians, there is

56A different extension was proposed in Ref. [65] for the N-band
Hopf insulators, where N nondegenerate bands are separated by
N − 1 energy gaps; then a Z-valued topological invariant corre-
sponding to the third homotopy group of the complex flag manifold
[43,70] F�C = U(N )/U(1)×N is computed as the quantized sum of
the nonquantized integrals of the Chern-Simons 3-form over the N
individual bands. This quantity remains invariant as long as no band
degeneracy is formed between any pair of bands. In our present work,
we instead focus on the ‘conventional’ scenario where topological
invariants change only if one closes the energy gap separating the
valence bands from the conduction bands.

a special case of Pn-symmetric Hamiltonians for which “C f

mod-n” remains a topological invariant. For this to be true,
the valence band representation (and also the conduction band
representation) must be symmetry-equivalent to a composite
band representation that is decomposable into Nv (Nc) identi-
cal band representations BR(Lv, rv,⊥) [BR(Lc, rc,⊥)]. In this
case, the rotation symmetry guarantees that the Chern number
of each individual bulk band is a multiple of n and therefore it
can modify the faceted Chern number by multiples of n which
keeps the value of C f mod n. In Sec. VIII C, we define this
invariant in terms of the angular-momentum anomaly.

C. RTP insulators beyond two-band Hamiltonians

For two-band Hamiltonians, the bulk-boundary correspon-
dence of RTP insulators equates the bulk RTP invariant with
an anomaly associated with the angular momentum of faceted
states. We will separately address whether the bulk invariant
or the boundary anomaly has a natural extension to (>2)-band
Hamiltonians.

1. Symmetry-protected delicacy of the bulk RTP invariant

The RTP invariant �P��′ has been defined as an integer-
valued polarization difference of the valence band between
two rotation-invariant reduced momenta � and �′. A natu-
ral way to extend the RTP invariant to higher-than-two-band
Hamiltonians is to ask whether the valence-subspace polariza-
tion difference is fixed by symmetry to integer values if the
valence/conduction subspace contains more than one band.
We find that the polarization difference remains quantized
if the enlarged Hamiltonian obeys two conditions which are
generalizations of Eqs. (64) and (65).

(i) The enlarged Hamiltonian satisfies the mutually disjoint
condition at � and �′: collecting the itinerant angular mo-
menta of bulk-valence and bulk-conduction states (at �) into
the respective sets {L̃v, j (�)}Nv

j=1 and {L̃c, j (�)}Nc
j=1, we require

that the two sets are disjoint:

mutually disjoint condition at �:

{L̃v, j (�)}Nv

j=1 ∩ {L̃c, j (�)}Nc
j=1 = ∅. (82)

This condition is required to hold for both � and �′.
(ii) There exists a composite basis band representation

CBR, such that the restriction of the valence band represen-
tation VBR to � equals the restriction of CBR to �, and
likewise VBR|�′ = CBR|�′ .57

In general, along the rotation-invariant k line specified by
�, the tight-binding Hamiltonian h(�, kz ) is block-diagonal
in the basis where the itinerant rotation matrix is diagonal;
what the mutually disjoint condition (i) gives additionally
is that each block (corresponding to one angular-momentum
sector) belongs either to the conduction or to the valence
subspace. This implies that the Hilbert space spanned by

57A composite basis band representation is defined as a Whit-
ney sum of elementary basis band representations: CBR = EBR1 ⊕
EBR2 ⊕ · · · ⊕ EBRNv

. Each of EBR j is induced from a basis orbital
with a certain site-stabilizer symmetry representation and a certain
positional center (r j,⊥, z j ).
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the valence eigenstates of h(�, kz ) is independent of kz. (i)
and (ii) jointly imply that the multiband polarization of the
valence subspace of h(�, kz ) is equal, modulo integers, to the
multiband polarization of the just-mentioned composite band
representation.58 Since this statement holds also for � ↔ �′
with the same composite basis band representation, we deduce
that the valence polarization of h(�, kz ) is equal, modulo
integers, to the valence polarization of h(�′, kz ). Thus one
concludes the polarization difference between � and �′ is
quantized to integer values. This holds true whether or not the
composite basis band representation is identical to the valence
band at rotation-invariant k lines other than � or �′.

Working within the symmetry constraints of (i) and (ii),
one can generalize the RTP invariant to Hamiltonians of ar-
bitrary number of bands. The stability of the RTP invariant
under symmetry-constrained Hilbert-space enlargements is
the defining property of symmetry-protected delicate topology.

To illustrate how the RTP invariant can be nullified, one
can add to the Hilbert space any basis band representation
BBR[ϕ3] of Pn with a Cm-invariant Wyckoff position r3 that
is not Cn-invariant, in other words 1 < m < n, and with ϕ3

forming a one-dimensional representation of Pnr3 . Such a
band representation necessarily has rank r greater than one,
meaning that the Hilbert space is spanned by r indepen-
dent Bloch states at each k. However, BBR[ϕ3] cannot be
split/decomposed into multiple band representation of smaller
rank. For such band representations, one may verify (e.g.,
from the Bilbao crystallographic server [71]) that for every
pair of a rank-1 elementary band representation BBR[ϕ1] and
a rank-(r>1) elementary band representation BBR[ϕ3]

∃ at most one �, s.t. ∀ j = 1, . . . , r; L̃1(�) �= L̃ j
3(�),

(83)

where L̃1(�) is itinerant angular momentum of BBR[ϕ1]
and L̃ j

3(�), j = 1, . . . , r are itinerant angular momenta of
BBR[ϕ3]. This implies that the addition of BBR[ϕ3], whether
it is to the conduction or valence subspace, makes the
mutually disjoint condition unfulfillable at (at least) two
rotation-invariant reduced momenta, and hence, nullifies all
RTP invariants.

2. Angular-momentum anomaly of (>2)-band Hamiltonians

For (>2)-band Hamiltonians with an RTP invariant
�P�1�2 that is well-defined and greater than zero, the
angular-momentum anomaly [encapsulated by Eq. (47) and
derived in Appendix L] holds just as well as for two-band
Hamiltonians, implying the existence of at least �P�1�2

58The multiband polarization can be computed via the non-Abelian
Wilson loop as P (�) =1

1
2π � ln detW (see, e.g., Ref. [21]). The

multiband polarization of the composite band representation simply
equals

∑Nv

j=1 z j , with z j defined in the previous footnote 57. To

prove the mod-one equality of P (�) and
∑Nv

j=1 z j , one can apply
an equivalent expression of the Wilson loop in terms of the z j and
the projector p(�, kz ) to the valence subspace of h(�, kz ), as shown
in Appendix C of Ref. [21]; the mutually disjoint condition gives that
p(�, kz ) = diag(1, 0) is a kz-independent diagonal matrix, with 1 a
Nv × Nv identity matrix and 0 a Nc × Nc zero matrix.

number of anomalous faceted bands whose itinerant angular
momenta are bulk-conduction-like at �1 and bulk-valence-
like at �2.

We remind the reader that for two-band Hamiltonians, an
itinerant angular momentum is bulk-valence-like at � if it
is identical to the itinerant angular momentum of the bulk-
valence band at �. By assumption of a two-band Hamiltonian,
the bulk-valence subspace comprises a single band, hence the
itinerant angular momentum at � is uniquely defined.

In contrast, for an Nv-band bulk-valence subspace, there is
not a unique angular momentum, but a set {L̃ j

v (�)} j=1,...,Nv

of possibly nonidentical angular momenta. An itinerant an-
gular momentum that is bulk-valence-like is then equal to
any of the Nv values in this set (which potentially contains
repetitions). Likewise, one may generalize the notion of bulk-
conduction-like to an Nc-band bulk-conduction subspace. It
is with these generalized notions that the angular-momentum
anomaly [encapsulated by Eq. (47)] holds for (Nc + Nv )-band
Hamiltonians.

We see that specifying �P�1�2 does not uniquely specify
the subspace of faceted bands, owing to the nonuniqueness in
itinerant-angular-momentum values implicit in (the general-
ized notions of) bulk-conduction-like and bulk-valence-like.
In other words, there are multiple, topologically distinct
faceted subspaces consistent with a single value of �P�1�2 .
This suggests there exists a finer topological classification
[of P(n>2)-symmetric (Nc + Nv )-band Hamiltonians] than is
afforded by the RTP invariant �P�1�2 alone. We believe this
to be a promising research direction.

Why did we restrict the above conjecture to Pn with n> 2?
The P2 space group is special in that there are only two
irreducible representations of the C2 point group, thus being
bulk-valence-like (or bulk-conduction-like) uniquely specifies
an itinerant angular momentum.59 It follows that the full set
of RTP invariants uniquely determines the itinerant angular
momenta of the faceted subspace.

In the general setting of (Nv + Nc)-band Pn-symmetric
Hamiltonians, the angular-momentum anomaly manifests in
conditionally robust surface states that interpolate between
valence and conduction band in the same way as for the two-
band Hamiltonians. Our proof of the conditional-robustness
of the surface states, presented in Appendix O, uses certain
spectral properties of block-Toeplitz matrices and generalizes
the two-band proof presented in Sec. VI B.

Assuming the existence of an angular-momentum anomaly,
one may ask if the Zak-phase anomaly generalizes also to
(>2)-band Hamiltonians. A sufficient (but not necessary) con-
dition for the Zak-phase anomaly is to have identical itinerant
angular momenta of all valence states at �1, and also at
�2; the same must be true for the itinerant angular momenta
of conduction states. In this case, the Zak-phase anomaly
tells that N faceted bands have a set of N Zak phases,
with |�P�1�2 | of them being symmetry-fixed to a rational

59This is because the mutually disjoint condition at � holds only
if (i) all members of the bulk-valence-like set {L̃ j

v (�)} j=1,...,Nv
of

itinerant angular momenta are equal, (ii) all members of the bulk-
conduction-like set {L̃ j

c (�)} j=1,...,Nc of itinerant angular momenta are
also equal, and (iii) L̃1

v (�) �= L̃1
c (�).
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multiple of 2π/n, and that these symmetry-fixed Zak phases
are distinct from the bulk-valence and also from the bulk-
conduction Zak phase. This can be shown by applying the
theorem from Sec. IVD1 in Ref. [66] in the same way as it was
done for the two-band case in Sec. VI C 4 and Appendix M.

Let us finally consider the faceted Chern number of the
(>2)-band RTP insulators. As we already mentioned in
Sec. VIII B 2, in the special case of identical itinerant an-
gular momenta of the valence bands L̃v, j (�) = L̃v (�) for
all j = 1, . . . ,Nv at each � [and same for the conduction
bands L̃c, j (�) = L̃c(�) for all j = 1, . . . ,Nc], the angular-
momentum anomaly leads to a faceted Chern number defined
modulo n. Given the itinerant angular momenta of the N f

faceted bands, the mod-n-Chern number is given by

C f =n −
N f∑
i=1

∑
�

L̃i(�)

=n

2∑
α=1

Jα∑
jα=2

�L̃(�α
jα ) �P�α

1�
α
jα
, (84)

where {�α
jα
} jα=1,...,Jα , α = 1 and 2, are two maximal subsets

of rotation-invariant reduced momenta satisfying conditions
(64) and (65). By “maximal” we mean that each set contains
all reduced momenta, satisfying these conditions, and the size
of each subset is given by an integer Jα . This relation is
proven in exactly the same way as the Hopf-RTP relation in
Sec. VII D. This similarity with the Hopf-RTP relation [cf.
Eq. (68)] of two-band Hamiltonians is not accidental. For two-
band Hamiltonians with trivial Chern class, the bulk-boundary
correspondence of Hopf insulators equates the Hopf invari-
ant with the faceted Chern number: χ = C f . For (>2)-band
Hamiltonians with identical valence (conduction) itinerant an-
gular momenta, the Hopf invariant loses its invariant meaning,
yet the faceted Chern number remains well-defined modulo n
due to the anomalous values of itinerant angular momenta.

IX. MULTICELLULARITY OF DELICATE
TOPOLOGICAL INSULATORS

The Hopf and the RTP invariants topologically obstructs
the valence subspace (and also the conduction subspace) from
being continuously deformable to a tightly bound band repre-
sentation [38]. It is worth emphasizing that the RTP invariant
alone would readily impose such an obstruction, assuming the
continuous deformation preserves Pn symmetry throughout.
For instance, this would hold for RTP insulators with trivial
Hopf invariant, as was modelled in Sec. V A.

The obstruction against being tightly bound holds despite
both the conduction as well as the valence bands being band
representations. A different way to state this is that despite
the Wannier orbitals being exponentially localized and locally
symmetric, some of the Wannier orbitals necessarily have
support across multiple primitive unit cells. Such obstructed
band representations are described as multicellular.

Our exposition of multicellularity is organized in the
present section as follows. We first demonstrate in Sec. IX A
that multicellularity is generally a delicate property, meaning
that the topological obstruction against being tightly bound
can be nullified by adding a certain trivial band to either

the conduction or the valence subspace. Then in Sec. IX B
we introduce a grading of multicellularity, defined roughly to
be the smallest number of primitive unit cells that a repre-
sentative Wannier orbital can be confined to, if allowing for
any continuous deformation of the two-band Hamiltonian that
preserves the energy gap and symmetry. Such grading can
meaningfully distinguish between different crystalline Hopf
insulators, as we exemplify in Sec. IX C. Finally, we extend
the notion of multicellularity beyond two-band Hamiltonians
in Sec. IX D.

A. Multicellularity is a delicate property

From the discussion in Sec. VIII, we see that the spe-
cific forms of multicellularity—associated with the Hopf and
RTP invariants—are delicate-topological. In fact, a stronger
statement holds true, namely that any form of multicellularity
existing in principle is a delicate property. In other words,
for any fixed-band, insulating Hamiltonian (inclusive of, but
going beyond, crystalline Hopf insulators) whose valence sub-
space is a band representation with a topological obstruction
to being tightly bound, this obstruction is removable by adding
a certain tightly bound band representation to either the con-
duction or the valence subspace.

This follows from a few facts in space-group-equivariant
vector bundle theory that we will just state, referring the
reader to Ref. [37] for the detailed argument. For a rapid
initiation to the terminology:60 an energy band can be viewed
as a vector bundle [1,37,43,73] with the base space equal to
the Brillouin zone and with fibres in direct correspondence
with the k-dependent Bloch functions; while “space-group
equivariance” means, in our context, that applying the rotation
operator to a Bloch function at k produces a Bloch function at
Cnk within the same band.

The first fact we need, proven in Appendix G of Ref. [37],
states that a tightly bound band representation and a non-
tightly bound representation (with the same space group G,
Wyckoff position, and site-stabilizer representation) are iso-
morphic as G-equivariant vector bundles.61 The second fact
follows from the universal space-group-equivariant vector
bundle theorem,62 which states that a G-equivariant isomor-
phism between two vector bundles (E and E′) corresponds
bijectively to a G-equivariant homotopy between E and E′.
Applied to our context, this means there exists a continu-
ous, G-symmetric deformation between a nontightly bound
band representation and a tightly bound representation (with
the same data specified above). If the band representation in

60See Ref. [72] for an introductory discussion of band topology
from the perspective of vector bundles.

61The standard notion of isomorphism in vector bundles is
explained in Ref. [1]; the notion of a space-group-equivariant iso-
morphism is explained in Ref. [37].

62The universal bundle theorem in Ref. [74] applies to P-
equivariant vector bundles with finite group P. For G-equivariant
vector bundles with G a space group, we observe that the translation
subgroup of G acts trivially on the bundle, hence we may directly
apply the universal bundle theorem with P identified as the (finite)
point group of G.
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question is the valence band of a tight-binding Hamiltonian,
the existence of this G-equivariant isomorphism (fact 1) is
guaranteed only if the rank of the conduction subspace is
unconstrained.63 Equivalently stated (due to fact 2), if one can
arbitrarily expand the conduction subspace by adding tightly
bound band representations, a valence band representation can
always be continuously deformed to a tightly bound band
representation while preserving space-group symmetry. This
is equivalent to stating that multicellularity of the valence
Wannier orbitals is a delicate property, exactly as advertised
in the previous paragraph.

B. Graded multicellularity: Definition and motivation

The RTP invariant suggests a refinement of multicellular-
ity through the introduction of grading. We will first define
graded multicellularity in the simplified case of an insulator
whose valence subspace is composed of a single band with
trivial first Chern class (i.e., a single, analytic Bloch function
over the Brillouin torus): the grade g ∈ Z+ ∪ {∞} is the lower
bound on the number of primitive unit cells that make up a
nonprimitive cell,64 which is able to contain a representative
Wannier orbital; the lower bound is defined given that one is
allowed to continuously deform a tight-binding Hamiltonian
h(k) of fixed matrix dimension while preserving the energy
gap and crystalline symmetry.65 (For crystalline topological
insulators in Wigner-Dyson classes A, AI and AII, the no-
tion of grading is typically more useful when one imposes a
local-symmetry condition [35,37] on the Wannier orbitals.) In
particular, an insulator with g = 1 is referred to as unicellular,
while all g � 2 (including g = ∞, in principle) correspond to
different grades of multicellularity. We also emphasize that
the notion of grading is defined in the tight-binding formalism
for Wannier orbitals defined over discrete space, as is assumed
throughout this paper; we are not aware of a single example of
a compactly supported Wannier orbital defined over continu-
ous space.

The notion of grading depends on whether the Wannier
orbitals form an orthonormal basis for the valence band.
To formalize this discussion, it is useful to distinguish be-
tween three kinds of Wannier orbitals: (1) the conventional
orthonormal (“on-”) Wannier orbitals, (2) the generalized
linear independent (“li-”) Wannier orbitals, and (3) the further
relaxed Wannier-type orbitals.

63We note that the presence of an antisymmetry, such as chiral or
PHS, relates the conduction-subspace bundle to the valence-subspace
bundle. This possibly precludes the use of the (space-group-
equivariant) universal bundle theorem, whose application assumes
that the conduction subspace is unconstrained. Thus for chiral sym-
metry classes, multicellularity is not necessarily concomitant with
delicate topology; it has been suggested in Ref. [75] that multicellu-
larity is concomitant with stable topology.

64A nonprimitive cell is a path-connected volume of space that,
when translated through all vectors of a Bravais lattice, does not
cover all of space without either overlapping itself or leaving voids
[76].

65We allow to continuously and symmetrically deform the Wyckoff
positions of the tight-binding-basis orbitals, as detailed in Supple-
mental Material of Ref. [38].

As is well-known in the conventional case, assuming that
the Chern class is trivial, on-Wannier orbitals are obtained by
inverse Fourier transform of Bloch states [cf. Eq. (C6)], with
the (i) Bloch states depending smoothly on k, and with (ii) the
intracell components of the Bloch states being orthonormal at
each k:〈

uon
j (k)

∣∣uon
j′ (k)

〉 = δ j j′ , j, j′ = 1, . . . ,Nv+Nc. (85a)

As respective consequences of (i) and (ii), the on-Wannier
orbitals are (i) exponentially localized, and (ii) obey the or-
thonormality relation〈〈

W on
j,R

∣∣W on
j′,R′
〉〉 = δ j j′δR,R′ , (85b)

where R and R′ are Bravais-lattice vectors, and our bra-ket
notation for Bloch and Wannier states is explained in Ap-
pendix C 1.

In contrast, one may drop the normalization of the intra-
cell components of the Bloch states but retain the weaker
condition of orthogonality and completeness at each k, re-
sulting in linear independent {|uli

j (k)〉}Nv+Nc
j=1 . Then the inverse

Fourier transform generates li-Wannier orbitals, which loose
their normalization and orthogonality but form a complete
and linear-independent basis of the Hilbert space. Similar to
the on- case, the number of li-Wannier orbitals matches the
dimensions of the valence respectively conduction subspace.

Finally, the Wannier-type orbitals {|W type
j,R 〉〉}Nj=1 considered

by Ref. [12] constitute a potentially overdetermined basis
with N � Nv + Nc, i.e., either the valence subspace or the
conduction subspace (or both) are potentially represented by
more Bloch states (and consequently, after applying the in-
verse Fourier transform, by more Wannier orbitals) than is the
actual dimension of the respective band subspace. In this case,
the only retained property is the completeness of the intracell
components {|utype

j (k)〉}Nj=1 of the Bloch states at each k.
Either kind of the Wannier representations is often required

to be exponentially localized, meaning that the amplitudes of
the Wannier orbital can be bounded by e−‖R‖/rw with some
width rw > 0. A more stringent requirement is for the Wannier
representation to be compactly supported, meaning that each
Wannier orbital |Wj,R〉〉 has nonvanishing amplitude on a finite
number of sites that appear within a bounded region in space.
Clearly, the grade g could only be finite for the compactly
supported Wannier orbitals.

One may ask if the graded multicellularity is more
fruitfully defined in terms of the on-Wannier orbitals, the li-
Wannier orbitals, or the Wannier-type orbitals. To place this
question in a wider context, let us first review several basic
relations between the existence of the various kinds of Wan-
nier orbitals. In subsequent paragraphs, we review nontrivial
results of three works [12,77,78] that have explored related
themes.

First, note that having an exponentially localized on-
Wannier representation is a more stringent condition than
having an exponentially localized li-Wannier representation,
and having either of them is more stringent than having
an exponentially localized Wannier-type representation. The
analogous relations between the existence of on-Wannier/li-
Wannier/Wannier-type representations also hold if we re-
place in the previous sentence “exponentially localized” by
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“compactly supported.” More interestingly, if the valence sub-
space of a k-periodic tight-binding Hamiltonian is diagonal-
ized by (unnormalized) intracell functions {|uli

j (k)〉} j=1,...,Nv

that are vector-valued polynomial functions of {eikξ }ξ=x,y,z

with no zeros, the inverse Fourier transform of the intra-
cell functions constitute representative compactly supported
li-Wannier orbitals.66 Since the normalization ‖|uli

j (k)〉‖ of
a vector-valued polynomial is also guaranteed to be an-
alytic with no zeros, the inverse Fourier transform of
|uli

j (k)〉/‖|uli
j (k)〉‖ = |uon

j (k)〉 is an exponentially localized
on-Wannier orbital. Conversely, the nonexistence of an ex-
ponentially localized on-Wannier representation implies the
nonexistence of a compactly supported li-Wannier represen-
tation.

Let us next summarize the nontrivial results found by
Refs. [12,77,78]. Assuming that the valence bands support
an exponentially localized Wannier-type (respectively ex-
ponentially localized on-Wannier) representation, Ref. [12]
(Ref. [78]) analyzed within the context of topological band
theory whether the representation is compactly supported.
In both cases, a nontrivial value of a topological invariant
was found to obstruct the existence of a compactly supported
Wannier representation (of the respective kind).

Namely, N. Read (generalizing an earlier work with J.
Dubail [77]) showed in Ref. [12] that stable topological bands
(i.e., bands belonging to a nontrivial stable equivalence class
in algebraic K theory) in all Altland-Zirnbauer symmetry
classes and in real-spatial dimensions d � 2 [10,11] do not
admit a (symmetric) compactly supported Wannier-type rep-
resentation, unless the nontriviality of the topological band
is due solely to weak topological invariants existing already
for d = 1. This obstruction is equivalent to saying that not all
representative Wannier-type orbitals (respecting an Altland-
Zirnbauer symmetry) can have finite extent, i.e., the “grading”
is infinite, if the notion of grade were generalized to apply to
any band subspace (not just band representations), and if the
lower bound on the number of primitive cells is defined in the
stable-equivalence class [as opposed to an equivalence class
of h(k) with fixed matrix dimension].

More recently, Schindler and Bernevig in Ref. [78] showed
that certain obstructed atomic insulators [26] (whose valence
subspaces are band representations but whose conduction
subspaces are fragile) do not admit a compactly supported
on-Wannier representation. This statement holds (in this case
for the conventional on-Wannier orbitals) even if one allows
for the matrix dimension of h(k) to increase, so long as the
conduction subspace remains fragile.

66Suppose the eigenstates {|uli
j (k)〉} j=1,...,Nv

of a particular Hamil-
tonian are not vector-valued polynomials. Yet it may be possible
to continuously deform the Hamiltonian (while preserving the gap
and crystalline symmetry) such that its eigenstates become vector-
valued polynomials; correspondingly, the Wannier orbitals would be
compactly supported Wannier orbitals. Further deformations may
minimize the spatial extent of this support, and it is this minimal
support that defines the grade (cf. first paragraph of Sec. IX B). In
this sense, the grade is not a property of a particular Hamiltonian,
but of a symmetry class of continuously deformable Hamiltonians.

We thus find that in all the previous studies, the catego-
rization into compact versus noncompact has been used as a
real-space-centric diagnostic for trivial versus nontrivial band
structures in the stable or fragile topological classification.
(Here we view the Schindler-Bernevig model as a generalized
example of fragile topology.)

In our work, we opt for the “middle ground” with respect
to the three kinds of Wannier orbitals, by adopting the li-
case. Namely, what we propose is that (a) delicate topological
insulators can have compactly supported li-Wannier orbitals
and (b) the grade g, as defined for li-Wannier orbitals, offers
a finer-grained notion of compactness, with different finite
values of g distinguishing different categories of delicate topo-
logical insulators.

Presently, we do not know if the analog of g, defined for
conventional on-Wannier orbitals, can take finite values for
delicate topological insulators. For the models presented here,
the on-Wannier orbitals are infinite in extent.

C. Graded multicellularity: Case studies

To exemplify proposals (a) and (b) formulated in the last
paragraph of Sec. IX B, we proceed to briefly investigate
bounds on the grade gHopf of the Hopf insulator if we allow for
continuous Hamiltonian deformation that may break any point
group symmetry, and on the grade gRTP of an RTP insulator in
the presence of rotation symmetry.

We begin with the case of the Hopf insulator. On one hand,
based on the homotopic inequivalence of the Hopf-insulating
Hamiltonian map to a constant map, it was shown in Ref. [38]
that the Hopf insulator is not unicellular, implying a lower
bound on the grade: gHopf � 2. On the other hand, one may
consider the concrete MRW model of the Hopf insulator [13]
[corresponding to the entry “P4, �L = 1, �r⊥ = (0, 0)” in
Table II and the Hopf invariant χ = −1 or +2] with nonnor-
malized valence intracell function:

∣∣uli
v (k)

〉 = iσy

(
sin kx + i sin ky

sin kz − i
(∑

ξ=x,y,z cos kξ +�
)). (86)

Its inverse Fourier transform yields an li-Wannier orbital sup-
ported over seven primitive unit cells: a “central” cell, together
with six “adjacent” cells that are attributable to the appearance
of e±ikx,y,z in Eq. (86). Combining both results, we get that the
grade for all Hamiltonians with the Hopf invariant χ = −1
(and also χ = 2) is bounded by

2 � gHopf � 7. (87a)

The second example that we use to illustrate these ideas
is the crystalline Hopf insulator characterized by RTP in-
variants �P��′ and by Hopf invariant χ [recall that the
invariants are constrained through Eq. (68)]. For simplicity,
let us assume that all rotation-invariant reduced momenta are
encompassed in a single iso-orbital subset—which per Table I
implies that �r⊥ = (0, 0), i.e., both basis orbitals lie along the
same rotation axis. Because the polarization Pz(kx, ky) ex-
tends over at least [1+max�,�′ {|�P��′ |}] rotation-invariant
primitive unit layers, the li-Wannier orbital extends over at
least the same number of primitive unit cells, giving the (rather
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generous) lower bound

gRTP � 1 + max
�,�′

{|�P��′ |} (87b)

for the grade of RTP insulators.
In fact, a more restrictive lower bound than Eq. (87b)

can be deduced by further considering the spread of the li-
Wannier orbital in directions perpendicular to the rotation
axis. Let us allude to the fact that, owing to the nontrivial value
of any RTP invariant, (1) the valence band representation
(VBR) of an RTP insulator is not continuously deformable into
a basis band representation (BBR). However, it follows from
the rotation eigenvalues of the valence band (under the stated
assumption of a single all-encompassing iso-orbital subset)
that (2) the VBR is symmetry-equivalent to a BBR spanned
by one of the basis orbitals (let’s say BBR[ϕ1]).

We now argue as follows. First, the fact (1) implies that
VBR must contain some contribution from orbital ϕ2 in some
unit cells. However, the symmetry equivalence of VBR to
BBR[ϕ1], stated by fact (2), implies that the li-Wannier orbital
transforms under Cn with the angular momentumL1 of orbital
ϕ1. This transformation rule precludes the ϕ2 contribution
from orbitals along the rotation axis. It can then be seen
that the minimal way for the li-Wannier orbital to acquire
a contribution from ϕ2 orbitals while exhibiting the angular
momentum L1 is due to an n-plet of sites that transform
cyclically into each other under Cn in at least one of the
[1+max�,�′ {|�P��′ |}] rotation-invariant primitive unit lay-
ers. Therefore, under the stated assumptions (namely: space
group Pn, an all-encompassing iso-orbital subset, and at least
one RTP invariant with nonzero value), we find

gRTP � n + max
�,�′

{|�P��′ |}. (87c)

In particular, for the nontrivial phases of the MRW
model (which fulfill the stated assumption with n = 4 and
max�,�′ {|�P��′ |} = 1), in combination with the argument
presented before Eq. (87a), we obtain that

5 � gMRW � 7. (87d)

D. Grading of models with >2 bands

We finally generalize the definition of graded multicel-
lularity to delicate topological insulators with an Nv-band
valence subspace, i.e., the valence subspace is spanned by
Nv > 1 linearly independent Bloch states at each k. For
this purpose, it is convenient to adopt in the present sec-
tion certain bundle-theoretic language: we view the valence
subspace as a rank-Nv vector bundle, with an Nv-(complex)-
dimensional vector space associated with each k of the base
space (our Brillouin torus). In constructing the li-Wannier
orbitals, we must first decompose the rank-Nv bundle into
Nv unit-rank bundles (i.e., line bundles); this decomposition
amounts to choosing Nv orthogonal (but not necessarily nor-
malized) intracell functions {|uli

j (k)〉} j=1,··· ,Nv
which span the

Nv-dimensional vector space at each k.
The inverse Fourier transform of |uli

j (k)〉 defines repre-
sentative (i.e., translation-inequivalent) li-Wannier orbitals
|W li

j,R〉〉, and we define the partial grade g j of the jth line
bundle to be the number of primitive unit cells in which
|W li

j,R〉〉 has a finite support. The total grade g is then defined

as the lower bound of the sum of the partial grades of all
representative li-Wannier orbitals,

g− 1 = min
Nv∑
j=1

(g j − 1), (88)

given that one is allowed to continuously deform the tight-
binding Hamiltonian h(k) of fixed matrix dimension while
preserving the energy gap and crystalline symmetry.

For a concrete example, consider the case of an
RTP insulator with an Nv-rank valence subspace and
max�,�′ {|�P��′ |} = M, thereby generalizing the discussion
of a crystalline Hopf insulator in Sec. IX C. For simplicity,
we make additional assumption that all the basis orbitals
are localized at the same z-position along the rotation axis.
We argue that the total grade g obeys again the inequality
(87b). Indeed, when one constructs the li-Wannier orbitals,
the decomposition of the rank-Nv bundle into Nv line bundles
leaves us a choice as to how to distribute the M quanta of 2π
Zak phases among the Nv line bundles; effectively, we must
choose an integer decomposition M = n1 + n2 + · · · + nNv

.67

This limits each partial grade to g j � 1 + |n j |, and the total
grade to g � 1 +∑Nv

j=1 |n j | � 1 + M, irrespective of the rank
of the valence subspace. We see that no matter how one
performs the distribution, the inequality (87b) holds.

In addition, by adopting similar assumptions and argu-
ments that led to Eq. (87c), we anticipate that each bundle
with n j �= 0 must have support on at least n unit cells within
some rotation-invariant primitive unit layer. Optimally, one
can imagine these n unit cells to be the same ones for each
bundle (alternatively, one could imagine assigning all the M
quanta of 2π Zak phase into a single bundle), allowing us to
generalize to the (>2)-band case also the stricter bound in
Eq. (87c).

Determining the exact value of the grade for Hopf and RTP
insulators in space groups Pn, as well as of other multicellular
topological insulators, constitutes an interesting question that
we leave open for future studies. In addition, given the key
role played by the rotation symmetry in the here-studied class
of models, further insights might potentially be gained by
separately considering the minimal required spread of the
Wannier orbitals in the directions parallel versus orthogonal
to the axis of rotation, offering further prospective refinement
of the “grade.” We further anticipate the grade as defined by
Eq. (88) to be invariant under the addition of unicellular band
representations that do not trivialize the delicate topological
invariants, but further research is needed to firmly establish
such a property of graded multicellularity.

67Under the simplifying assumption of equal z centers of basis
orbitals, each integer n j corresponds to a jump in the charge center of
the jth band from the chosen vector bundle decomposition, where the
jump is computed between two rotation-invariant momenta. These
jumps are integer valued as all basis orbitals are centered at the same
z position in the unit cell.
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X. TOPOLOGICAL SEMIMETALS INTERMEDIATE
CRYSTALLINE HOPF INSULATORS

We began this paper by extolling the virtues of the Berry
dipole [Eqs. (3) and (4)], namely that (a) it affords a clean,
analytic derivation of the simultaneous change in Hopf and
RTP invariants across a Berry-dipole phase-transition point
(Sec. III), and (b) it gives a practical strategy for a theorist to
cook up tight-binding-model Hamiltonians of crystalline Hopf
insulators (Sec. V).

The price to pay for these virtues is that a Berry-dipole
phase transition lies in a region of the phase diagram that
is hard to reach, i.e., to interpolate from an insulating,
Pn-symmetric Hamiltonian to a Berry-dipole Hamiltonian re-
quires fine-tuning more Hamiltonian parameters than would
otherwise be needed to interpolate to a generic, noninsulating,
Pn-symmetric Hamiltonian. How many more parameters ex-
actly? This we answer in Sec. X A, wherein we also attribute
the additional fine-tuning to an “emergent” mirror symmetry
(of the Berry-dipole k · p Hamiltonian) that is absent from the
tight-binding Hamiltonian.

The implications of being hard to reach are explored
in the subsequent Sec. X B, namely that a Pn-symmetric
interpolation68 from trivial to crystalline Hopf insulator is
typically intermediated by an easier-to-reach topological-
semimetallic phase that involves either Weyl-point or nodal-
line degeneracies. The basic properties of these intermediate
topological-semimetallic phases are illustrated by a model
k · p Hamiltonian in Sec. X C, which is a first step toward
more naturalistic/material-realistic models of delicate topol-
ogy.

The emergent mirror symmetry offers a symmetrically dis-
tinct route to a crystalline Hopf insulator. This stems from
the observation that the mirror-symmetric Berry-dipole band-
touching point can be continuously expanded (in k space) to a
mirror-symmetric topological nodal loop. Thus an alternative
strategy to realize a crystalline Hopf insulator is to begin
from a mirror-symmetric topological-nodal-line semimetal
and break the mirror symmetry in a manner to be ascertained.
Unlike previously studied nodal-loop semimetals [79], the
presently described semimetal realizes the first-known exam-
ple of a symmetry-protected delicate topological semimetal,
as we explain in Sec. X D.

A. The Berry dipole is hard to reach

Let us construct a Cn-symmetric k · p Hamiltonian exhibit-
ing a Berry dipole. For concreteness, we pick the case of
n = 4, with the two basis Bloch states differing by unity for
their itinerant angular momenta; this is the case for both the �

and the M line of both the Hopfless and the MRW models dis-
cussed in Sec. V. A general C4-symmetric k · p Hamiltonian

68If h(k; t ) interpolates between a trivial insulator h(k; 0) to a
crystalline Hopf insulator h(k; 1), we say the interpolation is Pn-
symmetric if the Hamiltonian is Pn-symmetric for all t ∈ [0, 1].

then has the form

h(k) = f (k)σ+ + f (k)∗σ− + g(k)σz, σ± = σx ± iσy

2
,

f (k) = αk− + βk−(kz − b) ∈ C; k± = kx ± iky,

g(k) = a(kz − b)2 + ck+k− + d ∈ R, (89)

with α, β being complex constants, and a, b, c, and d real
constants. Equation (89) reduces to the Hamiltonian of a Berry
dipole centered at the momentum origin [Eqs. (3) and (4) with
φ = 0] if the above k · p parameters take the particular values:

Berry dipole: b = d = α = 0, c = −a = β/2 = 1. (90)

Even after allowing for simple generalizations of the Berry-
dipole Hamiltonian,69 we find it necessary to tune at least
three real parameters to attain a Berry-dipole Hamiltonian
from Eq. (89).70

The necessity of fine-tuning can be partially justified by
certain symmetries of the Berry-dipole k · p Hamiltonian that
are generically absent in the tight-binding Hamiltonian. Since
the k · p Hamiltonian is obtained by truncating a Taylor
expansion of the tight-binding Hamiltonian, these “certain
symmetries” apply to low-order terms in the expansion but
are generically broken at higher order. To the extent that the
low-energy physics of insulators is determined by Bloch states
in a small k region containing the band-touching point, one
may refer to these symmetries as emergent.

One of these emergent symmetries constrains the Berry-
dipolar Hamiltonian [Eqs. (3) and (4)] as

σzh(k⊥, kz;φ)σz = h(k⊥,−kz;−φ), (92)

which might be viewed as a π -rotation symmetry in the 4D
(k, φ) space.71At the phase-transition point (φ = 0), the π

69Namely, the sign of the Hamiltonian is of little significance; the
momenta can be rescaled C4-symmetrically; the bands are allowed
to touch at an arbitrary point along the kz axis. The resulting more
general Berry-dipole Hamiltonian has the form

h(k) = ±ζ †(k)σζ (k) · σ,

ζ (k) =
(

Zk−
A(kz − b)

)
, (91)

with parameters Z,A ∈ C and b ∈ R.
70Indeed, to tune the Hamiltonian given by Eq. (89) to the Berry-

dipole Hamiltonian (91), one needs to tune two real parameters to
d = α = 0. Parameters β and c, related to the free parameters of the
Berry-dipole Hamiltonian as β = ±2ZA∗ ∈ C and c = ±|Z|2 ∈ R,
are kept free. However, the real parameter a must be tuned to the
value fixed by the free parameters β and c, namely a = −|β/2|2/c.
Thus, in total, we require fine tuning of three real parameters.

71To see that this constraint holds, note that the spinor-form Hamil-
tonian (4) can be written in terms of spinor components as

h(k;φ) =
(|ζ1(k;φ)|2 − |ζ2(k;φ)|2 2ζ1(k;φ)ζ ∗2 (k;φ)

2ζ ∗1 (k;φ)ζ2(k;φ) −|ζ1(k;φ)|2 + |ζ2(k;φ)|2
)
,

(93)

where ζ (k;φ) = (ζ1(k;φ), ζ2(k;φ))�. Components of the spinor (3)
satisfy the relations ζ1(2)(k⊥,−kz;−φ) = (−)ζ1(2)(k⊥, kz;φ). Plug-
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rotation reduces to a mirror symmetry that inverts kz in k
space, and correspondingly inverts the rotational axis in real
space.72 (In short, we call this symmetry over the 3D k space
a z-mirror symmetry.) An alternative view of Eq. (92) is that
φ parametrizes a Hamiltonian perturbation that breaks the
z-mirror symmetry. One may further verify that the z-mirror
symmetry fixes the complex k · p parameter α in Eq. (89) to
zero, as is true for the Berry-dipole Hamiltonian.

Identifying the 4D π -rotation symmetry confers two other
advantages: the first is that it inspires a strategy to realize
crystalline Hopf insulators that is alluded to in Sec. X B; the
second is that it explains why the continuum Hopf number
[Eq. (15)] and continuum Zak phase [Eq. (16)] attain the
half-integer values:

χ cont.[h(k;φ)] = −1

2
υ��sgn[φ], (94a)

Z cont.

2π
[h(k;φ)] = −1

2
υsgn[φ]. (94b)

Equation (94a) was argued pictorially in Sec. III B and is
proven in Appendix E 3, while Eq. (94b) can be proven in
analogy with the argument in Sec. III B and footnote 13,
with the modified assumption that the intracell function is
symmetric under the π rotation. The 4D π -rotation symmetry
constrains the continuum topological numbers as

χ cont.[h(k;φ)] = −χ cont.[h(k;−φ)], (95a)

Z cont.

2π
[h(k;φ)] = −Z cont.

2π
[h(k;−φ)], (95b)

where the square brackets indicate arguments of χ cont. and
of Z cont./2π , here treated as functionals. To rationalize
Eqs. (95), we equate the Hopf number and the Zak phase
of two equal Hamiltonians h(k;φ) and σzh(k⊥,−kz;−φ)σz

[related by Eq. (92)]. Interpreting the conjugation of the
Hamiltonian with σz matrices (and the associated reversal
of sign of kz) as the z-mirror crystallographic operation, we
obtain Eqs. (95) by (a) the interpretation of the Zak phase
as a positional z polarization which is odd under z-mirror
operation, and by (b) the fact (proven in Appendix P) that
the Hopf invariant is odd under improper crystallographic
space-time operations—of which z mirror is a case in point.73

Coupling Eq. (95) with the guaranteed integer quantization
of changes to the continuum topological numbers across
the phase-transition point (φ = 0) (which were discussed
in Sec. III B), one derives that the continuum topological
numbers are indeed quantized to half-integer values as φ

approaches zero from both positive and negative directions.

ging the spinor components evaluated at (k⊥,−kz;−φ) into Eq. (93),
we see that Eq. (92) holds.

72For Cn-symmetric k · p Hamiltonians with even n, composing a
z-mirror reflection with a twofold rotation (about z) gives a spatial-
inversion operation.

73Any crystallographic space-time operation has a four-
dimensional matrix action on the four-vector of space-time,
with the matrix M a direct sum O(3) ⊕ O(1); O(1) = {1,−1}
simply distinguishes if the operation reverses time or not. We say
the space-time operation is proper if det[M] = 1, and improper if
det[M] = −1.

B. Topological semimetals are easier to reach

To understand the generic phase transition between distinct
crystalline Hopf insulators, note that the considered symmetry
setting (Wigner-Dyson class A with Pn symmetry) imposes
no local-in-k constraint on the k · p/tight-binding Hamiltonian
h(k) at generic k.74 This implies [49,50] that the generic
number of real parameters needed to tune to an energy de-
generacy (or two-band touching) is three; the number D = 3
is sometimes referred to as the codimension of an eigenvalue
degeneracy. One implication is that the generic band degener-
acy in three momentum dimensions is a Weyl point [80], i.e.,
a band-touching point in k space acting as a monopole source
of Berry curvature [81].

If the three-dimensional k space is supplemented with a
tuning parameter φ, the generic band-degeneracy in the four-
dimensional (k, φ) space is a one-dimensional line. Without
additional symmetries and without fine-tuning, such a line
generically forms a contractible loop with a nonzero projec-
tion [φ1, φ2] on the φ axis; such loop can be interpreted as
the concatenation of world-lines of at-least-two Weyl k points
(of opposite monopole charge) which are created at an earlier
“time” φ1 and annihilated at a later φ2. In other words, for
any φ in the (open) interval (φ1, φ2), the k space Hamiltonian
corresponds to a Weyl semimetal (WSM). We will refer to the
union of these world-lines as a Weyl-point trajectory (WPT).
By enclosing the trajectory with a momentum 3-sphere S3, the
WPT can be ascribed a topological charge given by an element
of the third homotopy group of the classifying space of two-
band Hamiltonians: π3(S2) = Z, i.e., the Hopf invariant on
the enclosing sphere. If this invariant is nontrivial, then the
two insulating phases for φ < φ1 respectively φ > φ2 exhibit
a different value of the Hopf invariant.

Reading the above argument “backwards,” one finds that
two Pn-symmetric Hamiltonians with distinct Hopf invariants
are generically intermediated by an extended WSM region.
The exceptions require to either:

(i) continuously shrink the WPT to a single point (a Berry
dipole!) on a rotation-invariant k line, or

(ii) continuously deform the WPT such that it lies entirely
within the k space at fixed “time” φ = φ0.

Observe that a WPT occurring “instantaneously” is sim-
ply a topological nodal-line degeneracy. While both options
generically require to fine-tune the Pn-symmetric Hamilto-
nian in Wigner-Dyson symmetry class A, option (ii) can also
arise in a nongeneric/higher-symmetry scenario where the
Hamiltonian is z-mirror-symmetric at φ = φ0 but z-mirror-
asymmetric at φ �= φ0; this is consistent with a previous
observation that a nontrivial Hopf invariant requires breaking
all improper crystallographic symmetries, including all mirror
symmetries.

74On the rotation-invariant k line, the mutually disjoint condi-
tion ensures that h(k) and the k-independent rotation matrix are
simultaneously diagonal, implying that only a single, tunable real
parameter is needed for a band touching on this k line. Such a
one-parameter-tuned band touching is a (multi)Weyl point, whose
existence precludes a crystalline-Hopf-insulating phase. See related
discussion in the previous Sec. X A.
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FIG. 14. [(a) and (b)] The band degeneracy of the model in Eq. (97) for (a) m < 0 and (b) m > 0. The red/blue dots indicate a Weyl node
with positive/negative chirality, and the brown loop represents a nodal-line ring. The green arrows display the Berry curvature field, whereas
the bright green sheet indicates the z-mirror-invariant plane. The colored hemispheres each exhibit a nontrivial and quantized value of the
Chern number. This Chern number is a symmetry-protected delicate topological invariant, which obstructs the annihilation of the Weyl points
when they collide for m = 0. (c) For m > 0 (when a nodal-line ring is present), we enclose the band degeneracy with a z-mirror-symmetric
cylinder that projects onto a circular path γR∪γB in the reduced Brillouin zone (rBZ). The valence band has the same orbital character at both
points A and B; however the polarization increases by 1 along the red path γR (projection of the semicylinder with positive Chern number)
and drops by 1 along γB, thus exhibiting a returning Thouless pump (RTP). The mirror-eigenvalue anomaly on the circular path γR∪γB (with
mirror-invariant points A and B) in the presence of sharp boundary condition enforces the existence of two surface Fermi arcs (orange lines)
which both terminate at the rBZ projection of the nodal-line ring (brown segment located between points A and B. The Fermi arcs terminate
at projections of band nodes elsewhere in rBZ (of which only a part in the (kx, kz ) plane is shown).

C. Case study of intermediate topological semimetals

We illustrate options (i) and (ii) with a model k · p Hamil-
tonian:

h(k; m) = 2αkz(kxσx − kyσy) − 2βkz(kxσy + kyσx )

+ [γ (k2
x + k2

y

)− δk2
z − m

]
σz, (96)

where m is a real-valued tuning parameter which we will
shortly relate to the parameter φ in the Berry-dipole Hamil-
tonian. The Hamiltonian in Eq. (96) is invariant under mirror
symmetry Mz : (kx, ky, kz ) �→ (kx, ky,−kz ) represented by σz,
and rotation symmetry C4z : (kx, ky, kz ) �→ (−ky, kx, kz ) rep-
resented by RC4z = diag(1,−i). The mirror symmetry implies
that the σx,y (σz) term is odd (even) in kz, and the C4z

symmetry then guarantees that (up to unimportant terms pro-
portional to the identity matrix) the expression in Eq. (96)
with free coefficients α, β, γ , δ and m is the most general
symmetry-compatible Hamiltonian up to quadratic order in
the momentum components.

By employing a rotation of the in-plane coordinates
(kx, ky), and after rescaling kz relative to the in-plane coordi-
nates, we can generally achieve α = |γ | = |δ| = 1 and β = 0.
We further assume γ , δ > 0, leading to

h0(k; m) = 2kz(kxσx − kyσy) + (k2
x + k2

y − k2
z − m

)
σz, (97)

in which case the model is a Weyl semimtal (WSM) with a
pair of Weyl points located at k = (0, 0,±√|m|) for m < 0
[Fig. 14(a)], and a nodal-line semimetal (NLSM) with a nodal
ring of radius

√
m located at the kz = 0 plane for m > 0

[82] [Fig. 14(b)]. Notably, the critical point m = 0 is a Berry
dipole, described by the spinor ζ (k)� = (kx + iky, kz ), sug-
gesting that the outlined model is close to the Hopf-insulating
phase.

We now consider breaking of the Mz and C4z symmetry,
and study the fate of the semimetallic phases and of the
Berry dipole. Multiple additional terms can be added to the

Hamiltonian; for simplicity, we consider only two,

hperp.(k; A,B) = +2A(kxσy + kyσx ) + 2Bσx, (98)

which illustrate the generic behavior of the Berry dipole under
perturbations. The B term breaks both mirror and rotation
symmetries, while the A term breaks only the mirror sym-
metry. As a function of parameters (m,A,B), the combined
Hamiltonian h0(k; m) + hperp.(k; A,B) has a rich phase dia-
gram illustrated in Fig. 15, which we now discuss in detail.

First, for B = 0 (when rotation symmetry is preserved),
there is a WSM phase at m < 0, and a NLSM phase at

A

WSM

NLSM
gap

gap

(a)

A

WSM

(b)B = 0

gap

gap

B  0
1 2

3 4 5

FIG. 15. Phase diagram of the Hamiltonian in Eq. (97) with
the perturbations in Eq. (98) that break both Mz and C4z symme-
try. (a) For B = 0 (rotation symmetry preserved), there is a Weyl
semimetal (WSM, cyan) phase at m < 0, and a nodal-line semimetal
(NLSM, red) phase at A = 0,m > 0. The gapless phases separate
two gapped regions (white) that have different values of the Hopf
invariant. The trajectory 2 (dashed green line), described by A = φ

and m = φ2, reproduces the spinor-form Hamiltonian in Eqs. (4) and
(3). However, a more generic trajectory connecting the two gapped
regions either exhibits an extended WSM phase (path 1) or passes
through the NLSM phase (path 3). (b) For B �= 0, the NLSM phase
expands into a Weyl semimetal. In this case, arbitrary trajectory
connecting the two gapped regions passes through an extended WSM
phase. Paths 4 and 5 are discussed in the text of Sec. X C. The change
in the Hopf invariant along the trajectories 1–5 amounts to δχ = −1.

075124-42



DELICATE TOPOLOGY PROTECTED BY ROTATION … PHYSICAL REVIEW B 106, 075124 (2022)

A = 0,m > 0. The union of both gapless phases separates
two gapped regions, which we now argue to be topolog-
ically distinct. Observe that the trajectory marked by “2”
(dashed green line), parametrized as A = φ and m = φ2, cor-
responds exactly to the Hamiltonian in Eq. (4) with spinor
ζ (k)� = (kx + iky, kz + iφ), which exhibits a single gapless
point: a Berry dipole. It is stated in Eq. (17) (and derived in
Appendix E 3) that the Berry dipole carries a nontrivial Hopf
charge; therefore, the two insulating phases are characterized
by a different value of the Hopf invariant, which changes by
−1 along the trajectory 2. However, the Berry-dipole tran-
sition is fine-tuned: small deviations (indicated by path 1
respectively 3) result in an intermediate semimetallic phase
that is either a WSM or NLSM. In these cases, the change of
the Hopf invariant is facilitated by the nontrivial Hopf charge
carried by the WPT in the four-dimensional (k, φ) space,
representing an “expanded” analog of the Berry dipole.

The inclusion of finite B �= 0 transforms the NLSM phase
into a WSM region, bounded by lines |A| < |B|/√m. There-
fore, when moving from the gapped phase at A > 0 to the
gapped phase at A < 0, one always needs to pass through
an extended WSM phase where a pair of Weyl points are
first created and later annihilated. [One rationalization is that
the mirror symmetry needed to protect the NLSM is broken
throughout the phase diagram in Fig. 15(b).] The correspond-
ing WPT is nearly vertical (i.e, along the kz axis) in the k
space for small m/B (path 4) and nearly horizontal [i.e., inside
the (kx, ky) plane] for large m/B (path 5). Setting m = cos t
and B = sin t with t ∈ [0, π

2 ] allows us to rotate the WPT
trajectory in the (k,A) space from lying in (kx, ky) plane
(phase transition via NLSM) to lying in (kz,A) plane (phase
transition via extended WSM region with Weyl points along
the rotation axis). We have thus shown on a concrete model
how the Berry-dipole transition is generically altered into a
NLSM or an extended WSM phase.

D. Intermediate nodal-line semimetal is delicate-topological

With few exceptions [82,83], previous analyses of the
robustness of Weyl points has been based on topological in-
variants which are stable topological, i.e., characteristic of
equivalence classes defined in K theory [84]. One may there-
fore expect that two Weyl points (with opposite chirality) in
our model Hamiltonian [Eq. (97) with m < 0, illustrated in
Fig. 14(a)] to pairwise annihilate upon collision at m = 0;
after all, the stable-topological invariant associated with the
union of the two Weyl points, which one may view as the
Chern number of a Gaussian surface enclosing both Weyl
points, vanishes.

In spite of this vanishing Chern number, the two Weyl
points do not annihilate but instead “convert” into a nodal-line
ring for m > 0 [Fig. 14(b), see also the phase diagram in
Fig. 15(a)] This is suggestive that the two Weyl points/nodal
loop are associated with a nonstable topology which pre-
vents bands from untouching. A priori, logic permits this
topology to be either fragile or delicate; we confirm here
that the topology is delicate. What we will present has some
overlap with an older work (Ref. [82]) by one of us, where
the model Hamiltonian in Eq. (97) was first investigated in
detail. The novelty of the following exposition lies in our

embedding of a known model into the unifying framework
of delicate topological (semi)metals, while also demonstrat-
ing that the returning Thouless pump, angular-momentum
anomaly, conditionally robust surface states, and Zak-phase
anomaly are generalizable concepts with a wider applicability
beyond rotation-symmetric Hamiltonians.

1. Mirror-protected delicate topological invariant in the bulk

To identify the delicate-topological invariant associated
with the band touching of Eq. (97), it is worth recognizing
that both the conduction and the valence band carry oppo-
site eigenvalues of the z-mirror symmetry (represented by
M̂z = σz) at the reflection-invariant plane (kz = 0)—this may
be viewed as the reflection-symmetric analog of the mutually
disjoint condition [Eq. (31)], which we previously formulated
for rotation-invariant k lines. One can then consider a 2-sphere
(S2) that encloses the nodes and is symmetric under Mz, and
argue as follows: (1) because of the mirror symmetry, the
information about the continuous Hamiltonian on S2 is fully
encoded on one [e.g., the upper (kz > 0)] hemisphere, and (2)
due to the mutually disjoint condition, the spectrally flattened
Hamiltonian [cf. Eq. (9)] over the sphere’s equator (a circle
in the kz = 0 plane) is simply σz; this implies that the equa-
tor maps to a single point on the Bloch sphere and allows
to treat the hemisphere as if it were a closed 2-sphere for
the purpose of topological classification. The Hamiltonian on
this abstract 2-sphere exhibits an integer ‘wrapping’ number
around the Bloch sphere, which translates into an integer-
valued Chern number on the upper hemisphere. One easily
verifies that for the situation with a pair of Mz-related Weyl
points, this wrapping number simply equals the net Berry-
monopole charge of Weyl points in the upper hemisphere (cf.
Fig. 1(a) in Ref. [82]). As a consequence, the colliding Weyl
points cannot annihilate: opening of an energy gap inside
the 2-sphere would contradict the existence of a nontrivial
topological invariant on the 2-sphere.

It was further proven in the Supplemental material of
Ref. [82], using relative homotopy groups [85], that the
quantization of the Chern number persists in (>2)-band
Hamiltonians—if and only if the conduction/valence bands
obey the mutually disjoint condition of Mz eigenvalues.75 In
the language we have formulated here, the Chern number
on the upper hemisphere, which enforces the conversion of
the Weyl-point pair into a nodal-line ring, is a symmetry-
protected delicate topological invariant. One can thus interpret
such (>2)-band gapless models as a (symmetry-protected)
delicate topological (semi)metal.76

The bulk Chern number over the hemisphere is equivalent
to a reflection-symmetric analog of the returning Thouless
pump, as we now demonstrate. For this purpose, instead of en-
closing the band degeneracy with an Mz-symmetric 2-sphere,
here we enclose it with an Mz-symmetric cylinder with the

75The term “mutually disjoint” was not used in the previous work
[82].

76In the case of a metal, the Gaussian two-spherical surface used
to define the topological invariant is continuously deformable to the
Fermi surface, with anticipated implications for topofermiology [86].
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cylindrical axis in a direction (say, y) orthogonal to z. One
may view the cylinder as an Mz-symmetric “inflation” of the
2-sphere, as illustrated in Fig. 14(c). Because of the mutually
disjoint condition, the bulk valence band (restricted to the
mirror-invariant k plane) has overlap with one and only one
basis orbital. This implies that an analog of the iso-orbital
condition [Eq. (33)] is satisfied for pair of mirror-invariant
k lines within this mirror-invariant k plane—including those
two k lines that lie at the intersection of the cylinder with the
(kz = 0) plane, and project onto mirror-invariant points [A and
B in Fig. 14(c)] in the 2D rBZ. The projection of the cylinder
forms a circular path γR∪γB in rBZ, which we decompose into
two z-mirror-related semicircular segments: γR and γB.

Because of the nontrivial first Chern number on the red
semicylinder (equalling the net Berry-monopole charge of
all Weyl points in the upper hemisphere), the k⊥-dependent
polarization grows by one primitive lattice period (in the
direction parallel to the surface normal) as k⊥ ∈ rBZ is con-
tinuously advanced along γR. The polarization subsequently
reverts to the original value after further moving along γB—
manifesting a returning Thouless pump (RTP) along the
closed path γR∪γB.

2. Bulk-boundary correspondence of mirror-protected
returning Thouless pump

Let us explain the boundary correspondents of the bulk
delicate topological invariant associated with these band de-
generacies. For this purpose, it is convenient to interpret
the cylinder as the Brillouin zone (BZ′) of a 2D-translation-
invariant, mirror-symmetric Hamiltonian h′; h′ is obtained
by restricting the 3D Hamiltonian [Eq. (10)] to the cylinder,
and interpreting the azimuthal coordinate of the cylinder as
a linear momentum coordinate of BZ′; BZ′ projects in the
y direction to a 1D reduced Brillouin zone denoted rBZ′.
Much like how the angular-momentum anomaly [Eq. (47)]
is the boundary correspondent of the bulk rotation-protected
RTP, we claim that the restricted Hamiltonian h′ exhibits an
analogous mirror-eigenvalue anomaly as the boundary corre-
spondent to the mirror-protected RTP, under open boundary
conditions that are z-mirror-symmetric.

For concreteness, we assume a half-infinite geometry with
facet normal in the y direction—which is also the direction
of the cylindrical axis. What the mirror-eigenvalue anomaly
means is that for at least one faceted band, the mirror eigenval-
ues at mirror-invariant points of rBZ′ [A and B in Fig. 14(c)]
are opposite in sign; this can be proven with essentially the
same techniques as those in Appendix L. This alternation of
mirror eigenvalues guarantees the Zak phase anomaly along
a path that passes through the mirror-invariant points A and
B and consists of two mirror-related sectors. One example of
such path is γR∪γB illustrated in Fig. 14(c). The Zak-phase
theorem proven in Ref. [21] guarantees the existence of at
least one symmetry-quantized π Berry-Zak phase in the spec-
trum of the (possibly non-Abelian) Wilson loop computed
along γR∪γB, for the (possibly multiband) faceted subspace—
contrasting to the vanishing Berry-Zak phase of the bulk
conduction and bulk valence band computed along any path
in 3D BZ which projects onto γR∪γB in rBZ. This is the
mirror-symmetric analog of the Zak-phase anomaly [Eqs. (59)

and (61)] that we have previously formulated for rotation
symmetry.

A further implication of the mirror-eigenvalue anomaly is
the existence of conditionally robust edge states over rBZ′;
this means that edge-state energies of h′ necessarily interpo-
late across the bulk energy gap of h′ under sharp boundary
conditions; a proof of this would utilize spectral properties
of Toeplitz matrices (cf. Appendix O), in close analogy with
the demonstration of rotation-symmetric conditionally robust
surface states presented in Sec. VI B.

Conditionally robust edge states of h′ imply conditionally
robust surface Fermi arcs [orange lines in Fig. 14(c)] of the
3D Hamiltonian subject to sharp boundary conditions, with
one arc crossing each of the semicircles γR and γB in the 2D
rBZ; this holds for both the Weyl semimetal and the nodal-ring
semimetal phase of the Hamiltonian in Eq. (97). This clarifies
the origin of Fermi arcs that were observed numerically (but
remained unexplained) in Fig. 2 of Ref. [82] under sharp
boundary conditions. It is worth emphasizing that the surface
Fermi arcs are not topologically guaranteed under nonsharp
boundary conditions—a point not articulated in Ref. [82].

XI. DISCUSSION, MATERIAL APPLICATIONS,
AND OUTLOOK FOR DELICATE TOPOLOGY

If we ask, what is the minimal dimension of a tight-
binding Hamiltonian matrix (at each momentum) that models
a topological insulator with vanishing first Chern numbers, the
answer is four in the case of stable topology, and three in the
case of fragile topology [35]. In contrast, delicate topological
insulators are the simplest topological insulators, in the sense
that they are realizable by two-band Hamiltonians.

In this work, we study two-band Hamiltonians whose n-
fold rotation symmetry protects a new topological invariant—
the returning Thouless pump (RTP)—in addition to the
celebrated Hopf invariant that requires no point-group sym-
metry. The RTP describes how the Zak phase advances by an
integer multiple of 2π across half a reciprocal-lattice vector,
then retracts by the same quantity over the next half of the
same reciprocal-lattice vector. Such a Zak-phase evolution
could conceivably be measured in interferometric experiments
[87] with ultra-cold atoms/molecules [51,88].

The RTP invariant extends Pontrjagin’s seminal classifi-
cation of two-band insulating Hamiltonians in three spatial
dimensions [3,15], which, in the case of trivial first Chern
class, is given by the Hopf invariant. As proof of principle,
we have found a tight-binding model with a trivial Hopf
invariant but a nontrivial RTP invariant. We have exhaustively
established mod-n relations between the Hopf and RTP in-
variants for all possible n-fold symmetric Hamiltonians (n =
2, 3, 4, and6); such relations allow to determine the Hopf in-
variant modulo n by a measurement of the Zak phase given
the a priori knowledge of the itinerant angular momentum of
bulk-conduction and bulk-valence bands. Presently we know
of no other method, even existing in principle, to measure the
Hopf invariant in condensed-matter systems.

We have proposed a bulk-boundary correspondence for
RTP insulators: on rotation-symmetric crystal facets, the
surface-localized states of RTP insulators carry anoma-
lous values of the itinerant angular momenta and of the
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Berry-Zak phase, which are nonidentical to the itinerant an-
gular momenta respectively to the Berry-Zak phase of the
bulk-conduction states, and also nonidentical to correspond-
ing quantities of the bulk-valence states. This anomaly of
the itinerant angular momentum guarantees the existence of
surface states at any energy within the bulk energy gap, if
the bulk Hamiltonian matrix elements are sharply terminated
at a rotation-symmetric facet. Such surface states are robust
against continuous deformations of the bulk Hamiltonian that
preserve both the bulk energy gap and Pn symmetry; however
the same surface states can in principle be removed from
any energy within the bulk energy gap, if the sharp bound-
ary condition is relaxed. We expect the sharp boundary to
be a good approximation to the surface termination of lay-
ered materials with weak, interlayer, van-der-Waals coupling,
such as Bi2Se3 [89,90]. Let us comment on the similari-
ties and differences between the surface states of delicate
and fragile topological insulators. For both, the surface spec-
tral robustness relies on certain conditions on the symmetry
representations of the Hilbert space. This property was re-
ferred to as ”representation-dependent stability” in Ref. [37].
The major distinction is that spectral robustness of delicate
topological insulators additionally rely on the boundary con-
dition being sharp, while for fragile topological insulators the
boundary condition is irrelevant to spectral robustness (assum-
ing the condition on the symmetry representation is met).

With the goal of materializations (or experimental simu-
lations) of crystalline Hopf insulators, one presently achieved
advancement is an elucidation of the topological-semimetallic
phases that generically intermediate the transition from triv-
ial to crystalline Hopf insulators. In particular, we have
found that the crystalline-Hopf phase lies in proximity to a
mirror-symmetry-protected, nodal-line semimetal previously
studied in Ref. [82]; this mirror-protected semimetal is the
only delicate topological semimetal that we know presently,
and demonstrates that the returning Thouless pump (and its
corresponding boundary anomalies) are generalizable con-
cepts with a wider applicability beyond rotation-symmetric
Hamiltonians.77 One may then conceive the strategy of be-
ginning from an existing Weyl or nodal-line semimetal, then
inducing an energy gap by material engineering to enter the
Hopf/RTP insulator phase. In this regard, we remark that a
delicate-topological semimetallic Hamiltonian similar to our
case study in Eq. (97) has been previously applied to model
the ferromagnetic compound HgCr2Se4 [92]. Additionally,
strain-induced conversions of mirror-related Weyl points to
mirror-protected nodal loops were recently predicted [93] for
a family of two-element hexagonal compounds, including
ZrTe, MoC and WC, with the initial motivation of materializ-
ing band degeneracies with non-Abelian topological charges
[94]; it would be interesting to revisit these materials with a
focus on mirror-protected delicate topology.

A possible complication in materializing Hopf/RTP in-
sulators is that in most known tight-binding models, the
next-nearest-neighbor hoppings have larger magnitude than

77While not directly applicable to metals, a three-band touching
in the phonon band structure was recently argued to be delicate
topological [91].

the nearest-neighbor hoppings. We do not know if this is
required by principle or a present reflection of our igno-
rance. If it is ignorance, then the theoretical development
of tight-binding Hamiltonians with larger nearest-neighbor
hoppings would expand the material options for experimental
realization. However, it is worth remarking that having larger
next-nearest-neighbor hoppings is not physically unrealistic—
one would look for materials which lie further from the
tight-binding limit and closer to the nearly free-electron
regime [76]; it may also be necessary to look for basis
Wannier orbitals which are anisotropic hybridizations of mul-
tiple chemical orbitals. Beyond solid-state realizations, a
recent proposal [51,88] suggests a way to realize long-ranged
hoppings in periodically driven ultra-cold dipolar molecules
trapped in an optical lattice.78

A second difficulty in Hopf/RTP materializations is that
realistic materials often require more than a two-band de-
scription. A generalization of the Hopf invariant to arbitrarily
many (say N) bands exists, assuming that all N bands are
energetically detached from one another [65]. Whether or not
such generalization is easier to materialize than the two-band
Hopf insulator remains to be seen. The RTP invariant also
allows generalization to more-than-two-band Hamiltonians,
assuming that the bulk valence and conduction bands trans-
form differently under rotation, as discussed in Sec. VIII C.
Such higher-band generalization with a symmetry constraint
is a hallmark of symmetry-protected delicate topology.

Going beyond our assumption of rotational symmetry and
a trivial Chern class, one can ask whether the discussed results
can be extended to other crystallographic symmetries and/or
to nontrivial Chern classes. Although these questions are be-
yond the scope of this work, we would like to mention two
possible directions. Firstly, one can study delicate topologi-
cal invariants protected by other crystalline symmetries. For
instance, mirror symmetry can also protect an RTP invariant
(as demonstrated by our case study in Sec. X D), although
it forces the Hopf invariant to be zero for 3D-translation-
invariant Hamiltonians; a systematic study of mirror-protected
delicate topology in all spatial dimensions is still lacking and
would be desirable. Secondly, the extension of the Pontrjagin
classification in the presence of rotation symmetry could be
generalized to models with a nontrivial first Chern class. In
this case, the two-band models in the absence of point-group
symmetries are classified by four invariants: three Chern num-
bers computed on the two-dimensional cuts of the BZ and

78In this context, one may wonder about the experimental accessi-
bility of the Zak phase anomaly (revealed on bent paths in the surface
Brillouin zone) in such setups. While Abelian and non-Abelian Berry
phases (or, more precisely, phase differences) are measurable by
clever means of interference in cold-atom systems [87,95], we are
unaware of any research group achieving so for surface states of
an optical trap. The challenge, we imagine, would be to initialize
a Bose-Einstein condensate as a surface state. While nothing that
we know prevents this as a matter of principle, we are ignorant
of the practical feasibility. We remark that there is no difficulty in
transporting a Bose-Einstein condensate over a bent path in k space,
e.g., by modulating an externally applied force in time. This has been
done in the laboratories [96].
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the fourth invariant that takes integer values modulo twice the
greatest common divisor of the three Chern numbers [2,15].
It is not inconceivable that some analog of the topological
invariants discussed here will likewise acquire an ambiguity
depending on the Chern class.
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APPENDIX A: GLOSSARY OF SYMBOLS
AND ABBREVIATIONS

All important symbols that are used in the manuscript are
summarized in Table IV.

APPENDIX B: SUMMARY OF KEY TERMS AND NOTIONS

Angular-momentum anomaly [cf. Sec. VI A, in particular
Eq. (47)] means that itinerant angular momenta of faceted
bands are nonidentical to the itinerant angular momenta of
bulk-conduction bands, as well as of bulk-valence bands.

Balanced orientation rule [cf. Eq. (N9)] ensures that the
number of upward oriented preimage lines is equal to the
number of downwards oriented preimage lines for a given
image point on a 2-sphere.

Band representation is a representation of a space group G
induced from a representation of a site-stabilizer group Gr at
site r. Throughout this work, G = Pn with n ∈ {2, 3, 4, 6}.

Band representation induced from an (L, r⊥) orbital is a
representation of the space group Pn induced from a one-
dimensional representation of the site-stabilizer group Pnr.
The representation is specified by the on-site angular mo-
mentum (L) and by the in-plane component of the Wyckoff
position (r⊥). The z component of the Wyckoff position
remains arbitrary (and is continuously tunable). Such band
representations for all values of z form an equivalent class
BR(L, r⊥). We note that orbitals generating BR(L, r⊥) may

TABLE IV. Table of symbols. Some employed abbreviations,
listed alphabetically: “ang.”—angular, “inv.”—invariant, “itin.”—
itinerant, “red”—reduced, “‘repr.”—representation, “rot.”—
rotation, and “val.”—valence.

Symbol Meaning

� homeomorphism of topological spaces
0,1 zero matrix, identity matrix
a =n b equivalence modulo n:a (mod n)=b (mod n)
α label of tight-binding basis orbital
A = Aα dkα Berry-connection 1-form
A = (Ax,Ay,Az ) Berry-connection vector
A j j′

μ non-Abelian Berry connection
b, b′ points on the Bloch sphere
Br

κ r-dimensional ball (with radius κ)
β(k), eiβ(k) phase (factor), U(1) gauge transformation

of a Bloch/continuum state
BR(L, r⊥) band repr. induced from an (L, r⊥) orbital
BBR[ϕα] basis band repr. induced from an orbital ϕα

|BZ| volume of Brillouin zone
c, v label for conduction and valence band
C2,C3,C4,C6,Cn rotation symmetry of order 2, 3, 4, 6, n
C Chern number
ch2(F ) second Chern character
CBR composite band repr.
d differential
d order of Berry dipole
δαβ, δi j Kronecker symbol
δ(k) Dirac delta function (in k space)
∂ boundary operator
D 2D domain of integration
D codimension of band node formation
ê j unit vector
E energy
Ē reference energy
dEj/dt a scalar velocity of a j-th Bloch state
E vector bundle
ε > 0 infinitesimally small real number
εαβγ fully antisymmetric Levi-Civita symbol
F = Fαβ dkα ∧ dkβ Berry-curvature 2-form
F = (Fx,Fy,Fz ) Berry-curvature vector
ϕR,α = |R, α〉〉 tight-binding-basis orbitals of H

ϕα = |α〉 tight-binding-basis orbitals of Hcell

|Rz, α〉〉〉 tight-binding basis of Hcolumn

γ path, 1D domain of integration
γ� rotation-invariant line in the BZ
�,K,K ′,M,X high-symmetry points in rBZ
G, G� = Cm�−� reciprocal lattice vector
G space group
Gr, site-stabilizer group at r = (r⊥, z)
G� little group of � ∈ rBZ
g ∈ G element of the space group
ǧ matrix repr. of g acting on spatial coordinates
g grade of multicellular (li-)Wannier orbital
φ, m tuning parameter in continuum Hamiltonians
� tuning parameter in lattice Hamiltonians
h, h(k) Hamiltonian (in momentum space)
hflat (k) spectrally flattened Hamiltonian
h̃, h̃(k) Hamiltonian in the periodic-in-k convention
h = (hx, hy, hz ) two-band Hamiltonian decomposed to σx,y,z
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TABLE IV. (Continued.)

Symbol Meaning

hflat ∈ S2 two-band Hamiltonian with flattened spectrum
decomposed to σx,y,z

H ⊂ G subgroup of a space group
H tight-binding Hilbert space
Hcell intracell Hilbert space
Hcolumn intracolumn Hilbert space
HN finite chain Hamiltonian with N unit cells
H homotopy function/deformation
Jα size of a maximal iso-orbital subset

fulfilling conditions (64) and (65)
J antisymmetry of Pauli-matrix Hamiltonians
χ Hopf invariant of lattice Hamiltonian
χ cont. Hopf number of continuum Hamiltonian
k = (kx, ky, kz ) (crystal) momentum vector
k⊥ = (kx, ky ) reduced momentum
k = (k;φ) generalized four-momentum space
κ = (κx, κy, κz ) small momentum around band touching point
κ radius of considered spheres in k space
�� ∈ Z Berry-dipole spin
λ matrix eigenvalue
LOOP infinitesimal loop to determine orientation

and multiplicity of a preimage
L,�L (difference of) on-site angular momentum
L̃,�L̃ (difference of) itinerant angular momentum
�b( f )L̃v(c)(�) number of bulk (faceted) states at � with

val.-( cond.-)band-like itin. ang. momentum
m ∈ {2, 3, 4, 6} order of little-group rotation symmetry
m� order of little-group at red. momentum �

M closed surface
Mz z-mirror symmetry
μ(γ ), μ(�) multiplicity of preimage γ , γ�

n ∈ {2, 3, 4, 6} order of crystalline rotation symmetry
n̂ unit vector normal to a surface
Nv,Nc number of conduction respectively valence

bands valence bands
Nv (�),Nc(�) number of faceted states

with L̃ f (�) = L̃v (�), L̃c(�)
υ ∈ {+1,−1} Berry-dipole helicity
pt. point (as a topological space)
P stereographic projection S3 → R3 ∪∞
P electric polarization
�P�1�2 RTP invariant, P�2 −P�1

Pn, n ∈ {2, 3, 4, 6} considered space groups
Pnr presently considered site-stabilizer groups
pn ⊂ Pn plane group generated by Cn rotation

and two out of three translations
P projector onto filled (valence) states
Pb projector onto bulk valence bands

in the infinite geometry
P(b)ẑP(b), Q(b)ẑQ(b) projected position operators in z-direction
Pb, (Pt&b) faceted projector onto bottom facet

(onto top and bottom facets)
P↓ projector onto lower half of a finite slab
Pcell

v projector onto valence subspace in Hcell

Pcolumn
v projector onto valence subspace in Hcolumn

P kz = 0 punctured plane with removed k = 0
�,�,�,� rotation-invariant reduced momenta in rBZ
� Berry flux through a hemisphere

TABLE IV. (Continued.)

Symbol Meaning

|ψ j,k〉〉 Bloch (eigen)state
ψ j,k(R, α) tight-binding Bloch function
ψ (N ) eigenstate of an N-unit-cell Hamiltonian
(ψ, θ, ϕ) three spherical coordinates
Q projector onto empty (conduction) states
Qb projector onto bulk conduction bands

in the infinite geometry
r = (x, y, z) = (r⊥, z) position vector
Rθ = e−iθ��/2·σz continuous rotation operator

for Berry-dipole Hamiltonian
RCm discrete rot. operator of crystalline h(k)
R̃Cm (�) itinerant rot. operator of h(�+ k)
ρ̃m,α (�) eigenvalues of R̃Cm (�)
R Bravais vector
R = (x̂, ŷ, ẑ) discrete position operator
Rev number and direction of revolutions

of a vector h(t ) when t advances by 1
rBZ(!k⊥) (momentum in) reduced Brillouin zone
rRL reduced reciprocal lattice
RTP returning Thouless pump
S ∼ −σz south pole of the Bloch sphere
S2, S3, S3

κ 2-sphere, 3-sphere (with radius κ)
S momentum-loop in rBZ
sg = ±1 reversal of time component of symmetry g
ς ∈ Sr permutation (group) of r elements
� Seifert surface stretched over preimage line
t ∈ [0, 1] parametrization of homotopy & closed loops
t̂ unit vector tangent to parametrized loop
t ∈ {1,...,T } in kt,�t label of consecutive Berry-dipole transitions
T̂ path-ordering operator
T 3 3-torus
T , {Tr}r∈Z blocks within a block Toeplitz matrix
T transfer matrix
τ(k0) orientation of a preimage path at k0

τ(�) orientation of rot.-inv. line γ�

τz orientation along kz axis for
noncontractible along kz loops

� time-reversal symmetry
|u(k)〉, |uon(k)〉 (normalized) intracell part of Bloch state
|uli(k)〉 orthogonal but not orthonormal

intracell part of Bloch state
v(N )(k) Fourier transform of ψ (N )

|V j,k⊥,Rz 〉〉〉 intracolumn state in Hcolumn

[V (k)]αβ = eik·rα δαβ matrix relating periodic and nonperiodic
tight-binding Hamiltonians

VBR valence band repr.

|Wj,R〉〉, |W on
j,R〉〉 conventional (orthonormal) Wannier orbital

|W li
j,R〉〉 linear independent and complete

set of (li-)Wannier orbitals

|W type
j,R 〉〉 Wannier-type orbital

WS Wilson loop computed along S
WPT Weyl point trajectory
Z Berry-Zak phase
Z cont., δZ cont. (change of) continuum Zak phase
z̄ j , z̄ j (k) eigenvalues of projected position operator
ζ = (ζ1, ζ2)� two-component spinor
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or may not be one-site-localized; however, each basis band
representation is an element of some BR(L, r⊥).

Basis band representation BBR[ϕα] is a band representa-
tion of the space group Pn induced from a one-dimensional
representation of the site-stabilizer group Pnr, specified by
a tight-binding-basis (i.e., one-site-localized) orbital ϕα . The
orbital is specified by its on-site angular momentum L
and (all components of) its Wyckoff position r. Sometimes
we use tightly bound band representation for the same
notion.

Berry dipole [cf. Sec. III A] is a pointlike touching of
two energy bands, which acts as a dipolar source of Berry
curvature. It is characterized by a 2π -quantized Berry flux �

through a hemisphere centered at the touching point and with
the bounding “equator” lying in a plane perpendicular to the
dipole axis. (The compensating flux −� flows through the
complementary hemisphere).

Berry-dipole Hamiltonian, defined by Eqs. (3) and (4) is
a continuum Hamiltonian that exhibits a band touching point
at (k, φ) = (0, 0), and that facilitates a quantized change of
the continuum Hopf number and of the continuum Zak phase
given, respectively, by Eqs. (17) and (18).

Berry-dipole spin �� determines how the Berry-dipole
Hamiltonian transforms under rotations [cf. Eq. (2)].

Bulk-valence Zak phase Zv and bulk-conduction Zak phase
Zc [cf. Eq. (55)] are Berry-Zak phases computed for the bulk
valence respectively the bulk conduction band along a path
[S(kz )] in the BZ; the path has a fixed value of kz and projects
onto a path (S) in rBZ that is used for the computation of the
corresponding faceted Zak phase.

Bulk-like versus surfacelike polarization bands are bands
formed by eigenstates of projected position operators (PẑP
and QẑQ) that lie above versus below a chosen cutoff band in a
semi-infinite geometry with a bottom surface. The cutoff band
is chosen such that all bulklike polarization bands of a semi-
infinite geometry are (up to exponentially small corrections)
indistinguishable from the bulk polarization bands in infinite
geometry.

Cm-related-two-segment loop (cf. Fig. 10) is a two-segment
loop in rBZ, with two segments mapped to each other by a
Cm rotation (up to a translation by a reciprocal lattice vec-
tor). We employ such loops (with a few exceptions listed in
Sec. VI C 4) as the path S in rBZ to compute the faceted Zak
phase (and to define the Zak-phase anomaly).

Conditionally robust surface states (cf. Sec. VI B) are
surface-localized states associated with delicate topologi-
cal invariants, which energetically connect the bulk valence
and the bulk conduction bands under the condition of open
boundaries with sharply terminated hopping. The “conditional
robustness” means that the energetic connection of the surface
states to bulk bands can be lost if the sharp boundary condition
is lifted.

Continuum Hopf number [cf. Eq. (15)] of a continuum
model is the integral of the Chern-Simon 3-form for the
valence band of a two-band insulating Hamiltonian. It is a
(nonquantized) analog of the Hopf invariant for continuum
Hamiltonians, i.e., with k ∈ R3.

Continuum Zak phase [cf. Eq. (16)] is an analog of (elec-
tric) polarization of a 1D band defined for continuum 1D
Hamiltonians, i.e., with k ∈ R.

Crystalline Hopf insulators are rotation-symmetry-
enriched two-band insulating Hamiltonians with trivial
first Chern class. They are characterized by the Hopf invariant
(29) and the RTP invariants (34).

Delicate topological insulators exhibit bands with topolog-
ical invariants that can be trivialized through the addition of a
particular (potentially an arbitrary) basis band representation
BBR[ϕα] to either the valence or the conduction subspace.
Examples of delicate topological insulators include the Hopf
and the RTP insulator.

Facet is a crystal surface that retains the discrete transla-
tional symmetry of a crystal in two directions parallel to the
surface.

Faceted bands is an umbrella term for surface-localized
energy bands and surfacelike polarization bands.

Faceted Chern number is a Chern number computed for
faceted bands. For Hopf insulators, bulk-boundary correspon-
dence equates the faceted Chern number (for arbitrary facet)
to the Hopf invariant. For RTP insulators (with identical itin-
erant angular momenta for all valence bands, and similarly
for all the conduction bands), there is a mod-n relation [cf.
Eq. (84)] relating the faceted Chern number to the RTP invari-
ant.

Faceted Zak phase Z f [cf. Eq. (53)] is the Berry-Zak phase
computed along a path [S] in reduced BZ for a faceted band.

Fermi lines are one-dimensional Fermi surfaces con-
tributed by surface states at crystal facets.

Grade g of a Wannier orbital (cf. Sec. IX B) is the smallest
number of primitive unit cells that a representative Wannier
orbital can be confined to. The lower bound is defined given
that one is allowed to continuously deform the tight-binding
Hamiltonian of fixed matrix dimension (including the Wyck-
off positions) while preserving the energy gap and the space
group symmetry. The notion of grading refines the notion of
multicellularity.

Helicity of a Berry dipole υ is one of the discrete-valued
characteristics of a Berry dipole [cf. Eq. (3)]. Its physical
meaning is related to the geometry of preimages of points on
the Bloch sphere, as clarified in footnote 8.

Hopf-Chern relation [cf. Eq. (N3)] relates the Hopf in-
variant of a two-band, insulating Hamiltonian to the Chern
number computed on an oriented surface stretched over the
preimage of any point on the Bloch sphere.

Hopf-RTP relation [cf. Sec. VII, in particular Eq. (68)] is
a mod-n constraint on the admissible values of the Hopf and
the RTP invariants that has to be obeyed by any two-band,
insulating Hamiltonian with Pn symmetry.

Hybrid Bloch-Wannier states are eigenstates of the pro-
jected position operator; they are extended as a Bloch wave in
the (x, y) plane and are exponentially localized as a Wannier
function in the z direction.

Intracell component |uα
j (k)〉 of a Bloch (eigen)state is a

vector in the intracell Hilbert space per the parametrization
of Bloch eigenstates in Eqs. (C3) and (C4).

Intracell Hilbert space is spanned by basis vectors {ϕα ≡
|α〉}α=1,...,Nc+Nv

, where α = 1, . . . ,Nv + Nc is an index distin-
guishing linearly independent orbitals within a primitive unit
cell.

Intracolumn function [cf. Eq. (C8)] is a 1D analog of
Wannier function, defined in the intracolumn Hilbert space.
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It can be viewed as the Wannier component of the hybrid
Bloch-Wannier functions.

Intracolumn Hilbert space is defined at each reduced mo-
mentum k⊥. It is spanned by basis vectors |Rz, α〉〉〉, where Rz

runs over all Bravais lattice vectors projected onto the z axis,
and α = 1, . . . ,Nv + Nc is an index distinguishing linearly
independent orbitals within a primitive unit cell.

Iso-orbital condition [cf. Eq. (33)] holds for a pair of
rotation-invariant reduced momenta �1 and �2, if there ex-
ist a single basis band representation BBR, such that the
restriction of the valence band representation to the two
rotation-invariant k lines γ�1 and γ�2 equals the restriction
of BBR to these lines.

Iso-orbital subset {� j} j=1,...,J is the set of rotation-
invariant reduced momenta in rBZ that all fulfill the iso-orbital
condition with respect to the same basis band representation
BBR[ϕα] and also the mutually disjoint condition. The set
is described as maximal if every rotation-invariant reduced
momentum satisfying the displayed conditions is included in
the subset.

Itinerant angular momentum L̃(�) [cf. Eq. (28)] de-
termines an eigenvalue exp(i2πL̃(�)/m) of the itinerant
rotation matrix of a Bloch Hamiltonian at a Cm-rotation-
invariant k line γ�.

Itinerant rotation matrix R̃Cm (�) [cf. Eq. (26)] commutes
with a Bloch Hamiltonian at a Cm-rotation-invariant k line γ�.

Multicellularity (cf. Sec. IX) is an obstruction that forbids
valence bands to be representable using Wannier orbitals with
support on a single primitive unit cell.

Mutually disjoint condition [cf. Eq. (82)] at rotation-
invariant reduced momentum � is fulfilled when the
set of itinerant angular momenta of bulk-valence states
{L̃v, j (�)}Nv

j=1 is disjoint with the set of itinerant angular mo-

menta of bulk-conduction states {L̃c, j (�)}Nc
j=1. For two-band

Hamiltonians, Nv = Nc = 1, the mutually disjoint condition
reduces to Eq. (31).

n/m -fold multiplet (or n/m-plet in short) is a set of n/m
number of Cm-invariant k lines related by Cn rotations.

On-site angular momentum L determines the one-
dimensional representation ei2πL/n of the n-fold rotation
symmetry of a tight-binding-basis orbital. Note that in this
work we only consider placing the basis orbitals at Wyck-
off positions with multiplicity one [cf. Fig. 4(a)], such that
their site-stabilized group Pnr contains an n-fold rotation
symmetry.

Polarization band in rBZ is a collection of eigenstates
of the projected position operator such that their eigen-
values z̄ j (k⊥) depend smoothly on the reduced momentum
k⊥. We call the corresponding eigenstates as the (hybrid)
Bloch-Wannier states (for both the infinite and the faceted
geometry).

Reduced BZ (rBZ) is the projection of the 3D BZ onto
the plane perpendicular to the rotation axis. The 2-component
elements k⊥ = (kx, ky) of rBZ are called reduced momenta.

Representative tight-binding-basis orbitals {ϕα}Nv+Nc
α=1 spec-

ify the Hilbert space of a tight-binding Hamiltonian. The
complete basis of the Hilbert space is given by applying all
Bravais-lattice translations to the representative basis orbitals.

Returning Thouless pump (RTP) is an adiabatic evolution
of a single-momentum Hamiltonian, characterized by an in-
teger increase of the electric polarization within one half of
the adiabatic cycle, which is reverted on the second half of the
cycle. In the present work, the role of the single momentum
(adiabatic parameter) is played by the kz (k⊥) component
of the 3D momentum, and the integer quantization is en-
forced by the mutually disjoint and the iso-orbital conditions
[cf. Eq. (35)].

RTP invariant [cf. Eq. (34)] is an invariant associated with
the returning Thouless pump. It is defined as the difference in
the electric polarization between two rotation-invariant k lines
that obey the mutually disjoint and the iso-orbital condition.

RTP insulator is a topological insulators with two or more
bands that is characaterized by a nonzero value of at least one
RTP invariant.

Site-stabilizer group Gr is a subgroup of the space group G
of the Hamiltonian, which preserves a given Wyckoff position
r. Throughout this work, G = Pn with n ∈ {2, 3, 4, 6}.

Sharp boundary condition is an open boundary condition
with the additional property that all the hopping matrix el-
ements are either bulklike (if the hopping process does not
cross the boundary) or set to zero (if they cross the boundary).

Spectrally flattened Hamiltonian is obtained from a given
Hamiltonian by setting all energies above (below) the Fermi
energy to +1 (−1) while keeping its eigenstates unchanged.
For the case of a two-band insulating Hamiltonian, the spectral
flattening is performed by Eqs. (9) or (10).

Spinor-form Hamiltonian is defined via a two-component
spinor function, ζ (k) = (ζ1(k), ζ2(k))� ∈ C2 per Eq. (4).

Symmetry-equivalent band representations are band rep-
resentations that belong to the same equivalence class
BR(L, r⊥). Note that two band representations that are
symmetry-equivalent to each other may not be continuously
deformable into each other without increasing the dimension
of the Hilbert space. For example, the VBR for crystalline
Hopf insulator is a band representation but is not deformable
to a BBR of the same equivalence class.

Symmetry-protected delicate topological insulators are del-
icate topological insulators whose topological invariant can be
trivialized through the addition of some (but is robust against
adding other) basis band representations to either the valence
or the conduction subspace. The presently discussed paradigm
example corresponds to the RTP insulator (but excludes Hopf
insulators without rotation symmetry).

Tight-binding Hilbert space is the Hilbert space of a
tight-binding Hamiltonian spanned by tight-binding basis vec-
tors ϕR,α ≡ |R, α〉〉, with R in the Bravais lattice, and α =
1, . . . ,Nv + Nc an index distinguishing linearly independent
orbitals within a primitive unit cell.

Tightly bound band representation is synonymous with
basis band representation (cf. corresponding entry above).
This alternative term emphasizes that an orbital, inducing this
bands representation, is localized to a single site, in other
words is one-site-localized.

Valence band representation VBR is a band representation
corresponding to the valence band. More precisely, it is the
band representation induced by Wannier orbitals placed at an
appropriate Wyckoff position.
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Wannier cut [cf. Appendix L 1] is a tool to construct pro-
jector onto faceted bands.

Wannier orbitals |Wj,R〉〉 [cf. Eq. (C6)], are obtained by in-
verse Fourier transform of Bloch states |ψ j,k(R, α)〉〉, with the
Bloch states depending smoothly and periodically on k, and
the intracell components of the Bloch states (|uj (k)〉Nv+Nc

j=1 ) be-
ing orthonormal at each k. They are also dubbed on-Wannier
orbitals (labelled |W on

j,R〉〉) in the context of Sec. IX, where

we distinguish them from li-Wannier orbitals |W li
j,R〉〉; in con-

structing the latter, one drops the normalization condition on
the intracell components of the Bloch states.

Wannier-type orbitals are obtained by inverse Fourier
transform of a potentially overdetermined set of Bloch states.
In contrast to on-Wannier orbitals, here one drops both the
normalization and the orthogonality condition for the intra-
cell components of the Bloch states; instead, we only require
|uj (k)〉Nj=1 (with N � Nv + Nc) to be a complete basis of the
intracell Hilbert space.

Wyckoff position is a point in the unit cell at which the rep-
resentative basis orbital is centered. While Wyckoff position
may come in symmetry related multiplets (per primitive unit
cell), in the present work we only need to consider Wyckoff
positions with multiplicity one [cf. Fig. 4(a)].

Zak-phase anomaly (cf. Sec. VI C) is a signature associated
with a nontriviail RTP invariant at open boundaries, namely,
there exist faceted states for which the Berry-Zak phase (quan-
tized by rotation symmetry to certain rational multiples of 2π )
along a certain symmetrically chosen loop (S) is distinct from
the corresponding Berry-Zak phase of both the bulk-valence
and the bulk-conduction bands.

APPENDIX C: PRELIMINARIES ON STRICT
TIGHT-BINDING FORMALISM AND NOTATIONS

We start a series of pedagogical appendices to famil-
iarize the reader with basic band-theoretic concepts in
the strict tight-binding formalism, as well as establish our
band-theoretic notations. After introducing the formalism in
Appendix C 1, we comment in Appendix C 2 on differences
of the periodic versus nonperiodic conventions for the k-
dependent tight-binding Hamiltonian h(k). In Appendix C 3,
we derive the tight-binding analog of the geometric theory of
polarization, namely that the (geometric phase/2π ) computed
for a given band is equal, modulo integer, to the real-spatial
positional center of the corresponding Wannier orbital within
a unit cell. In Appendix C 4, we argue that the Hopf invariant
is independent of whether h(k) is expressed in the periodic or
in the nonperiodic convention.

1. Strict tight-binding formalism

In the tight-binding formalism, the tight-binding Hilbert
space H is spanned by tight-binding-basis orbitals ϕR,α ≡
|R, α〉〉, with R in the Bravais lattice, and α = 1, . . . ,Nv + Nc

an index distinguishing linearly independent orbitals within
a primitive unit cell. It is also useful to introduce a smaller,
intracell Hilbert space Hcell spanned by basis orbitals {ϕα ≡
|α〉}α=1,...,Nc+Nv

. To distinguish the states living in the larger
versus the smaller Hilbert space, we denote them with differ-

ent bra/ket symbols, i.e.,∣∣A〉〉 ∈ H versus |A〉 ∈ Hcell (C1)

[compare also to Eq. (C7)]. The corresponding inner products
are similarly denoted as 〈〈A|B〉〉 versus 〈A|B〉.

To define the Bloch eigenstates in the tight-binding formal-
ism, we first introduce a k-dependent basis that spans the same
Hilbert space H :

|k, α〉〉 =
∑

R

eik·(R+rα )|R, α〉〉, (C2)

with coefficients that input the spatial positions of the basis
orbitals rα within a representative unit cell. We elaborate more
on this choice of the k-dependent basis and on its conse-
quences in a later Sec. C 2 of this Appendix. In the introduced
k-dependent basis, we can define the Bloch eigenstates to be

|ψ j,k〉〉 =
∑
α

uα
j (k)|k, α〉〉, (C3)

where the coefficients in front of the basis states form the
eigenvectors of the Hamiltonian matrix

h(k)|u j (k)〉 = Ej (k)|u j (k)〉. (C4)

Note that both the tight-binding Hamiltonian and its eigen-
vectors |uj (k)〉 are defined in the intracell Hilbert space Hcell

and, as we discuss later in Appendix C 2, are k-aperiodic
for generic values of rα . When projecting the Bloch eigen-
state onto a tight-binding-basis orbital, we get a tight-binding
Bloch function

ψ j,k(R, α) = 〈〈R, α|ψ j,k〉〉 = eik·(R+rα )uα
j (k), (C5)

which is the product of a plane wave with an intracell wave
function uα

j (k), in close analogy with the continuum Bloch
function. The Bloch function is k-periodic, as the nonperiod-
icity of the cell-periodic function and the plane wave cancel
each other.

It is also useful to define a Wannier function (also dubbed
Wannier orbital, which we in particular adopt in Sec. IX),
which is the inverse Fourier transform of a Bloch function:

Wj,R̄(R, α) =
∫

d3k
|BZ|e

−ik·R̄ψ j,k(R, α)

=
∫

d3k
|BZ|e

−ik·(R̄−R−rα )uα
j (k), (C6)

where |BZ| denotes the volume of the Brillouin zone. We as-
sume throughout that the first Chern class is trivial, hence the
Bloch function can be chosen to be both analytic and periodic,
and correspondingly the Wannier function would be expo-
nentially localized79 in real space, with a positional center in
the vicinity of unit cell labeled R̄. With the normalization80

79This is true whether or not the Hopf invariant is nontrivial in the
particular case of two-band Hamiltonians.

80For the discussion of graded multicellularity in Sec. IX B, we
found it useful to introduce several refined version of Wannier func-
tions, with the ones introduced in the present paragraph dubbed
therein as orthonormal (on-) Wannier orbitals, |W on

j,R〉〉. If one instead
adopts intracell wave functions |uli

j (k)〉 that are orthogonal but not
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〈u j (k)|u j′ (k)〉 = δ j j′ it follows that 〈〈Wj,R|Wj′,R′ 〉〉 = δ j j′δR,R′

(a product of Kronecker delta functions).
The Wannier functions are not uniquely defined and de-

pend on the gauge choice of the Bloch function. The allowed
gauge transformations are uα

j (k) → eiβ j (k)uα
j (k), where β j (k)

is a real-analytic function that transforms under reciprocal
lattice translations as β j (k + G) = β j (k) + 2π l with l ∈ Z.
When β(k) does not wind around the BZ, meaning l = 0, the
spread of the Wannier function may change, but its positional
center remains fixed. If, on contrary, β(k) winds in the direc-
tion of G1 with l �= 0 (so-called large gauge transformation),
the center of the Wannier function will shift in the direction
of the corresponding lattice vector R1 (with G1 · R1 = 1) by l
unit cells.

Sometimes, e.g., in Appendices G and L, it is convenient
to consider reduced momenetum k⊥ as an external parameter
and work in an intracolumn81 Hilbert spaceHcolumn, which is
defined at each reduced momentum k⊥. Elements of this space
are indicated with a triple angled bracket, i.e.,

|A〉〉〉 ∈ Hcolumn, (C7)

and we label the orthonormal basis states in the intracolumn
Hilbert space as |Rz, α〉〉〉. At each k⊥, the 1D analog of
a Wannier function in the intracolumn Hilbert space is (an
intracolumn function, for brevity) is given by 1D Fourier
transform of the Bloch function and subsequent stripping of
the plane-wave factor eikx (Rx+xα )+iky (Ry+yα ):

V j,k⊥,R̄z
(Rz, α) = 〈〈〈Rz, α|V j,k⊥,R̄z

〉〉〉

=
∫

dkz

2π
e−ikzR̄z eikz (Rz+zα )u j (k). (C8)

Because there is no obstruction to find a global smooth gauge
on a base space that is topologically equivalent to a circle,
the Bloch function can always be chosen to be periodic and
analytic in kz, such that the intracolumn function decays
exponentially with |Rz − R̄z|. The intracolumn function can
be viewed as the Wannier component of the hybrid Bloch-
Wannier functions (defined in the full Hilbert space H ) that
is exponentially localized in one direction (z), but remains
extended as a Bloch function in the other two directions. To
exemplify an application of the hybrid Bloch-Wannier func-
tions, 2D-translation-invariant eigenstates of the projected
position operators PbẑPb (cf. Sec. VI A 2) have wave functions
that are hybrid Bloch-Wannier functions.

normalized to unity, their inverse Fourier transform results in a
linear independent and complete set of (li-) Wannier orbitals, |W li

j,R〉〉.
A further level of relaxation corresponds to taking a (potentially
overdetermined) set {|utype

j (k)〉}N
j=1 with N � Nv + Nc of intracell

wave-functions that vary smoothly with k and constitute a basis of
Hcell; their inverse Fourier transform generates Wannier-type or-
bitals, |W type

j,R 〉〉 [12].
81The term “column” indicates that we restrict ourselves to a spe-

cific value of reduced momentum and define the basis indexed by all
lattice vectors in the z direction.

2. Periodic versus nonperiodic convention
for tight-binding Hamiltonian

In this part of the Appendix, we comment on the choice
of prefactor that we made to construct the k-dependent basis
in Eq. (C2) of the tight-binding Hilbert space. In the chosen
convention the Hamiltonian is generally aperiodic-in-k for
generic basis orbitals positions rα; in particular, it transforms
under translation by a reciprocal lattice vector G as

h(k + G) = V (G)−1h(k)V (G), (C9)

where

[V (G)]αβ = exp(iG · rα )δαβ. (C10)

From this, we conclude aperiodicity of the corresponding
eigenvectors

uα
j (k + G) = e−iG·rα uα

j (k), (C11)

assuming a periodic gauge of the Bloch functions ψ j,k. As we
show in the next Appendix C 3, only in this convention the
positions of the basis orbitals are properly taken into account.

An alternative convention deals with strictly k-periodic
Hamiltonians and intracell wave functions by choosing the
k-dependent basis to be

|k̃, α〉〉 =
∑

R

eik·R|R, α〉〉. (C12)

In this case, the Hamiltonian and the intracell wave functions
are periodic in k:

h̃(k)ũ j (k) = Ej (k)ũ j (k),

h̃(k + G) = h̃(k), ũ j (k + G) = ũ j (k). (C13)

The Hamiltonians and the intracell wave functions in the two
conventions are related by

h(k) = V (k)−1h̃(k)V (k), (C14)

uj (k) = V (k)−1ũ j (k), (C15)

where in Eq. (C15) we assumed a periodic gauge of the Bloch
functions ψ j,k.

3. Tight-binding analog of the geometric theory of polarization

We show here that the normalized, Brillouin-zone integral
of the Berry connection is related, modulo a Bravais-lattice
vector, to the expectation value of the discrete position opera-
tor: ∫

d3k
|BZ| 〈u(k)|i∇ku(k)〉 =R 〈〈W0|R|W0〉〉. (C16)

where “=R” means equal modulo Bravais lattice vector. In
the tight-binding basis, the discrete position operator can be
decomposed as

R =
∑
R,α

|R, α〉〉(R + rα )〈〈R, α|, (C17)

with rα an intracell position coordinate of the orbital α. To
simplify the notation, we dropped the band index j from both
the Bloch and the Wannier state.
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The analog of Eq. (C16) for Bloch/Wannier functions de-
fined over continuous real space is well-known [54,97], but
Eq. (C16) itself carries certain subtleties inherited from the
tight-binding formalism that we want to spell out in detail. In
particular, it is not well-appreciated that Eq. (C16) only holds
with uα (k) satisfying the transformation relation given by
(C11), which implies that u is aperiodic in reciprocal-lattice
translations for generic values of rα .

It is instructive to compare our result with the common
practice of working with strictly k-periodic Hamiltonians,
defined in Eq. (C13). Then the analog of Eq. (C16) is∫

d3k
|BZ| 〈ũk|i∇kũ〉 =R 〈〈W0|R̃|W0〉〉 (C18)

with a modified version of the position operator,

R̃ =
∑
R,α

|R, α〉〉R〈〈R, α|, (C19)

The crucial difference is that R̃ carries no information of
where a basis Wannier orbital is located within a unit cell.
Alternatively stated, to develop a tight-binding analog of the
geometric theory of polarization [as encapsulated by its key
equation Eq. (C16)] that properly accounts for the (possibly
distinct) spatial embedding of the orbitals within a unit cell,
it is necessary to utilize the (generically) k-aperiodic tight-
binding Hamiltonian.

Plugging in the definition of the Wannier function
[Eq. (C6)] and explicitly allowing for a gauge transformation
uα (k) → eiβ(k)uα (k), the proof of Eq. (C16) follows:

〈〈W0|R|W0〉〉
=
∑
R,α

W0(R, α)(R + rα )W0(R, α)

=
∫

d3kd3k′

|BZ|2
∑
R,α

uα (k)e−iβ(k)−ik(R+rα )(R + rα )

× eik′(R+rα )+iβ(k′ )uα (k′)

=
∫

d3kd3k′

|BZ|2
∑
R,α

uα (k)e−iβ(k)−ik·(R+rα )[−i∇k′e
ik′ ·(R+rα )]

× eiβ(k′ )uα (k′). (C20)

Because ψk′ and any gauge function eiβ(k′ ) are periodic-in-k′

by construction, one may integrate by parts without acquiring
a boundary term:

(C20) =
∫

d3kd3k′

|BZ|2
∑
R,α

uα (k)e−ik(R+rα )−iβ(k)eik′(R+rα )+iβ(k′ )

× [i∇k′u
α (k′) − uα (k′)∇k′β(k′)]. (C21)

After carrying out the sum over R with the Dirac-delta-
function identity: ∑

R

eik·R = |BZ| δ(k), (C22)

we get

(C21) =
∫

d3k
|BZ| [〈u(k)|i∇ku(k)〉 −∇kβ(k)], (C23)

where the first term gives the desired relation (C16) and the
second term introduces a modulo-R ambiguity, as the gauge
phase β(k) can (in principle) wind nontrivially over the Bril-
louin torus. [The proof of Eq. (C18) is closely analogous to
what we have just presented.]

4. Equivalence of the Hopf invariant in periodic
and nonperiodic tight-binding Hamiltonian

In this Appendix, we show that the Hopf invariant [Eq. (29)
in the main text] is quantized in both the periodic and the
nonperiodic tight-binding Hamiltonian convention, and that it
takes the same value in both conventions: χ [u(k)] = χ [ũ(k)].

As was shown by Pontryagin [3], the Hopf invariant classi-
fies continuous maps from a 3-torus T 3 to a 2-sphere S2 when
the Chern numbers computed on all 2D subtori are zero. As
was later shown by Moore et al. in Ref. [13], such a map can
be naturally realized as a two-band insulating Hamiltonian in
three dimensions and with a trivial Chern class. To ensure
the continuity and periodicity of the map over the BZ, the
Hamiltonian was considered in the periodic Bloch convention.
In this case, the authors of Ref. [13] proposed a formula for
the Hopf invariant as integral of the Chern-Simons three-form
of the Berry gauge field [cf. Eq. (29)].

In order to appreciate that the same formula is valid in the
nonperiodic convention, we consider a continuous interpola-
tion between Hamiltonians in the periodic and nonperiodic
conventions and show that the Hopf invariant is quantized
throughout the interpolation, and therefore does not change.
The desired interpolation parametrized by a real variable t ∈
[0, 1] is given by

h(k, t ) = V (tk)−1h̃(k)V (tk), (C24)

which satisfies h(k, 0) = h̃(k) (periodic) and h(k, 1) = h(k)
(nonperiodic) with [V (tk)]αβ = exp(itk · rα )δαβ . One can
view this interpolation as a continuous shift of the basis
orbitals from the spatial origin within the unit cell to their
actual positions rα . Throughout this interpolation, both the
energy spectrum and the translational symmetry are invariant;
the spectral invariance implies that the assumed gap does not
close.

Crucially, the Chern-Simons form F ·A d3k remains k-
periodic for any t ∈ [0, 1]. To see this, take into account
the relation between intracell wave functions throughout the
interpolation

u(k, t ) = V (tk)−1ũ(k). (C25)

This implies that the Berry connections are related as

A[u(k, t )] = 〈u(k, t )|i∇ku(k, t )〉
= A[ũ(k)] + t〈ũ(k)|r̂|ũ(k)〉, (C26)

where [r̂]αβ = rαδαβ is the matrix with positions of the basis
orbitals on the diagonal. The periodicity of |ũ(k)〉 implies that
A[u(k, t )] is periodic-in-k for all t ∈ [0, 1], and hence also
its curl F (the Berry curvature). Therefore the Chern-Simons
form is periodic throughout interpolation.

To derive the difference in the Hopf invariant (computed
as an integral of the Chern-Simons form) between the two
conventions, we adopt the notation of differential forms: we
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take A =A · dk to be the Berry connection one-form, and
its exterior derivative F = dA to be the Berry curvature two-
form. The Chern-Simons three-form in these notations can be
simply written as F ∧A [see Eq. (E23) and footnote 83 for a
componentwise definition of the wedge product]. Now we can
write the difference in the Hopf invariants as

χ [u(k)] − χ [ũ(k)] ∝
∫

BZ
F (k, 1)∧A(k, 1)

−
∫

BZ
F (k, 0)∧A(k, 0)

=
∫
∂ (BZ×[0,1])

F (k, t )∧A(k, t )

=
∫

BZ×[0,1]
F (k, t )∧F (k, t ), (C27)

where in the second row we used the just-proven fact that
the Chern-Simons form is periodic-in-k, and hence its inte-
gration over two BZs at t = 0 and t = 1 taken with opposite
orientations can be enlarged to integration over the bound-
ary of BZ × [0, 1]. In the third row we applied the Stokes’
theorem and expressed the external derivative of the Chern-
Simons form d (F ∧A) = F ∧ F , which is proportional to
the second Chern character ch2(F ) = (1/2!)(i/2π )2F ∧ F
[6]. Importantly, for two-band Hamiltonians the second Chern
character vanishes (the proof of this statement is postponed
to Appendix E 4), which allows us to conclude that the
Hopf invariant does not change and hence remains quantized
throughout the interpolation. We conclude that Eq. (29) can be
used to compute the Hopf invariant in both Bloch conventions.

APPENDIX D: SPINOR FUNCTION ζ(k) IN k·p EXPANSION
AROUND A ROTATION-INVARIANT MOMENTUM

In this Appendix, we derive a rotation-symmetric k·p
Hamiltonian of the spinor form specified by Eq. (4). This is
achieved in two ways.

First, we derive the k·p Hamiltonian assuming the contin-
uous rotation symmetry, which restricts the Hamiltonian as
specified in Eq. (2). This discussion is organized into three
parts. First, in Appendix D 1 we translate the symmetry re-
quirement of the Hamiltonian matrix hk·p(k) to a condition on
the spinor ζ (k). In Sec. D 2, we derive the general symmetry-
compatible form of the spinor ζ (k) to the lowest order in each
momentum component and in the tunable parameter φ. Then,
in Appendix D 3, we show how the obtained general form can
always be continuously deformed into the simple form shown
in Eq. (3) of the main text.

Second, we derive the symmetry-allowed k·p Hamilto-
nian as a Taylor expansion of a lattice Hamiltonian around
a rotation-invariant momentum. For this, in Appendix D 4, we
show that the k·p Hamiltonian is symmetric under discrete
rotation symmetry, specified by the itinerant rotation matrix
of the lattice Hamiltonian at the considered rotation-invariant
momentum. Finally, in Appendix D 5, we derive the general
form of the spinor with discrete rotation symmetry.

1. Equivalent symmetry condition on the spinor function

We first show that if the symmetry condition in Eq. (2)
is applied to spinor-form Hamiltonians [Eq. (4)], then this is
equivalent to the following condition on the spinor function:

Rθ ζ (k) = eiβ(k)ζ (θk), Rθ = e−i(θ��/2)σz , (D1)

where β is an arbitrary k-dependent phase. To show this, recall
that conjugation of a Pauli matrix σi with exp(iωσz ) gives

exp(iωσz )σi exp(−iωσz ) = T (2ω)i jσ j

with T (ω) =

⎛⎜⎝cosω − sin ω 0

sin ω cosω 0

0 0 1

⎞⎟⎠. (D2)

By choosing the particular value ω = −θ��/2 we obtain
RθσiR

−1
θ = T (−θ��)i jσ j . The application of this relation to

the spinor-form Hamiltonian in Eq. (4) gives

Rθh(k)R−1
θ = [ζ †σiζ ]T (−θ��)i jσ j

= [ζ †T (θ��) jiσiζ ]σ j

= [ζ †R−1
θ σRθ ζ ] · σ|k, (D3)

where the last line reminds us that the function ζ (in all of the
consecutive expressions) is to be evaluated at k. Separately,
the symmetry condition in Eq. (2) applied to the spinor-form
Hamiltonian in Eq. (4) implies

Rθh(k)R−1
θ = [ζ †σζ ] · σ|θk, (D4)

i.e., evaluated at θk. The relation in Eq. (D1) follows from
comparing Eqs. (D3) and (D4) after considering that

ζ †σζ = ξ †σξ ⇔ ζ = ξeiβ (D5)

with β an arbitrary phase factor (compare also to the first part
of footnote 7). The equivalence in Eq. (D5) follows because
ζ †σζ can be interpreted as the expectation value of spin for
spinor ζ , and the expectation value of all spin components
can agree for a pair of spinors only if they differ by an
unobservable phase factor.

2. General form of the spinor function

To ensure that h(k) is analytic in k, we impose that
ζ (k) is also analytic and hence admits convergent Taylor
expansions in k. Given the symmetry condition (D1) on
the spinor function ζ (k), we aim to find the most general
symmetry-compatible choice of the spinor up to linear or-
der in (kx, ky, kz ), with the motivation that k = 0 marks a
prospective band-touching point. The zeroth-order-in-k term
is parametrized by an additional real parameter φ, such that
ζ (k = 0, φ = 0) = 0:

ζ (0)(k, φ) =
(

A1k+ + B1k− +C1(kz + iφ) + D1(kz − iφ)

A2k+ + B2k− +C2(kz + iφ) + D2(kz − iφ)

)
,

(D6)

where k± = kx ± iky, and Aj , Bj , Cj , Dj ( j = 1 and 2) are
complex coefficients. We derive constraints on these coeffi-
cients by plugging the ansatz into Eq. (D1). Note that one
side of the equation is multiplied by the phase eiβ(k), which
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is required to be analytic for ζ (k) to be also analytic. In the
following, we assume it to be k-independent, β(k) = β, as all
k-dependent terms will contribute to higher orders in (k, φ).
Since the variables k±, kz ± iφ are independent of each other,
we proceed by equating the coefficients that multiply them on
the left versus the right side of the equation.

We proceed in steps as follows. (i) Equate the coefficients
in front of kz + iφ and kz − iφ, get

C1e−iθ��/2 = C1eiβ, C2eiθ��/2 = C2eiβ, (D7)

D1e−iθ��/2 = D1eiβ, D2eiθ��/2 = D2eiβ. (D8)

If we assume that β �= ±θ��/2, then C1,2 = D1,2 = 0, imply-
ing that the spinor dependence on kz and φ is of higher order.
We ignore such a possibility as it requires fine tuning, leaving
us with the following two possibilities: either β = θ��/2 or
β = −θ��/2. We opt for the first of the two options, and
comment on the other choice at the end of this section. In that
case, we find that

D1 = C1 = 0, (D9)

while C2 and D2 are arbitrary.
(ii) Equate the coefficients in front of k+:

A1[e−iθ��/2 − eiθ��/2eiθ ] = 0, (D10)

A2 eiθ��/2[1 − eiθ ] = 0. (D11)

From this, we conclude that

A2 = 0, A1 �= 0, if �� = −1. (D12)

Both coefficients vanish if �� �= −1, (cf. implications below).
(iii) Similarly equate the coefficients in front of k− to get

B2 = 0, B1 �= 0, if �� = 1. (D13)

It follows from Eqs. (D12) and (D13) that if |��| �= 1 then all
linear terms in k± vanish. In that case, we are led to include
higher order terms in the ansatz (D6).

The possible second-order contributions in k± are

ζ (1)(k+, k−) =
(

L1k2
+ + M1k2

− + N1k+k−
L2k2

+ + M2k2
− + N2k+k−

)
(D14)

with six complex coefficients. We deduce the coefficients in
front of the quadratic terms in the same way as for the linear
terms.

(i) First, equate coefficients in front of k+k−:

N1e−iθ��/2 = N1eiθ��/2, (D15)

N2eiθ��/2 = N2eiθ��/2. (D16)

From this we conclude that N1 = 0, while N2 can take arbi-
trary values. Therefore, independent of the Berry-dipole spin
��, the second component of the spinor generically depends
on the quadratic form k+k− = k2

x + k2
y .

(ii) Equate coefficients in front of k2
+:

L1[e−iθ��/2 − eiθ��/2ei2θ ] = 0, (D17)

L2 eiθ��/2[1 − ei2θ ] = 0. (D18)

This gives

L2 = 0, L1 �= 0, if �� = −2. (D19)

(iii) Similarly for coefficients in front of k2
−, we get

M2 = 0, M1 �= 0, if �� = 2. (D20)

For |��| = 2, Eqs. (D19) and (D20) define quadratic depen-
dence on k± in the first component of the spinor. However, for
|��| > 2 these contributions vanish and we need to consider
still higher orders in k±.

In the following, we derive the lowest-in-k± term that is al-
lowed by a given Berry-dipole spin �� in the first component
of the spinor. To achieve this, we first derive all allowed terms
of the form kp

+kq
− with p, q being non-negative integers (the

set N ∪ {0}), and then among these terms find the one with the
lowest order p+ q.

(i) Equate coefficients in front of kp
+kq

− in the first compo-
nent of the spinor:

e−iθ��/2 = eiθ��/2eiθ (p−q). (D21)

This equation is fulfilled if q − p = ��, and hence, the al-
lowed terms have the form kp

+kp+��
− with both p, p+�� ∈

N ∪ {0}. This pair of conditions can be expressed compactly
as p � max{0,−��}.

(ii) To find among all allowed terms the one with the lowest
order, we need to find

p∗ = arg min
p�max{0,−��}

(2p+��), (D22)

which, depending on the sign of ��, is

p∗ =
{

0, �� > 0

−��, �� < 0
. (D23)

Therefore, given the value ��, the first component of the
spinor to the lowest order in k± is (k−sgn(��) )|��|.

By combining all the constraints derived for a given
Berry-dipole spin ��, we get the general form of the rotation-
symmetric spinor:

ζ (k, φ) =
(

Z��(k−sgn(��) )
|��|

C2(kz + iφ) + D2(kz − iφ) + N2k+k−

)
, (D24)

where Z��, C2, D2, and N2 are arbitrary complex coefficients.
Let us conclude the discussion by analyzing how the result

changes if we instead adopt the second option of the phase,
β = −θ��/2. Then, following the steps that were described
in this section, we derive that the spinor function has the form

ζ (k, φ) =
(

C1(kz + iφ) + D1(kz − iφ) + N1k+k−
Z ′
��(ksgn(��) )

|��|

)
. (D25)

To understand the difference between the two Hamiltonians,
respectively defined through spinors (D24) and (D25), we
note that the conduction band of the spinor-form Hamiltonian
[Eq. (4)] is proportional to the spinor |uc(k)〉 ∝ ζ (k), while
the valence band can be expressed as |uv (k)〉 ∝ σyζ

∗(k). We
can define an angular momentum �v(c) of the valence (conduc-
tion) eigenstate at the rotation axis as

Rθ |uv(c)(0, 0, kz )〉 = eiθ�v(c) |uv(c)(0, 0, kz )〉. (D26)
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Both the Hamiltonian h(k) and the rotation matrix Rθ are
expressed in a basis given by the orbitals ϕ1, ϕ2; since the
rotation matrix is diagonal in this basis, these orbitals get a
factor e−iθ��/2 respectively eiθ��/2 under rotation by an angle
θ and therefore have angular momenta �1(2) = −(+)��/2.
Since valence and conduction bands at rotation axis diago-
nalize the rotation matrix, the set {�v, �c} coincides with the
set {±��/2}, meaning that at rotation axis the valence and
conduction bands are of a single orbital character. Computing
the valence and conduction angular momenta for the spinor
(D24), we observe that a valence (respectively conduction)
band has angular momentum �v = −��/2 (respectively �c =
��/2), meaning that it is of the ϕ1 (respectively ϕ2) character.
For the spinor (D25), the valence (respectively conduction)
angular momentum has opposite sign and the corresponding
band is of the ϕ2 (respectively ϕ1) character.

To relate the valence (respectively conduction) band given
by spinor (D25) to the valence (respectively conduction) band
given by spinor (D24), it is enough to flip the order of the
basis orbitals and change the sign of the Berry-dipole spin in
the rotation matrix written in the new basis. This deformation
allows us to extend the results presented for the spinor (3) in
Sec. III to the spinor (5), which are the simplified forms of the
spinors (D24) and (D25), respectively.

3. Continuous deformation of the spinor to simplified form

Consider a Hamiltonian h(k, φ) [cf. Eq. (4)] encoded by
the spinor in Eq. (D24). Let us first argue what are the allowed
continuous deformations of this Hamiltonian that preserve its
rotation symmetry and “topology,” in a sense that will be made
increasingly precise.

Let us assume the energy bands of h(k, φ) touch at
(k, φ) = (0, 0) and nowhere else in the (k, φ)-space, which
we take to be isomorphic to R4. For any constant-φ slice of
(k, φ) space, one can define a three-parameter Hamiltonian
h(k) and its associated continuum Hopf and Zak numbers [cf.
Eqs. (15) and (16)]. These numbers are the k · p analogs of the
Hopf and RTP-Zak invariants for tight-binding Hamiltonians.
Assuming that h(k) is a truncated Taylor expansion of a tight-
binding Hamiltonian, changes in the continuum Hopf/Zak
numbers (as φ is tuned through zero) equal changes in the
lattice Hopf/RTP invariants (of the tight-binding Hamiltonian
which regularizes the k · p Hamiltonian). In particular, this
implies

δχ cont. = χ cont.(φ = 0+) − χ cont.(φ = 0−) ∈ Z. (D27)

This integer quantization holds under continuous deformation
of the k · p Hamiltonian h(k, φ; t ) parametrized by t ∈ [0, 1],
if we impose for all t that the energy gap closes only at
(k, φ) = (0, 0).

This freedom given to us by the t parameter allows us to
bring the spinor derived in Eq. (D24) to a simpler form. The
condition that the gap closes only at (k, φ) = (0, 0) can be
enforced by insisting that |Z��| �= 0 and |C2| �= |D2|. Indeed,
the gap closes if and only if ζ = 0. Imposing that the first
component of ζ vanishes implies k−sgn(��) = 0, and hence
also N2k+k− = 0. Then the second component of ζ equal to
zero is equivalent to C2(kz + iφ) = −D2(kz − iφ), which im-

plies that (|C2| − |D2|)
√

k2
z + φ2 = 0. This means that when

|C2| �= |D2|, the spinor turns to zero only at (k, φ) = (0, 0).
Hence, we are allowed to continuously adjust the coeffi-

cients to certain preferred values as long as we avoid |Z��| =
0 (and also avoid |C2| = |D2|) throughout the interpolation.
Since this constraint on our interpolation does not involve N2,
we can always set this parameter to zero. We may as well
take Z�� = 1. The selected values of C2 and D2 depend on the
ratio between their magnitudes. We choose C2 = 1, D2 = 0
if |C2| > |D2| and C2 = 0 D2 = −1 if |C2| < |D2|. There ex-
ists a continuous deformation of the spinor-form Hamiltonian
from arbitrary initial values of the coefficients to the specified
ones without closing the energy gap and without breaking the
rotation symmetry (and thus without altering the topological
invariants of the corresponding Berry dipole). The final form
of the spinor is

ζ (k, φ) =
(

(k−sgn(��) )
|��|

υ kz + iφ

)
, (D28)

where

υ = sgn(|C2| − |D2|) ∈ {−1, 1}. (D29)

This is the form of the spinor utilized throughout the main
text, beginning from Eq. (3). A similar deformation performed
on the spinor in Eq. (D25) leads to

ζ (k, φ) =
(

υ kz + iφ

(ksgn(��) )
|��|

)
. (D30)

4. Symmetry of k · p-expansion of a lattice Hamiltonian

In this Appendix, we derive the rotation-symmetry con-
straint of a lattice Hamiltonian expanded for small k around
a rotation-symmetric point in the BZ. A lattice Hamiltonian
obeys the following symmetry condition:

RCm h(k)R−1
Cm

= h(Cmk). (D31)

We now expand the Hamiltonian around point k� = (�, kz )
where the reduced momentum � is shifted by a reciprocal lat-
tice vector after m-fold rotation, Cm� = �+ G�. Adopting
the local momentum κ = k − k�, we obtain

RCm h(k� + κ)R−1
Cm

= h(Cmk� +Cmκ) = h(k� + G� +Cmκ).
(D32)

We use that the Hamiltonians at momenta shifted by a recip-
rocal lattice vector are related by

h(k + G) = V−1
G h(k)VG , (D33)

with [VG]αβ = exp(irα · G)δαβ . Applying this relation to
Eq. (D32), we get

VG�
RCm h(k� + κ)(VG�

RCm )−1 = h(k� +Cmκ). (D34)

We now expand the Hamiltonian at small κ around k� and
denote this expansion as hk·p(κ). Using the itinerant rotation
matrix defined in Eq. (26), we get the symmetry condition on
the k · p-Hamiltonian

R̃Cm (�)hk·p(κ)R̃−1
Cm

(�) = hk·p(Cmκ). (D35)
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The itinerant rotation matrix can be written as

R̃Cm (�) = exp

(
−iπ
L̃2(�) − L̃1(�)

m
σz

)
. (D36)

Therefore the Berry-dipole spin �� in the k · p expansion
around k� is given modulo the order of rotation symmetry
m by the itinerant angular momentum difference L̃2(�) −
L̃1(�) between the basis Bloch states.

5. Spinor function of k·p-expansion of a lattice Hamiltonian

In this Appendix, we derive a spinor in the lowest order
in (κ, φ) that is allowed by the discrete rotation symmetry
(D35) of a k · p Hamiltonian around momentum k� and of
the spinor form (4). To fix the notations, we assume that at
rotation-invariant line γ� [line projected onto � in the (kx, ky)
plane] the valence band coincides with a band representation
induced from the first basis orbital ϕ1. (We will comment on
the opposite choice, when the orbital ϕ2 induces the valence

band representation, at the end of this Appendix.) This means
that the valence (conduction) itinerant angular momentum
L̃v(c)(�) is equal to the itinerant angular momentum of the
first (second) basis orbital L̃1(2)(�), and the itinerant rotation
matrix in Eq. (D36) can be rewritten as

R̃Cm (�) = exp

(
− iπ

�L̃(�)

m
σz

)
, (D37)

where �L̃(�) = L̃c(�) − L̃v (�) (mod m). The sought
spinor is then continuously deformable to

ζ (κ, φ) =
(

Aκ�L̃(�)
− + Bκm−�L̃(�)

+
υκz + iφ

)
, (D38)

where υ ∈ {−1, 1} is defined as in Appendix D 3. Depending
on the value of �L̃(�), we can further deform the first com-
ponent of the spinor (D38) to

ζ1(κ) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
κ
�L̃(�)
− if �L̃(�) < m/2 or

{
�L̃(�) = m/2

|A| > |B|

κ
m−�L̃(�)
+ if �L̃(�) > m/2 or

{
�L̃(�) = m/2

|A| < |B|

. (D39)

Throughout these deformations the gap does not close and
therefore the value of the continuum Hopf and Zak phase
numbers do not change. By identifying the power of the κ±
in Eq. (D39) with the absolute value of the Berry-dipole spin
|��| [as in Eq. (D28)] and the sign of κ± with minus the
sign of the Berry-dipole spin, we conclude that to the lowest
order in κ, the Berry-dipole spin �� obtained from a Taylor
expansion of a lattice model is the lowest-in-absolute-value
integer that obeys the constraint

�� mod m = �L̃(�). (D40)

In the following, we proceed to prove the deformability of
a symmetry-constrained spinor

R̃Cm (�)ζ (κ, φ) = eiβ(κ)ζ (Cmκ, φ) (D41)

to the form given in Eqs. (D38) and (D39). The main dif-
ference from the proof given in Appendix D 2 is that the
symmetry is lowered from SO(2) to Cm and as a consequence
the Berry-dipole spin is changed from being an integer �� ∈
Z to �L̃(�) ∈ Zm. As we show in the following, this modulo
m ambiguity is a source of a modified expression for the first
component of the spinor in Eq. (D38).

(i) As the first step, we determine the dependence of the
spinor on κz and φ. We start as in Appendix D 2, by assuming
the linear dependence on (κz ± iφ) and equating the coeffi-
cients in front of independent variables. We again conclude,
that to have a nonconstant dependence on κz and φ, the phase
β must be equal to ±π�L̃(�)/m. The initial assumption
that the valence band of the lattice model at rotation-invariant
line γ� is purely of the ϕ1 character trivially implies that the
valence (conduction) band of the k · p expansion at κ = 0
is of a ϕ1 (ϕ2) character. The conduction band of a spinor-

form Hamiltonian is proportional to ζ , therefore, to ensure
the aforementioned orbital characters, the dependence on κz

and φ must be present only in the second component of the
spinor. This is true when β = π�L̃(�)/m, and then the sec-
ond spinor component is ζ2(κ, φ) = C · (κz + iφ) + D · (κz −
iφ) + f (κ+, κ−).

(ii) We proceed to determine the spinor dependence on κ±.
First, with the chosen β, the second component of the spinor
must not change when the momentum is rotated,

ζ2(κ, φ) = ζ2(Cmκ, φ). (D42)

Therefore, to the lowest order in κ, ζ2(κ, φ) = C(κz + iφ) +
D(κz − iφ) + Nκ+κ−.

(iii) The first component of the spinor, which to the lowest
order in (κ, φ) depends only on κ±, transforms under rotation
as

ζ1(κ+, κ−) = ei2π�L̃(�)/mζ1(Cmκ+,Cmκ−). (D43)

We want to find the lowest powers of κ
p
+ and κ

q
− which are

allowed by the symmetry to constitute ζ1. For the former term,
Eq. (D43) has the form κ

p
+ = κ

p
+ exp(i2π [�L̃(�) + p]/m).

By solving it for the lowest possible p > 0, we get p = m −
�L̃(�). Similarly, the lowest possible q = �L̃(�).

From the steps (i)–(iii), we get the following spinor:

ζ (κ, φ) =
(

Aκ�L̃(�)
− + Bκm−�L̃(�)

+
C(κz + iφ) + D(κz − iφ) + Nκ+κ−

)
. (D44)

(iv) With the same argument as presented in Appendix D 3,
we can continuously deform this spinor to the form given in
Eq. (D38), without altering the Hopf and Zak phase numbers.

(v) Let us finally show, that the spinor (D38) can be further
deformed to have the first component given by Eq. (D39).
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We first consider �L̃(�) �= m/2, and see that one of the

terms Aκ�L̃(�)
− and Bκm−�L̃(�)

+ is of higher order than another,
and therefore can be neglected. After that, the coefficient in
front of the remaining term can be deformed to be A = 1
respectively to B = 1, without closing the gap.

(vi) Alternatively, when �L̃(�) = m/2, the two just dis-
cussed terms are of the same order m/2 and none of them
can be neglected. However, we can continuously deform these
terms to a simpler form without closing the gap. Importantly,
if |A| �= |B|, the gap closes only at κ+ = κ− = κz = φ = 0.
Therefore we can deform the coefficients A and B, while
keeping the sign of their relative magnitude sgn(|A| − |B|)
constant. This means that for |A| > |B| we can deform the
coefficients to be A = 1 and B = 0, while for |A| < |B| the
resulting coefficients are A = 0 and B = 1. Thus we arrive to
the first component of the spinor given in Eq. (D39).

Let us finally discuss what happens if we choose the va-
lence band to coincide at rotation-invariant line γ� with the
band representation induced from the second orbital ϕ2. In this
case, the itinerant rotation matrix can be written as

R̃Cm (�) = exp(iπ
�L̃(�)

m
σz ), (D45)

and the Berry-dipole spin fulfills the constraint

�� mod m = m −�L̃(�). (D46)

To ensure the correct orbital characters of the valence and
conduction bands, the dependence on κz and φ must enter only
the first component of the spinor, for which the phase β must
again be fixed to π�L̃(�)/m. Similar derivation as presented
above shows that the spinor which defines a k · p Hamiltonian
can be deformed to σxζ (κ, φ) with ζ (κ, φ) given in Eqs. (D38)
and (D39).

APPENDIX E: ANALYTIC RESULTS
FOR SPINOR-FORM BERRY DIPOLE

In this Appendix, we derive and list several analytic results
related to the Berry-dipole Hamiltonian specified by Eqs. (3)
and (4) of the main text. Our discussion is organized into
several parts as follows. First, in Appendix E 1, we analyze the
flux through a hemisphere associated with the Berry-dipole
Hamiltonian, deriving in particular the result in Eq. (13) of
Sec. III A. We continue in Appendix E 2 with listing for the
same class of Hamiltonians the expressions for the Berry
connection, Berry curvature, and Chern-Simons form. This
discussion is followed in Appendix E 3 with a derivation of
the change of the continuum Hopf number across a Berry-
dipole gap closing, which depends on the Berry-dipole spin
as captured by Eq. (17) in Sec. III B. In the course of the
latter derivation, we utilize that the second Chern character
of arbitrary two-band Hamiltonians necessarily vanishes. This
property, which we also used in the previous Appendix C 4, is
finally derived in Appendix E 4.

1. Berry flux associated with a Berry dipole

In this Appendix, we derive that, for a rotation-symmetric
Berry dipole given by the spinor function in Eq. (3) with φ =
0, the Berry flux � through the upper hemisphere is quantized,

and given by Eq. (13), i.e., it is negatively proportional to the
Berry-dipole spin ��. The discussion is organized into two
parts: we first explain why the flux through the hemisphere is
quantized for φ = 0 at all, and afterwards we proceed with the
actual integration.

To understand the quantization of the flux through the
hemisphere, note that the second component of the spinor
in Eq. (3) [which is the same as Eq. (D28) in the previous
Appendixes] vanishes for kz = φ = 0. Setting φ to 0 [which
is assumed throughout the present discussion], we find that
the valence-band state is, up to an unimportant phase factor,
constant throughout the plane kz = 0 with the momentum
origin k = 0 removed (we refer to this plane as the punctured
equatorial plane P):

|uv (kx, ky, 0)〉 = iσyζ
∗(kx, ky, 0)

‖ζ (kx, ky, 0)‖ ∝
(

0

1

)
. (E1)

It follows that the spectrally flattened Hamiltonian

h(kx, ky, 0)√− det h(kx, ky, 0)
= 1− 2|uv (kx, ky, 0)〉〈uv (kx, ky, 0)| = σz

(E2)

is constant inside P [82]. This implies that any two-
dimensional sheet with boundary inPwraps around the Bloch
sphere integer number of times.82The integer-valued “wrap-
ping number” around the Bloch sphere is known to be in
a one-to-one correspondence with the quantized Berry-flux
through the sheet [98]; it thus follows that the considered
Berry-flux through the sheet with boundary in P must also
be quantized.

We next show that the quantized flux is specifically equal
to −2π�� if the Berry-dipole spin equals ��. A particularly
simple choice of a sheet with boundary at the equatorial plane,
that we considered in the main text [cf. Eq. (1)], is the upper
hemisphere. However, for the purpose of analytic integration,
another choice is more convenient, namely the closed surface
on which the spinor function ζ (k) has norm equal to 1, i.e.,

M = {k∣∣(k2
x + k2

y

)|��| + k2
z = 1, kz > 0

}
. (E3)

We choose again the gauge of the valence state |uv (k)〉 to
be governed by the left-side of the proportionality symbol
in Eq. (E1), where the norm ‖ζ (k)‖ = 1 now drops from the
expressions. We parametrize the points on the surfaceM with
spherical coordinates θ ∈ [0, π/2] and ϕ ∈ [0, 2π ] as

kx = (sin θ )
1

|��| cosϕ, ky = (sin θ )
1

|��| sin ϕ, kz = cos θ.
(E4)

The normalized valence state onM in the specified gauge is

|uv (θ, ϕ)〉 =
(

υ cos θ

− sin θei��ϕ

)
. (E5)

82Mathematically, one defines an equivalence “∼” that identifies
all the points on the boundary of the sheet as the same point; this
operation preserves the continuity of the Hamiltonian h. The quotient
space “hemisphere/∼” is homeomorphic to S2. The wrapping of
sphere (the compactified sheet) around another (the Bloch) sphere
is known to be characterized by the homotopy group π2(S2) = Z.
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The flux through the surfaceM [which we know to be equal
to the flux through the hemisphere due to the vanishing diver-
gence ∇k · F = 0 for the momenta (with gapped spectrum)
betweenM and the hemisphere], is computed as

�
(rotation-sym.

Berry dipole

) = ∫
{k∈R3|kz>0}

F ·∇k% δ(% − 1)d3k (E6)

with the shorthand % = ||ζ (k)||, and the delta function con-
straining the integral to the desired surface. Transforming
the integrand to the right-handed coordinate system (%, θ, φ),
then integrating over %, one obtains

�
(rotation-sym.

Berry dipole

) = ∫
M
F ·∇k%

dθdφ

∇k% ·∇kθ ×∇kφ
. (E7)

The Berry-curvature vector is given by

|∇ku〉 = ∇k%|∂%u〉 +∇kθ |∂θu〉 +∇kφ|∂φu〉,
F (k) = i〈∇ku|× |∇ku〉 = −2�〈∂θu|∂φu〉∇kθ ×∇kφ+ · · ·

(E8)

where “. . .” denotes terms involving a cross product with
∇k%. Substituting this expression into (E7), we find that the
Jacobian determinant cancels out,

�
(rotation-sym.

Berry dipole

) = ∫ 2π

0
dϕ
∫ π/2

0
dθ [−2�〈∂θuv|∂ϕuv〉]

= 2π
∫ π/2

0
dθ [−�� sin 2θ ] = −2π��. (E9)

The final results is precisely Eq. (13) of the main text.

2. Expressions for Berry connection, Berry curvature,
and Chern-Simons 3-form

Without a detailed derivation, we proceed to list several
analytical results for rotation-symmetric Berry dipole with
spin �� ∈ Z. We assume the gauge in which the normalized
eigenstate corresponding to the valence band is given by

uv (k) = iσyζ
∗(k)/‖ζ (k)‖

= 1[(
k2

x + k2
y

)|��| + k2
z + φ2

] 1
2

×
(

υkz − iφ

−[kx + sgn(��) iky]|��|

)
. (E10)

Substituting this spinor function into the definition of the
Berry connection A(k) = 〈uv (k)|i∇kuv (k)〉 we get the fol-
lowing components:

Ax = + (��)
(
k2

x + k2
y

)|��|−1(
k2

x + k2
y

)|��| + k2
z + φ2

ky, (E11)

Ay = − (��)
(
k2

x + k2
y

)|��|−1(
k2

x + k2
y

)|��| + k2
z + φ2

kx, (E12)

Az = − υφ(
k2

x + k2
y

)|��| + k2
z + φ2

, (E13)

where we used sgn(��)|��| = ��. For components of the
gauge-invariant Berry curvature F (k) = ∇k ×A(k), we find

Fx = −2(��)[kxkz − υ sgn(��)kyφ]
(
k2

x + k2
y

)|��|−1[(
k2

x + k2
y

)|��| + k2
z + φ2

]2 ,

(E14)

Fy = −2(��)[kykz + υ sgn(��)kxφ]
(
k2

x + k2
y

)|��|−1[(
k2

x + k2
y

)|��| + k2
z + φ2

]2 ,

(E15)

Fz = −2(��)|��|(k2
z + φ2)

(
k2

x + k2
y

)|��|−1[(
k2

x + k2
y

)|��| + k2
z + φ2

]2 . (E16)

Finally, for the Chern-Simons form, we obtain

F ·A = 2υ (��) |��|φ (k2
x + k2

y

)|��|−1[(
k2

x + k2
y

)|��| + k2
z + φ2

]2 . (E17)

For the purpose of the next section, it is convenient to switch
to the standard cylindrical coordinates k ∼ (kρ, kϕ, kz ), lead-
ing to

F ·A d3k = 2υ �� |��| k2|��|−1
ρ(

k2|��|
ρ + k2

z + φ2
)2 φ dkρdkϕdkz, (E18)

where d3k = dkxdkydkz = kρ dkρdkϕdkz.

3. Change of Hopf invariant across Berry-dipole transition

We now derive Eq. (17) of the main text. We achieve this in
two ways: first, we follow the analytic results of the previous
section to carry out the integration explicitly; subsequently we
present an alternative proof that does not rely on the knowl-
edge of the complicated expressions in Eqs. (E11)–(E18). The
latter derivation requires certain familiarity with the language
of differential forms, in particular with the 2-form formulation
of the Berry curvature.

We depart from Eq. (E18), expressed in the cylindrical
coordinates, and plug it into Eq. (15) which defines the Hopf
number of a continuum model. Noting that the integration
over dkϕ yields a factor 2π , we proceed to integrate over kρ to
find

χ cont. = − 1

4π2

∫
R3

d3kF ·A

= −υφ��

2π

∫ +∞

−∞
dkz

∫ +∞

0
dkρ

2|��| k2|��|−1
ρ(

k2|��|
ρ + k2

z + φ2
)2

= υφ��

2π

∫ +∞

−∞
dkz

1

k2|��|
ρ + k2

z + φ2

∣∣∣∣+∞
kρ=0

= −υ��φ

2π

∫ +∞

−∞
dkz

1

k2
z + φ2

. (E19)

The antiderivative of the integrated function is 1
|φ| arctan( kz

|φ| ),
leading to

χ cont. = − 1
2υ�� sgn(φ). (E20)

075124-58



DELICATE TOPOLOGY PROTECTED BY ROTATION … PHYSICAL REVIEW B 106, 075124 (2022)

We find that the change in the continuum Hopf number as φ

changes sign from negative to positive is δχ cont. = −υ��, as
advertised in Eq. (17) of the main text.

Alternatively, we can derive the desired result as follows.
Note that the change δχ cont. is defined as a difference in the
Chern-Simons form integrals [Eq. (15)] at two fixed values of
the parameter φ > 0 and φ < 0. This change can be equiv-
alently computed as an integral of the Chern-Simons form
over the 3-sphere enclosing the Berry-dipole degeneracy in
the four-dimensional (k, φ) space, i.e.,83

δχ cont. = − 1

4π2

∮
S3
F ∧A

= − 1

4π2

∮
S3

3!

2! 1!
F[αβ Aγ ] dxα dxβ dxγ , (E23)

where {xα}3α=1 are right-handed coordinates on the 3-sphere.
Such deformation of the integration domain is possible with-
out changing the invariant by virtue of the Stokes’ theorem,
because the differential of the Chern-Simons 3-form (this
differential is proportional to the second Chern character
[100])

ch2(F ) ∝ d (dA ∧A) = F ∧ F (E24)

is zero for two-band Hamiltonians (the proof of this statement
is postponed to Appendix E 4), and therefore the integral of
F ∧ F over a four-dimensional space without singularities
also vanishes.

For the same reason, to simplify the calculation, we
can slightly modify the surface of integration from a 3-
sphere to a diffeomorphic 3-manifold on which the spinor
function ζ (k, φ) is normalized to unity: ‖ζ (k, φ)‖ = 1. We
use 3-spherical coordinates to parametrize this manifold
as φ = cosψ , kz = sin ψ cos θ , ky = (sin ψ sin θ )1/|��| sin ϕ,
and kx = (sin ψ sin θ )1/|��| cosϕ, with the 3-spherical angles
running through intervals ψ ∈ [0, π ], θ ∈ [0, π ], ϕ ∈ [0, 2π ].

83Our convention to denote objects related to the Berry curvature
is as follows: the components of the Berry curvature 2-form are
Fαβ = ∂αAβ − ∂βAα (with two indices), from which one obtains
components of the Berry pseudovector in 3D as Fα = 1

2 εαβγFβγ

(with a single index); here, ε is the fully antisymmetirc Levi-Civita
symbol, and summation over repeated indices is implied. We further
use the plain calligraphic symbol F to indicate the complete Berry
curvature 2-form, and the bold version F to denote the complete
Berry curvature pseudovector. Components of the exterior product
of a p-form a and q-form b are given by [99]

(a ∧ b)α...βγ ...δ = (p+ q)!

p! q!
a[α...βbγ ...δ]. (E21)

Square brackets around indices indicate the fully antisymmetric com-
ponent; in particular, we have

F[αβAγ ]

= 1

3!
(FαβAγ−FαγAβ+FβγAα−FβαAγ+FγαAβ−FγβAα )

(E22)

in the case of Eq. (E23). Note that we do not distinguish between
covariant and contravariant indices, and place both in the subscript.

The spinor function on the defined 3-manifold

ζ (ψ, θ, ϕ) =
(

sin ψ sin θe−i��ϕ

υ sin ψ cos θ + i cosψ

)
, (E25)

is indeed normalized, ‖ζ (ψ, θ, ϕ)‖ = 1. We adopt the gauge
choice of Eq. (E10), in which the conduction eigenstate is
uc(ψ, θ, ϕ) = ζ (ψ, θ, ϕ). We opt to explicitly analyze the
change in the Hopf invariant only for the conduction band,
and then extend the result to the valence band, as both bands
of a two-band Hamiltonian possess the same Hopf invariant,
owing to a symmetryJh(k)J−1 = −h(k) withJ = iσyK of
any Hamiltonian that is a sum of Pauli matrices.

The Chern-Simons 3-form on this 3-manifold is found

F ∧A = 3F[αβAγ ]dxαdxβdxγ

= 3(i∂[αζ
†∂βζ )(iζ †∂γ ]ζ

†) dxα dxβ dxγ , (E26)

where {xα}3α=1 = (ψ, θ, ϕ) are coordinates on the 3-manifold.
We find

iζ †∂ψζ = υ cos θ,

iζ †∂θζ = −υ sin ψ cosψ sin θ,

iζ †∂ϕζ = �� sin2 ψ sin2 θ (E27)

for the components of the Berry connection, and

i∂ψζ
†∂θζ = −i∂θζ

†∂ψζ = υ sin2 ψ sin θ,

i∂ψζ
†∂ϕζ = −i∂ϕζ

†∂ψζ = �� sin ψ cosψ sin2 θ,

i∂θζ
†∂ϕζ = −i∂ϕζ

†∂θζ = �� sin2 ψ sin θ cos θ (E28)

for the components of the Berry curvature. After we insert
these components to Eq. (E26) and perform the antisym-
metrization in Eq. (E22), we finally obtain the Chern-Simons
3-form

F ∧A = 2υ�� sin2 ψ sin θ dψ dθ dϕ (E29)

on the considered 3-manifold. The integration over the 3-
manifold is straightforward, resulting in the change of the
continuum Hopf number

δχ cont. = − 1

4π2

∫ π

0
dψ
∫ π

0
dθ
∫ 2π

0
dϕ 2υ�� sin2 ψ sin θ

(E30)

= −υ��, (E31)

which is again the result given in Eq. (17).

4. Vanishing of the second Chern character
for two-band Hamiltonians

In this part of the present Appendix, we move beyond
Berry-dipole Hamiltonians, and review a particular prop-
erty that applies to arbitrary smooth two-band Hamiltonian
h(k, φ). Namely, while the second Chern class necessarily
vanishes for each fibre of a line bundle [1] (i.e., for any single
nondegenerate energy band), this is not generally true of the

075124-59



ALEKSANDRA NELSON et al. PHYSICAL REVIEW B 106, 075124 (2022)

second Chern character.84 Nevertheless, we show here that
the second Chern character vanishes for each fibre of a line
bundle (i.e., for any single nondegenerate energy band at each
k point) corresponding to the valence band of a two-band
Hamiltonian h(k, φ) = h(k, φ) · σ, with h �= 0. Note that the
vanishing of the second Chern character is a local property
of the (k, φ)-space Hamiltonian, and is (for the case of crys-
talline models) valid irrespective of whether the Hamiltonian
is periodic over the Brillouin zone. We have applied this
result in a proof of the quantization of the Hopf invariant in
Appendix C 4 and in the analytic considerations presented in
Appendix E 3.

To reveal this local property, we normalize h/‖h‖ ≡ η.
It is well-known that Berry curvature plays the role of the
skyrmion density, Fαβ ∝ εi jkη

i∂αη
j∂βη

k [6]. Then the second
Chern character ∝ F ∧F [100] has components

(F ∧ F )αβγ δ

∝
∑
ς∈S4

sgn(ς )εi jkεlmnη
i(∂α′η

j )(∂β ′η
k )ηl (∂γ ′η

m)(∂δ′η
n),

(E32)

where S4 is the permutation group of four elements, ς is any
of the permutations of the four Greek indices, and we intro-
duced primed notation α′ = ς (α) (and similar for β, γ , δ) to
achieve brevity.

The product of the two Levi-Civita symbols can be written
[99] as a linear combination of products of three Kronecker
symbols “±δadδbeδc f ,” where {a, b, c} (respectively {d, e, f })
is a permutation of indices {i, j, k} (respectively {l,m, n})
used in the expression above. It is easily seen that all the
resulting terms will contain at least one product of the
type “(∂μηg)(∂νηg)” with μ, ν being distinct elements of
{α, β, γ , δ}. Since such an expression for product of deriva-
tives is symmetric in μ ↔ ν, while the 4-form F ∧F is
antisymmetric in those same indices due to the antisym-
metrization over the permutations in S4, the corresponding
term is canceled. As this argument can be repeated for all
the terms obtained by replacing the Levi-Civita symbols by
Kronecker symbols, one concludes that F ∧F = 0 for the
valence band of a strictly two-band model.

APPENDIX F: BERRY DIPOLE AS A REPRESENTATIVE
PHASE TRANSITION

Several arguments presented in the main text, notably in
the early Secs. III and IV, assume that the topological phase
transition in which the RTP or the Hopf invariant change value
is facilitated by a band touching which occurs at a single
isolated value of the tuning parameter. Such a gapless point
on the phase diagram, whose Hamiltonian is given by Eqs. (3)
and (4), has been referred to as the Berry dipole.

84The ith Chern class vanishes if i is greater than the rank of the
bundle [1]. However, the vanishing of the second Chern class for line
bundles does not imply the vanishing of the second Chern character,
since both quantities differ additively by a wedge product of the first
Chern character [6].

Although we showed in Sec. X that transitions which al-
ter topological invariants of crystalline Hopf insulators upon
tuning one parameter (φ) are generically not point-like, we
claim that the Berry dipole still constitutes a representative
phase transition in the sense that the generic phase tran-
sition altering the value of RTP or Hopf invariant can be
continuously deformed into a Berry dipole. The goal of this
Appendix is to formalize this deformability into theorem F.1.
The discussion is organized into preliminaries (Appendix F 1),
statement of the theorem (Appendix F 2), proof of a lemma
[Eq. (F9)] relating the Hopf invariant and the Zak phase in-
variant (Appendix F 3), and finally the proof of the theorem
(Appendix F 4).

1. Preliminaries

For a Pn-symmetric tight-binding Hamiltonian h(k), we
consider a topology-changing band touching occurring at (or
near) an m-fold rotation-symmetric line γ�, with m a non-
trivial divisor of n. Let the band touching (and subsequent
untouching) be tuned by a real Hamiltonian parameter φ,
such that h(k, φ) is Pn-symmetric at each φ. For notational
convenience, we (1) redefine the origin of (kx, ky) to lie on
γ�, (2) depending on the context we sometimes utilize the
complex coordinates k± = kx ± iky in place of (kx, ky), and
(3) we combine the three-dimensional momentum (k) and the
tuning parameter (φ) into a single generalized four-momentum
space, k = (k;φ) = (kx, ky, kz;φ).

Then the Pn-symmetric Hamiltonian at the m-fold rotation-
symmetric line γ� satisfies the constraint [cf. Eq. (D35)]:

∀k : RCm h0(k±, kz, φ)R−1
Cm

= h0(e±2π i/mk±, kz, φ), (F1)

with the itinerant rotation matrix

RCm = e−i π
m �L̃ σz (F2)

parametrized by �L̃, i.e., the mod-m-valued difference in itin-
erant angular momenta (of the two basis band representations)
at �. We further assume that the topology-changing band
touching is bounded by a 3-spherical k-region with radius κ:

S3
κ =

{
k
∣∣ k2

x + k2
y + k2

z + φ2 = κ2}. (F3)

We explain below why and how the band touching can be
continuously deformed inside S3

κ so as to achieve the Berry-
dipolar form [Eqs. (3) and (4)] throughout the k-region
bounded by a smaller three-sphere: S3

2κ/3, and with the sole
gapless point enclosed in S3

κ being the Berry dipole at the
center of coordinates.

It is convenient to reformulate the integer-valued change of
polarization at � [cf. Eq. (30)] as

δP = 1

2π

∫ +π

−π

[Az(0, 0, kz;φ = κ )

−Az(0, 0, kz;φ = −κ )]dkz

= 1

2π

∮
k∈ γ

A = 1

2π

∫
k∈D

F , (F4)

where γ is a closed path that is the concatenation of (1)
a nontrivial 1-cycle of the Brillouin torus extending in the
positive kz direction at kx = ky = 0 and φ = κ > 0, (2) non-
trivial 1-cycle of the Brillouin torus extending in the opposite
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kz direction at kx = ky = 0 and φ = −κ < 0, and (3) two
finite segments connecting the two previous lines at kz = ±π ,
within the BZ boundary. In the penultimate expression of
Eq. (F4), Stokes’ theorem allows to equate the line integral
of the Berry connection 1-form A to an area integral of the
Berry curvature 2-form F , with the integral domain D being
an arbitrary two-dimensional open sheet (or Gaussian surface)
bounded by γ ≡ ∂D, with the two-band Hamiltonian being
gapped everywhere on D. Although not explicitly indicated
by Eq. (F4), it is understood that components ofA and F can
be computed if one defines coordinates on γ andD.

Note that the quantization of the last expression in Eq. (F4)
[as well as in Eq. (F6) in footnote 85] to integers follows easily
from the fact that the (spectrally flattened) Hamiltonian at all
points of γ is constant, hflat = −σz, due to the decoupling of
the two basis orbitals along the rotation-invariant manifold
kx = ky = 0 (note that this defines a rotation-invariant plane
inside the four-momentum space). As a consequence, the two-
dimensional sheet D must wrap around the Bloch sphere an
integer number of times.

For the purpose of the following discussion, we now
consider a continuous deformation: D→ D′

κ , such that the
boundary of the sheet remains pinned to the plane kx = ky = 0
throughout the deformation (thus ensuring the quantized value
of the integral remains unchanged); specifically,

∂D′
κ =

{
k
∣∣ kx = 0, ky = 0, k2

z + φ2 = κ2
}
, (F5)

where κ > 0 is the same radius as in the definition of the 3-
sphere in Eq. (F3). We can therefore express the change of
polarization as85

δP = 1

2π

∫
k∈D′

F . (F7)

The advantage gained by the deformation is that the topolog-
ical invariant is expressed as an integration over a compact
submanifold of k-space; namely, on a two-dimensional slice

D′
κ =

{
k
∣∣ kx � 0, ky = 0, k2

x + k2
z + φ2 = κ2

}
(F8)

of S3
κ defined in Eq. (F3).

Furthermore, note that the change in the continuum Hopf
number δχ cont. has been similarly reformulated as an integral
of the Chern-Simons form on S3

κ in Eq. (E23). By employing
the Hopf-Chern relation for the Hopf invariant (introduced
above in Sec. VII E and detailed below in Appendix N), we
derive that the two invariants on S3

κ are constrained via the

Hopf-Zak lemma: δχ =m δP �L̃ (F9)

85We remark that an analogous reformulation also applies to the
continuum Zak phase of k · p models with the continuous rotation
symmetry. Departing from Eq. (16), we find it necessary to modify
the integration bounds in Eq. (F4) as 1

2π

∫ +π

−π
�→ ∫ +∞

−∞ , i.e.,

δZ cont. =
∫ +∞

−∞
[Az(0, 0, kz;φ = κ ) −Az(0, 0, kz;φ = −κ )]dkz.

(F6)
By repeating the same steps as for the lattice model, we derive
Eq. (F7) with the polarization on the left-hand side replaced by
δZ cont./2π .

where δL̃ is the mod-m-valued difference of the itinerant
angular momenta of the two basis band representations at
�.86 To maximize coherence in presentation, we prove the
Hopf-Zak lemma separately in Appendix F 3.

2. Theorem on deformability to a Berry dipole

Our proof of the theorem relies on the following assump-
tion that we believe holds but are presently unable to justify
by algebraic-topological methods.

Assumption. The topological classification of a gapped
Hamiltonian on 3-sphere S3

κ [defined in Eq. (F3)] with rota-
tion symmetry Cm : kx + iky �→ e2π i/m(kx + iky) is exhausted
by the Hopf invariant on S3

κ [defined in Eq. (E23)] and by
the polarization (Zak phase) invariant on the two-dimensional
slice D′ of the 3-sphere [defined in Eqs. (F7) and (F8)], with
the two invariants constrained by Eq. (F9).

The nontrivial assumption lies in the completeness of the
classification; in contrast, Eq. (F9) (proven in Appendix F 3)
is incontrovertible.

Theorem F.1. We assume a continuous two-band Hamilto-
nian h0(k) that

(1) respects Cm rotation symmetry as in Eq. (F1),
(2) preserves the spectral gap on 3-sphere S3

κ , and
(3) carries nonvanishing Hopf invariant δχ on S3

κ , and a
unit-change polarization invariant (δP = ±1) onD′

κ .
Then there exists a continuous homotopy H(k; t ) that:
(i) fulfills properties (1–3) stated above for all t ∈ [0, 1],
(ii) coincides with the Hamiltonian h0(k) at t = 0 for all

k, as well as at distances ‖k‖ > κ for all t , and
(iii) at t = 1 it is equal to the spinor-form Hamiltonian

given by Eqs. (3) and (4) with

spin ��t = δχ δP and helicity υ t = −δP (F10)

for distances ‖k‖ � 2
3κ , and is gapped for 0 < ‖k‖ � κ .

We hereafter label the final Hamiltonian H(k; t = 1) as
h3(k). The condition (iii) implies that h3(k) exhibits a Berry
dipole at k = 0.

Remark. Note that due to Eq. (18) and per the correspon-
dence between δP and δZ cont./(2π ), only phase transitions
with δP = ±1 can potentially be deformed into a Berry
dipole. If the nodal k-manifold mediating the phase transition
exhibits a larger value of δP , it is necessary to first split the
nodal k-manifold into several pieces, each satisfying δP =
±1, and then to deform each piece to a distinct Berry dipole.

3. Proof of Hopf-Zak lemma

Before proving the theorem F.1 (task deferred to
Appendix F 4), our first goal here is to prove the Hopf-Zak
lemma stated in Eq. (F9). Our proof is based on applying
the Hopf-Chern relation introduced in Sec. VII E [see also
Eq. (N3) and the discussion in that Appendix]. To recapitulate,

86In the continuum model, cf. footnote 85, an analogous constraint
holds with δL̃ replaced by the Berry-dipole spin �� and with =m

replaced by a strict equality.
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for Hamiltonian maps from S3 to the Bloch sphere S2, the
Hopf-Chern relation equates the Hopf invariant over S3 with
the product of (i) the Chern number of a Gaussian surface
(within S3) bounded by an oriented, path-connected preimage
loop γ (b) of an arbitrary point b on the Bloch sphere, and (ii)
the positive-integer-valued multiplicity of the preimage loop,
which was previously defined as μ[γ (b)] in Sec. VII E. If the
preimage of b is a disjoint union of several path-connected
loops, h−1

flat(b) = ∪i γi(b), then the Hopf invariant equals the
sum of (i) × (ii) over all the preimage loops.

In our application, we choose S3 to be the 3-sphere S3
κ

defined in Eq. (F3) and b to be the “south pole” (b = −σz) of
the Bloch sphere, such that the oriented preimage of b consists
of (a) γ (b) = ±∂D′

κ , with ∂D′
κ defined in Eq. (F5) and the

± prefactor reflecting that γ (b) and ∂D′
κ may have equal or

opposite orientations, plus (b) any number (possibly zero) of
rotation-symmetric m-plets of preimage loops, plus (c) any
number of individually Cm-invariant preimage loops that link
with the rotation-invariant manifold ∂D′

κ . That±∂D′
κ belongs

to the preimage of the south pole follows from the spectrally
flattened Hamiltonian in the rotation-invariant manifold being
simply −σz.

Two facts follow from our setting.
Fact one. The Chern number over an oriented Gaussian

surface bounded by γ (b) equals the polarization invariant δP
if γ (b) = ∂D′

κ , and otherwise equals −δP if γ (b) = −∂D′
κ .

This follows from Eq. (F7), with the integration domain D′
κ

specified in Eq. (F8).
Fact two. The multiplicity μ[γ (b)] = ±(�L̃+ r m) > 0

for some integer r if γ (b) = ±∂D′
κ . Recall here that �L̃

is the mod-m parameter entering through the itinerant ro-
tation matrix RCm in Eq. (F1). To justify this statement,
consider an infinitesimal rotation-invariant k-loop LOOP ⊂ S3

κ

linking with ∂D′
κ and centered at k = (0, 0, kz = κ;φ = 0),

namely,

LOOP : [0, 1] → S3
κ

t �→ (% cos(2πt ), % sin(2πt ),
√
κ2−%2; 0), (F11)

with the loop radius % approaching zero. By describing the
loop as “rotation-invariant,” we mean that the parametrization
is chosen such that m-fold rotation Cm preserves the loop
as a whole, but advances t �→ t + 1/m. Our convention is
that Cm produces a clockwise rotation in the (kx, ky) plane
[assuming that (kx, ky, kz ) form a right-handed coordinate
system].

We claim that LOOP [Eq. (F11)] is linked with ∂D′
κ

[Eq. (F5)] inside the 3-manifold S3
κ , and that [per the discus-

sion in Sec. VII E] we can use it to determine the orientation
and the multiplicity of ∂D′

κ ⊂ h−1
flat(b). To visualize this link-

ing, we represent S3 as R3 ∪∞ in a stereographic projection,
choosing (0, 0, 0; κ ) to be mapped to the origin of R3 and
(0, 0, 0;−κ ) to be mapped to infinity:

P : S3
κ → R3 ∪∞, (kx, ky, kz;φ) �→ κ

κ + φ
(kx, ky, kz ).

(F12)

FIG. 16. Linking of LOOP with ∂D′
κ in the stereographic projec-

tion defined by Eq. (F12). The projection represents S3
κ [Eq. (F3)]

as the Euclidean space R3 ∪∞. The central point (indicated with
blue arrow) corresponds to the point (0, 0, 0; κ ) on the 3-sphere,
whereas “∞” corresponds to the point (0, 0, 0;−κ ). The axis num-
bering indicates the components of the projection space in Eq. (F12).
The green oriented line (compactified at ∞) corresponds to ∂D′

κ

[Eq. (F13)], and the orange oriented loop represents LOOP [Eq. (F11)].
The indicated 2-spherical shell corresponds to the cross-section of S3

κ

with φ = 0. Stereographic projection ofD′
κ [Eq. (F8), not illustrated]

spans the semi-infinite plane in the positive (1) direction.

Observe that this transforms ∂D′
κ (parametrized87 by ( ∈

[−π, π ]) as

P : (0, 0, κ sin ( ; κ cos( ) �→
(

0, 0, κ tan
(

2

)
, (F13)

i.e., into a straight vertical line [compactified at “∞,” which
corresponds to the point (0, 0, 0;−κ ) ∈ S3

κ ] oriented in the
‘upward’ direction, i.e., along the positive direction of the
third axis of the stereographic projection space (R3). Fur-
thermore, since LOOP is located within φ = 0, it follows
from Eq. (F12) that its (k;φ) coordinates in R4 [defined in
Eq. (F11)] are identical to its coordinates in R3 ∪∞, meaning
that LOOP encircles the vertical coordinate axis. The situation
is illustrated in Fig. 16.

Setting the radius % of LOOP to be arbitrarily small, the
spectrally flattened Hamiltonian hflat(k) on LOOP has form

hflat(t ) = −σz + δh(t ), where δh = δhxσx + δhyσy

(F14)
is a correction linear in % to the leading order. The symmetry
constraint in Eq. (F1) then implies RCmδh(t )R−1

Cm
= δh(t +

1/m) for any t ∈ [0, 1]. In combination with Eq. (D2), we
derive(

δhx

δhy

)∣∣∣∣∣
t+1/m

=
(

cos 2π�L̃
m − sin 2π�L̃

m

+ sin 2π�L̃
m cos 2π�L̃

m

)(
δhx

δhy

)∣∣∣∣∣
t

.

(F15)

87Our convention is that ( increases along ∂D′
κ in the direction

parallel to the orientation of ∂D′
κ ; the orientation of ∂D′

κ is in turn
determined by continuous deformation of γ = ∂D, which is oriented
according to Eq. (F4): note that the kz component of ∂D increases
(decreases) for φ = +κ (φ = −κ), as is consistent with Eq. (F13).
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FIG. 17. Schematic illustration of the continuous homotopy H(k; t ) from the original model h0(k) at t = 0, which we leave unconstrained
except for respecting the rotation symmetry and spectral gap [cf. conditions (1–3) in Appendix F], into the spinor-form Hamiltonian given
by Eqs. (3) and (4) where the topological transition occurs via a single gapless point—the Berry dipole. The vertical axis represents the four
directions, (k;φ) ≡ k, and each point in the (k; t ) plane represents a Hamiltonian on a 3-sphere with radius given by the vertical coordinate
of the point. In step 1, we compress the Hamiltonian inside the ball ‖k‖ < κ to a ball with smaller radius ‖k‖ < κ/3 [solid green arrows],
while making the Hamiltonian constant in the radial direction within the annulus κ/3 < ‖k‖ < κ [solid blue arrows]. In step 2, we perform
a rotation-symmetry-preserving deformation from the obtained Hamiltonian into the spinor-form Hamiltonian on a 3-sphere with radius 2

3κ .
The continuous deformation is “wedged” (yellow triangle) into the annulus such the Hamiltonian evolution is identical along every dashed
orange arrow. Finally, in step 3, we perform a linear interpolation of the Hamiltonian inside ball ‖k‖ < 2

3κ [dashed magenta arrows], which
results in the desired spinor-form Hamiltonian with a Berry-dipole transition at k = 0 (cyan dot). To help visualize the deformations, we color
the background of the diagram according to the following rules. (i) The initial Hamiltonian at ‖k‖ = κ (where spectral gap is guaranteed by
assumptions) is indicated with gray background. (ii) The initial Hamiltonian for ‖k‖ < κ (which may exhibit band nodes) is shown in shades
of red. (iii) The spinor-form Hamiltonian (with single gapless point—the Berry dipole) is highlighted in cyan. The homotopy function H(k; t )
may exhibit accidental nodes inside the region marked with magenta arrows, but these do not alter the considered topological invariants and
are thereby inconsequential for the validity of the proof. In regions where no arrow is indicated, the homotopy function is constant along t . The
black dot (•), black square (�), respectively black triangle (�) indicate selected points in the (k; t ) diagram where the Hamiltonian is the same
on the 3-spherical shell around the origin. For details of the individual steps, see the text of Appendix F. To simplify the detailed specification
of the homotopy, we denote the Hamiltonians H(k; t ) at times t ∈ { 1

3 ,
2
3 , 1} respectively as h1,2,3(k).

Viewing the normalized (δhx, δhy) as a unit vector on the
equator of the Bloch sphere, Eq. (F15) implies that the unit
vector revolves (Rev = �L̃+ mr) times in the equatorial
plane as t is continuously advanced by unity, with r an in-
teger. The sign of Rev determines the relative orientation of
γ (b) = sgn[Rev]∂D′

κ , according to our definition of preimage
orientation in Sec. VII E. Equivalently, one may say that the
preimage multiplicity μ[γ (b)] = ±Rev if γ (b) = ±∂D′

κ .
By combining Facts 1 and 2, the Hopf-Chern rela-

tion implies that the preimage loop ∂D′
κ ‘contributes’

(±δP )[±(�L̃+ mr)] =m δP�L̃ to the Hopf invariant, if
we view the Hopf invariant as a sum of contributions from
each preimage loop γi(b = −σz ) in h−1

flat(b) = ∪i γi(b). The
remaining contributions stem (cf. second paragraph of Ap-
pendix F 3) from: (b) the possibility of m-plets of preimage
loops, which contribute mZ to the Hopf invariant (since Berry
curvature transforms as a vector under rotations, each loop
in the m-plet contributes the same amount), and from (c) the
possibility of Cm-invariant singlets of preimage loops, each
of which necessarily encloses mZ quanta of Berry flux, ac-
cording to an argument presented in Sec V. of Supplemental
Material of Ref. [38]. Thus we arrive at the Hopf-Zak lemma
in Eq. (F9).

4. Proof of theorem F.1

Let us describe how to construct the homotopy function
H(k; t ) introduced in theorem F.1. This is achieved in three

steps that can be carried out for any initial Hamiltonian
h0(k).

First, in the interval t ∈ [0, 1
3 ] we consider a continuous

deformation that “inflates” the 3-spherical shell S3
κ into an

annulus with outer and inner radii κ respectively κ/3 (solid
blue arrows in Fig. 17), while “compressing” the interior of
the 3-sphere (solid green arrows in Fig. 17). The Hamiltonian
values are assumed to follow this continuous deformation. To
describe this process explicitly:

(1) for ‖k‖ > κ we keep the Hamiltonian unchanged,
H(k; t ) = h0(k),

(2) for ‖k‖ < κ we translate the Hamiltonian function in
the radial direction by two thirds of the distance towards the
origin, H(k(1 − 2t ); t ) = h0(k), and

(3) for momenta κ > ‖k‖ > κ (1 − 2t ) located within the
annulus we extend the value from the sphere with radius κ ,
H(k; t ) = h0(κ k/‖k‖).

One can easily check that this simple geometric manipula-
tion produces a continuous homotopy function on t ∈ [0, 1

3 ]
that is compatible with conditions (i) and (ii) above. For
brevity, we denote H(k, t = 1

3 ) ≡ h1(k).
For the purpose of the second step, t ∈ [ 1

3 ,
2
3 ], we first

construct a continuous homotopy deformation on a 3-sphere,
H(k/‖k‖; t ′) where t ′ ∈ [0, 1]. (Note that H depends only on
the angular 3-spherical coordinates and not on the magnitude
of k; furthermore, parameter t ′ is, at this stage, unrelated
to t). The particular homotopy function we need connects
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the initial Hamiltonian h0(k) on S3
κ at t ′ = 0 to the final

spinor-form Hamiltonian h3(k) [defined by Eqs. (3) and (4)]
on 3-sphere S3

2κ/3 with radius 2κ/3 at t ′ = 1. Although we
do not provide an explicit expression for such a homotopy
function, the existence of the homotopy is guaranteed (per the
Assumption formulated in the beginning of Appendix F 2) if
the Hamiltonians exhibit the same value of both the Hopf and
the polarization (Zak phase) invariant. To that end, notice that
[from Eqs. (17) and (F10)] the change in the Hopf invariant

χ t = −υ t ��t = δχ (δP )2 = δχ (F16)

(cf. the Remark appearing under the statement of theorem F.1
in Appendix F 2 to clarify the last step), and [from Eqs. (18)
and (F10)] the change of the polarization (Zak phase) invariant
is

δP t = −υ t = δP. (F17)

Equations (F16) and (F17) confirm that the target Berry-
dipole Hamiltonian h3(k) at ‖k‖ = 2κ/3 indeed exhibits
the same pair of topological invariants on S3

2κ/3 as the ini-
tial Hamiltonian h0(k) on S3

κ ; thus, the required homotopy
function H(k/‖k‖; t ′) exists. For completeness, let us remark
that

��
Eq. (F10)= δχ δP

Rem. 1=
(Appendix F 2)

δχ

P

Eq. (F9)=m �L̃ (F18)

is consistent with the Cm rotation symmetry of the crystalline
model [compare to Eq. (36)].

Knowing that the required homotopy H(k/‖k‖; t ′) exists,
we “wedge” it into the annulus as illustrated with dashed
orange arrows in Fig. 17, i.e., such that the homotopy function
H with range t ′ ∈ [0, 1] is realized along each straight line
connecting the outer boundary of the wedge (yellow triangle
in Fig. 17) to the point ‖k‖ = 2

3κ , t = 2
3 . Since we preserve

the rotation symmetry for all (φ, t ) and keep the energy gap on
S3
κ , it follows that we did not change the topological invariants

of the insulating Hamiltonian outside S3
κ , and the validity

of points (1)–(3) and (i)–(iii) follows easily. We denote the
resulting Hamiltonian after step 2 as H(k, t = 2

3 ) ≡ h2(k).
Finally, in the third step, t ∈ [ 2

3 , 1], we perform inside the
four-dimensional ball

B4
2κ/3 =

{
k
∣∣ ‖k‖ � 2

3κ
}

(F19)

a linear interpolation of the Hamiltonian h2(k) to the spinor-
form Hamiltonian defined by Eqs. (3) and (4) (dashed
magenta arrows in Fig. 17). Explicitly,

H(k; t ) = (3 − 3t )h2(k) + (3t − 2)h3(k). (F20)

Since h2(k) and h3(k) readily coincide on the 3-sphere
S3

2κ/3 = ∂B4
2κ/3, the deformation is clearly continuous. Fur-

thermore, while the linear interpolation may in principle
create accidental gapless points for intermediate values of t ,
these do not interfere with the energy gap on S3

κ ; in particular,
all such accidental band nodes are absent at the final time
t = 1. Since the described linear interpolation is manifestly
compatible with the rotation symmetry, it follows that the third
step is also compatible with all the rules (1)–(3) and (i)–(iii),
and especially that the Hamiltonian H(k; t = 1) ≡ h3(k) real-
izes the Hopf transition via rotation-symmetric Berry dipole.

By combining the three steps in sequence, we obtain a
concrete strategy to continuously deform a general Hopf-
invariant-altering Hamiltonian to the prescribed Berry-dipolar
form while not breaking the rotation symmetry and while
preserving the energy gap outside a specified distance from
the point k = 0. This completes the proof of theorem F.1.

APPENDIX G: RELATION BETWEEN THE ZAK
PHASE AND THE POSITIONAL CENTER

OF THE WANNIER ORBITAL

In this Appendix, we show for the (possibly) aperiodic,
two-band, fully gapped Hamiltonian [cf. Eq. (22)] that the
geometric phase defined by Eq. (30) at a rotation-invariant
line γ� is equal modulo integer to the position zα′ of the basis
orbital ϕα′ , assuming that at γ� line (i) the itinerant angular
momenta of the valence and conduction bands are distinct
and (ii) that the valence band representation coincides with a
BBR[ϕα′] at γ�. This is a particular example of the more gen-
eral relation in Eq. (C16), proven in Appendix C 3, restricted
to the case when the Fourier transform is performed only
in one direction, namely along the z axis, while the reduced
momenta k⊥ are kept as external parameters. In this case the
geometric theory of polarization gives the following relation∫

dkz

2π
〈u j (k⊥, kz )|i∂kz u j (k⊥, kz )〉 =1 〈〈〈V j,k⊥,0|ẑ|V j,k⊥,0〉〉〉,

(G1)

where the Bravais vector in z direction assumed to be unit,
|V j,k⊥,0〉〉〉 are the intracolumn states, with the corresponding
functions defined in Eq. (C8) and the position operator in the
z direction can be decomposed in the intracolumn basis as

ẑ =
∑
Rz,α

|Rz, α〉〉〉(Rz + zα )〈〈〈Rz, α|. (G2)

The relation in Eq. (G1) can be proven in analogous way as
relation in Eq. (C16).

Along the rotation-invariant lines γ� with distinct itinerant
angular momenta, the two basis orbitals do not hybridize,
and hence, the valence Bloch state is simply a basis state

|ψv,�,kz 〉〉 = |�, kz, α
′〉〉, where the valence band representa-

tion, restricted to reduced momentum � coincides with the
basis band representation induced from the basis orbital ϕα′ ,
and also restricted to �. From the valence Bloch state we can
compute the intracolumn state at reduced momentum � to

be |Vv,�,Rz 〉〉〉 = |Rz, α
′〉〉〉. Plugging this state at Rz = 0 into

Eq. (G1) we can straightforwardly compute that the right-side
of the equation is equal to the z position of the basis orbital
ϕα′ and we get

P (�) = 1

2π

∫
dkz〈uv (�, kz )|i∂kz uv (�, kz )〉 =1 zα′ . (G3)

If on the contrary we choose to work in the periodic
convention for the tight-binding Hamiltonian (introduced in
Appendix C 2), the position operator in z direction will loose
the information about the spacial positions of the basis or-
bitals:

ẑ =
∑
Rz,α

|Rz, α〉〉〉Rz〈〈〈Rz, α|. (G4)
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In this case, the geometric phase defined by Eq. (30) is not
equal to the position of the basis orbital zα′ , but instead ac-
quires an integer value.

APPENDIX H: CHERN NUMBER FROM ITINERANT
ANGULAR MOMENTUM

In this Appendix, we show that in the presence of n-fold
rotational symmetry, given itinerant angular momenta of a set
of bands, L̃ j (�), their total Chern number on a symmetry-
preserving two-dimensional cut is constrained by

Cxy =n

∑
j

∑
�

L̃ j (�), (H1)

where � runs over all rotation-invariant momenta in rBZ and
j is an index for all occupied bands.

To see that this is true we utilize the result of Ref. [19]
which relates the Chern number of a rotation-symmetric
model to the rotation eigenvalues at all high-symmetry mo-
menta:

C2: ei2πCxy/2 =
∏

j

ρ̃2, j (�) ρ̃2, j (X ) ρ̃2, j (Y) ρ̃2, j (M ), (H2)

C3: ei2πCxy/3 =
∏

j

ρ̃3, j (�) ρ̃3, j (K ) ρ̃3, j (K
′), (H3)

C4: ei2πCxy/4 =
∏

j

ρ̃4, j (�) ρ̃2, j (X ) ρ̃4, j (M ), (H4)

C6: eiπCxy/3 =
∏

j

ρ̃6, j (�) ρ̃3, j (K ) ρ̃2, j (M ). (H5)

The rotation eigenvalue of a band can be expressed in terms
of its itinerant angular momentum as

ρ̃m, j (�) = exp(i2πL̃ j (�)/m). (H6)

Taking the logarithm on both sides of Eq. (H2) [respectively
Eq. (H3)] gives immediately the desired result: Eq. (H1) for
n = 2 [respectively for n = 3]. The generalization to n = 4, 6
is less obvious because the right-hand sides of Eqs. (H3)–
(H5) involve ρ̃m, j with m �= n. Here, we utilize that n/m
copies of a Cm-invariant reduced momentum appear in rBZ
of a Cn-symmetric model, and therefore such a momentum
contributes n/m times to the sum in Eq. (H1). In contrast, it
only contributes once to the products in Eqs. (H2)–(H5). By
combining the formulas (H2)–(H6) and after taking care of
the multiplicity of the high-symmetry momenta, comparison
of the exponents leads us to the conclusion summarized by
Eq. (H1).

Let us remark that when discussing the faceted Chern
number in Sec. VII D 3, we introduce an additional minus
sign: C f = −Cxy. This is because the faceted Chern number
is computed with respect to the outward surface normal (n̂),
while Cxy is computed with respect to the positive z direction
(êz), and at the bottom facet the two are antiparallel (n̂ = −êz).

APPENDIX I: ONE-TO-ONE CORRESPONDENCE OF
EQUIVALENCE CLASS FOR BAND REPRESENTATIONS

AND ITINERANT ANGULAR MOMENTA

We are here to prove a useful fact presented in Sec. VII C 2,
namely that two rank-one band representations (BRs) of Pn are
symmetry-equivalent as band representations if and only if they
have exactly the same itinerant angular momenta.

Without loss of generality, such an equivalence class of
rank-one BRs is specified by (L, r⊥), with r⊥ the (x, y) pro-
jection of a Cn-invariant Wyckoff position r; this condition
of Cn invariance is necessary [66] for the BR to be of unit
rank. What L specifies is that for any m-fold rotation (Cm)
in the site-stabilizer group Pnr, the corresponding operator
acts on the (exponentially localized) representative Wannier
orbital localized at Wyckoff position r and translated by a
Bravais-lattice vector R as

ĈmWR = ei2πL/mWCmR+(Cmr−r). (I1)

The Fourier transform of WR defines a Bloch function ψk that
is periodic and analytic over the Brillouin torus. Equation (I1)
then implies a corresponding symmetry action on the Bloch
function:

Ĉmψk = ρ̃m(k)ψCmk, ρ̃m(k) = ei2πL/mei(Cmk−k)·r. (I2)

For any rotation-invariant reduced momentum � j with an mj-
order little group,

Cmj -invariant � j : ρ̃mj (� j, kz ) = ei2πL̃ j/mj (I3)

defines the mod-mj itinerant angular momentum L̃ j .
All itinerant angular momenta may be collected as
(�1, L̃1, . . . ,�J , L̃J ), with the total number (J) of rotation-
invariant momenta uniquely determined by the Pn space
group.

Let us then consider all possible equivalence classes of
unit-rank BRs labeled by (L, r⊥), and all possible itinerant
angular momenta (allowed for unit-rank BRs) labeled by
(�1, L̃1, . . . ,�J , L̃J ). Proving the italicized statement above
reduces to proving that (I2) and (I3) gives a bijective map
between

(L, r⊥) �→ (�1, L̃1, . . . ,�J , L̃J ). (I4)

The map (I4) is surjective, because the allowed itinerant an-
gular momenta of a unit-rank BR of Pn are, by construction,
given by (I2) and (I3) for some value of (L, r⊥).

To further show that the map (I4) is injective, we would like
to prove that (La, ra,⊥) and (Lb, rb,⊥) map to distinct itinerant
angular momenta if (La, ra,⊥) �= (Lb, rb,⊥). Indeed, suppose

(La, ra,⊥) �→ (
�a

1, L̃a
1, . . . ,�

a
J , L̃a

J

)
,

(Lb, rb,⊥) �→ (
�b

1, L̃b
1, . . . ,�

b
J , L̃b

J

)
. (I5)

IfLa �= Lb, Eq. (I2) guarantees that L̃a �= L̃b for the rotation-
invariant reduced momentum at the center of the rBZ. To
complete the proof of injectivity, we just need to show that
in the case La = Lb but ra,⊥ �= rb,⊥, the two labels for itiner-
ant angular momenta in Eq. (I5) are distinct. This amounts
to showing that ei(Cmk−k)·ra �=ei(Cmk−k)·rb for at least one Cm-
invariant k, according to Eq. (I2). Equivalently, we want to
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FIG. 18. Cm-invariant momenta in rBZ for (a) m = 2 and (b) 3.
Two reciprocal lattice vectors G j = Cm� j −� j , computed for these
momenta are linearly independent.

find one Cm-invariant reduced momentum � such that

(Cm�−�) · (ra,⊥ − rb,⊥) �=2π 0, (I6)

with “·” understood here to be a dot product of two-
component vectors.

Fact 1. (Cm�−�) is necessarily a reciprocal vector of the
reduced reciprocal lattice (rRL), by our assumption that k =
(�, kz ) is Cm-invariant.

Fact 2. By our assumption that the Wyckoff positions are
distinct, ra,⊥ − rb,⊥ is not a vector of the reduced Bravais
lattice that is dual to the rRL.

Fact 3. For any Pn space group, one can always find a non-
trivial divisor m (1 < m � n) of n together with two nonzero,
Cm-invariant momenta {�1,�2}, namely,

P2: m = 2, �1 = X, �2 = Y,

P3: m = 3, �1 = K, �2 = K ′,

P4: m = 2, �1 = X, �2 = Y,

P6: m = 3, �1 = K, �2 = K ′ (I7)

(with {X,Y,K,K ′} illustrated in Fig. 18), such that Cm� j −
� j = G j gives two linearly independent, primitive rRL vec-
tors {G1,G2}, with corresponding primitive vectors {R1,R2}
that satisfy the duality condition Ri · G j = 2πδi j and span the
reduced Bravais lattice.

The above facts imply that one can always find � such that
Eq. (I6) holds true. Indeed, suppose we pick � = �1, then
either Eq. (I6) holds true, or (Cm�−�) = G1 is orthogonal
to (ra,⊥ − rb,⊥). The latter case means that (ra,⊥ − rb,⊥) is
proportional to R2 with a non-integer-valued proportionality
constant. It would then follow that a different choice for
� = �2 would render Eq. (I6) true. This completes the proof
of injectivity, and hence also of bijectivity of the map (I4).

APPENDIX J: A RELATION BETWEEN THE FIRST
CHERN CLASS AND BASIS BAND REPRESENTATIONS

In Appendix J 1, we prove that for any two-band, Pn-
symmetric (n = 3, 4, 6), insulating Hamiltonian with trivial
first Chern class, its valence band (and also its conduction
band) is a band representation that is symmetry-equivalent
to one of the two basis band representations. To remind
the reader, a basis band representation BBR[ϕα] is induced
from one of the two tight-binding-basis orbitals ϕ1 or ϕ2,
and to be symmetry-equivalent as band representations means
there exists a space-group-equivariant isomorphism between
the two corresponding vector bundles. In Appendix J 2, we

explain why the above italicized statement does not hold for
P2 symmetry.

1. Pn symmetry (n > 2): Trivial Chern class implies symmetry
equivalence to basis band representation

Because two unit-rank band representations of Pn are
symmetry-equivalent if and only if their itinerant angular
momenta coincide at all rotation-invariant k (as proven in
Appendix I), the above italicized statement is equivalent
to: for any two-band, Pn-symmetric (n = 3, 4, 6), insulating
Hamiltonian with trivial first Chern class, its valence band is
characterized by the same set of itinerant angular momenta as
one of {BBR[ϕα]}α=1,2. The last statement on itinerant angular
momenta may be translated symbolically as88

either ∀�: L̃v (�) = L̃1(�),

or ∀�: L̃v (�) = L̃2(�). (J1)

To remind the reader of the above symbolic notations: the itin-
erant angular momenta of the valence (conduction) band are
denoted as L̃v(c)(�), while the itinerant angular momenta of
BBR[ϕ1(2)] are denoted as L̃1(2)(�). If � is Cm-invariant (with
m the maximal rotational order of the little group), then both
L̃v(c)(�) and L̃1(2)(�) are mod-m quantities (∈ {0, . . . ,m −
1}); at each �, {L̃1(�), L̃2(�)} = {L̃v (�), L̃c(�)}.

Our proof will utilize the mod-n relation (proven in Ap-
pendix H) between the Chern number and the itinerant angular
momenta [cf. Eq. (H1)]. We proceed to prove proposition (J1)
by contradiction, assuming on the contrary that (cf. footnote
88)

∃� : L̃v (�) = L̃2(�) �= L̃1(�)

and ∃�′: L̃v (�′) = L̃1(�′) �= L̃2(�′). (J2)

In the rBZ of a Pn symmetric model with n ∈ {3, 4, 6}, one
can always find three and only three rotation-inequivalent
rotation-invariant reduced momenta {� j} j=1,2,3, such that � j

is Cmj -invariant, and all rotation-invariant momenta in the rBZ
can be obtained from {� j} j=1,...,3 by a Cn rotation. Momentum
� j belongs to an (n/mj )-multiplet of reduced momenta that is
obtained by applying n-fold rotation(s) to � j ; because the or-
bital inducing the valence band representation is centered at a
Cn-invariant Wyckoff position, the itinerant angular momenta
at all members of the multiplet are identical. Therefore our
assumption (J2) can be rewritten, modulo trivial relabelling of
numeric subscripts, as

L̃v (�1) = L̃2(�1) �= L̃1(�1), (J3)

L̃v (�2) = L̃1(�2) �= L̃2(�2), (J4)

L̃v (�3) = L̃1(�3) or L̃v (�3) = L̃2(�3). (J5)

88Although we have phrased (J1) using an “exclusive or,” the fact
that BBR[ϕ1] and BBR[ϕ2] are not symmetry-equivalent implies that
the two statements combined in the proposition (J1) can never be true
simultaneously. Therefore one can equivalently treat the proposition
as involving the usual “inclusive or,” the negation of which is the
proposition (J2).
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First, assuming the first option in Eq. (J5), we compute the
Chern number of the valence band in the rotation-preserving
2D cut by means of Eq. (H1),

C v
xy = n

∑
�

L̃v (�) =n

∑
�

L̃1(�) + n

m1
[L̃2(�1) − L̃1(�1)]

(J6)

= n
n

m1
[L̃2(�1) − L̃1(�1)], (J7)

where the summation goes over all rotation-invariant mo-
menta in the rBZ. In the first row we used that momentum
�1 is a member of an n/m1-plet, and in the second row we
used that the basis band representation has a vanishing Chern
number [35]. Because L̃2(�1) �= L̃1(�1) [cf. Eq. (J3)] and
L̃1(2)(�1) ∈ {0, . . . ,m1 − 1}, their difference is nonzero and
is never a multiple of m1; therefore, we conclude that the
Chern number of the valence band is necessarily nonzero,
which contradicts our initial assumption. If, instead, we
opt for the second option in Eq. (J5), similar steps as in
Eq. (J7) and the fact that L̃2(�2) �= L̃1(�2) [cf. Eq. (J4)] and
L̃1(2)(�2) ∈ {0, . . . ,m2 − 1} lead to a Chern number

C v
xy =n

n

m2
[L̃1(�2) − L̃2(�2)] �=n 0, (J8)

which again contradicts the initial assumption. This together
proves the proposition (J1).

2. P2 symmetry: Trivial Chern class does not imply symmetry
equivalence to a basis band representation

In the case of P2-symmetric Hamiltonians, the rBZ con-
tains four (rather than three, as above) rotation-inequivalent
C2-invariant reduced momenta. We remark that the presented
calculation (J7), which results in a nonzero value of the Chern
number, also applies to the case of space group P2 when the
valence itinerant angular momentum is given by Eqs. (J3)–
(J5) together with L̃v (�4) = L̃ j (�4) given that L̃v (�3) =
L̃ j (�3). However a vanishing Chern number is compatible
with the following choice of the valence itinerant angular
momenta:

L̃v (�1) = L̃2(�1) �= L̃1(�1), (J9)

L̃v (�2) = L̃2(�2) �= L̃1(�2), (J10)

L̃v (�3) = L̃1(�3) �= L̃2(�3), (J11)

L̃v (�4) = L̃1(�4) �= L̃2(�4). (J12)

The Chern number in this case can be computed as

C v
xy =2

4∑
j=1

L̃v (� j ) =2

4∑
j=1

L̃1(� j ) +
2∑

j=1

�L̃(� j ) =2 0,

(J13)

where we used that by assumption �L̃(� j ) �= 0, and there-
fore �L̃(� j ) = 1, j = 1 and 2. This scenario (dubbed “case
P2-II”) is therefore studied separately when analyzing the
relation between the Hopf and the RTP invariants in Sec. VII.

APPENDIX K: TIME REVERSAL OF A CRYSTALLINE
HOPF HAMILTONIAN

In the main text, we stated that a crystalline Hopf Hamilto-
nian, with the difference in angular momentum between two
basis orbitals equal to −�L, can be obtained from a Hamil-
tonian with this difference being �L through the application
of time reversal. This means that the two Hamiltonians are
related by

h−�L(k) = h∗�L(−k). (K1)

In this Appendix, we prove this relation.
The crystalline-Hopf-insulating Hamiltonian h�L(k) is

generally not time-reversal symmetric, because a nontrivial
Hopf invariant is incompatible with time-reversal symmetry
(cf. Appendix P). Nevertheless, to derive Eq. (K1), it is useful
to consider h�L(k) as a submatrix of a larger-dimensional
matrix Hamiltonian H (k) which is time-reversal-symmetric.

Let us label a Bloch-state basis for H (k)αβ by
{|k, α〉〉}α=1,...,NT [cf. analogous Eq. (C2)], with NT > 2 the
total number of basis states; and with {|k, α〉〉}α=1,2 coincid-
ing with the k-dependent basis of h�L(k); this implies that
at each k we have [h�L]αβ = Hαβ if α and β are restricted
to {1, 2}. Because the tight-binding Hilbert space given by
{|k, α〉〉}α=1,...,NT is a band representation, the crystallographic
splitting theorem [37] guarantees it is always possible to de-
compose the Hilbert space into NT line bundles which each
has trivial first Chern class, such that both point-group gener-
ators (the n-fold rotation Cn and time reversal �) act on the
projectors

Pα :=
∑

k

|k, α〉〉〈〈k, α| (K2)

as a permutation on the basis labels:

ĈnPαĈ−1
n = PCn◦α, �̂Pα�̂

−1 = P�◦α. (K3)

Assuming all NT tight-binding-basis orbitals are centered on
Cn-invariant Wyckoff positions, and each orbital gives a one-
dimensional representation of the order-n cyclic subgroup of
the corresponding site-stabilizers, then Cn acts as the trivial
permutation: Cn ◦ α = α for all α ∈ {1, . . . ,NT }. By our as-
sumption that at least one of the on-site angular momenta is
nontrivial, time reversal will then act as a nontrivial permuta-
tion, meaning � ◦ α is not equal to α for all α ∈ {1, . . . ,NT }.
For integer-spin representations (where �2 equals the identity
operator), it is possible (for tight-binding-basis orbitals with
trivial on-site angular momenta) that � ◦ α = α; for half-
integer-spin representations, it is guaranteed that � ◦ α �= α.
In all cases, Eq. (K3) implies the following constraint on the
Bloch states:

�̂|k, α〉〉 = ρα (k)|k,� ◦ α〉〉. (K4)

One can always redefine {|k, α〉〉}α=1,2 by a multiplicative
phase factor such that ρα (k) = 1 for α ∈ {1, 2}.

We next apply the time-reversal-symmetry constraint to
derive a relation between h�L and a different submatrix of
H . Letting Ĥ denote the second-quantized form of the tight-
binding Hamiltonian H , we apply that Ĥ is self-adjoint,
time-reversal symmetric ([Ĥ,�] = 0), and apply also the
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antiunitary nature of time reversal (〈�ψ |�φ〉 = 〈φ|ψ〉), to
derive

[h�L]αβ (k) = 〈〈k, α|Ĥ (k, β )〉〉 = 〈〈�Ĥ (k, β )|�(k, α)〉〉
= 〈〈�(k, β )|Ĥ |�(k, α)〉〉 = 〈〈−k, β̄|Ĥ | − k, ᾱ〉〉
= H (−k)β̄ᾱ = H (−k)∗

ᾱβ̄
. (K5)

What can be said about this submatrix obtained from re-
stricting H to row/column indices: 1̄ and 2̄? Given that the
difference in on-site angular momenta (of the tight-binding-
basis orbitals of h�L) is positive: L2 −L1 = �L > 0, then
the corresponding quantity (for the time-reversed basis or-
bitals) must be opposite in sign: L2̄ −L1̄ = −�L < 0; time
reversal being a local operation in real space also implies that
the Wyckoff positions of a basis orbital is invariant under
time-reversal, hence: r2,⊥ − r1,⊥ = r2̄,⊥ − r1̄,⊥. To recapitu-
late, the restriction of H (k) to the submatrix with row/column
indices 1̄ and 2̄ defines a two-band Hamiltonian, whose tight-
binding-basis orbitals differ in on-site angular momentum by
−�L; hence one may identify h−�L(k)αβ = H (k)ᾱ,β̄ , with
α, β ∈ {1, 2}. This combines with Eq. (K5) to give Eq. (K1).

APPENDIX L: PROOF OF THE ANGULAR-MOMENTUM
ANOMALY OF INSULATORS WITH RTP INVARIANT

In this Appendix, we prove that for any model Hamiltonian
with nonzero RTP invariant �P�� between two rotation-
invariant reduced momenta, the same model with a surface
termination manifests an angular-momentum anomaly. We
shall concern ourselves with surface states that are localized
to the surface but are extended as Bloch waves in the two
independent directions parallel to the facet; in particular, we
will focus on surface states whose reduced momenta are
rotation-invariant.

We consider the generic case of multiband models with
Nv valence and Nc conduction bulk bands, assuming that the
former are enumerated by the index j ∈ {1, . . . ,Nv} and the
latter by the index j ∈ {Nv + 1, . . . ,Nv + Nc}. For the RTP
invariant �P�� to be well-defined, we have assumed that (i)
bulk states along rotation-invariant lines γ� and γ� fulfill the
mutually disjoint condition, meaning that the sets of itinerant
angular momenta of all valence bands and of all conduc-
tion bands are disjoint: {L̃ j (�)}Nv

j=1 ∩ {L̃ j (�)}Nv+Nc
j=Nv+1 = ∅,

for � ∈ {�,�}, and (ii) there exist a composite band rep-
resentation CBR such that the valence band representation,
restricted to reduced momenta � and � equals to the re-
striction of CBR to these momenta. The particular case of
a two-band model corresponds to Nv = Nc = 1; the mutu-
ally disjoint condition is fulfilled when L̃v (�) �= L̃c(�) for
� ∈ �,� and the composite band representation reduces to
a basis band representation induced from one of the basis or-
bitals BBR[ϕα]. If the valence subspace comprises of multiple
bands, the electric polarization at a reduced momentum k⊥ is
given by a sum of electric polarization of all valence bands:

P (k⊥) =
Nv∑
j=1

i

2π

∫ π

−π

dkz〈u j (k)|∂kz u j (k)〉, (L1)

where |uj (k)〉, j = 1, . . . ,Nv is a set of differentiable intracell
functions that span the valence subspace of a tight-binding

Hamiltonian at each k. The RTP invariant is a difference
in electric polarization given by Eq. (L1) between reduced
momenta � and �.

The existence of the angular-momentum anomaly implies
that for all states (with reduced, rotation-invariant momen-
tum �) localized to the bottom facet, the number of states
(� f (b)L̃v (�)) whose itinerant angular momentum belongs to
the valence set {L̃ j (�)}Nv

j=1 differs between points � and �

by �P��:

� f (b)L̃v (�) − � f (b)L̃v (�) = �P��. (L2)

The subscript (b) reminds us that the above relation holds for
the bottom facet; for the opposing “top facet” of a finite but
long slab, the above relation holds with �P�� →−�P��.

To prove the statement in Eq. (L2), we need to formal-
ize the notion of states that are localized at the bottom
facet. We do this using the Wannier-cut method reviewed in
Appendix L 1. In the next Appendix L 2, we express the two
sides of Eq. (L2) in terms of intracolumn states, and show that
the expressions are equivalent.

1. Wannier cut method to define faceted projector

The Wannier-cut method [101] allows to define a faceted
projector onto N f polarization bands, closest to a chosen
facet. We choose N f large enough such that the faceted pro-
jector includes all surfacelike polarization bands, that were
defined in Sec. VI A 2.

In the main text, we formulated the angular-momentum
anomaly for a semi-infinite geometry. However, here, for
convenience, we consider a finite in z direction and infinite
in (x, y)-plane slab, with unit cells in z direction labeled by
Rz = 1, . . . ,N0, and in the following referred to as layers.
For large enough N0, the top and bottom facets are separated
by a large enough distance, such that the angular-momentum
anomaly derived for the bottom facet of a finite geometry
holds as well on the bottom facet of a semi-infinite geometry.
First, we define the projector onto 2N f < N0 states at the
top and bottom facets. For this we utilize the intracolumn
functions defined for an infinite geometry in Eq. (C8). In a
finite slab with periodic boundary conditions, one can define
bulklike intracolumn functions V̄ j,k⊥,Rz (R̄z, α) by replacing
an integral over momentum kz by a finite sum in Eq. (C8).
For large enough N0, bulklike intracolumn functions in finite
geometry and bulk intracolumn functions in infinite geometry
converge to each other. Moreover, the intracolumn functions
of a finite slab with open boundary conditions, computed far
enough from the facets, can be described by the bulklike in-
tracolumn functions V̄ j,k⊥,Rz (R̄z, α) up to exponentially small
corrections. Then the projector onto top and bottom facets can
be expressed as

Pt&b(k⊥) = 1−
Nv+Nc∑

j=1

N0−N f∑
Rz=N f+1

|V̄ j,k⊥,Rz 〉〉〉〈〈〈V̄ j,k⊥,Rz |. (L3)

The first term on the right-hand side is the projector onto all
N0 × (Nv + Nc) states of a finite slab with reduced momen-
tum k⊥, and is given by the identity matrix in an intracolumn
Hilbert space with basis vectors indexed by (Rz, α). From this
term, we subtract projectors onto a set of bulklike intracolumn
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states (in both the valence and conduction subspaces), that are
localized to the bulk of the finite slab. Because of the exponen-
tial localization of the intracolumn states in the z direction, we
approximate V̄ j,k⊥,Rz (R̄z, α) ≈ 0 for |R̄z − Rz| > R0, which
holds up to exponentially small corrections for a large enough
cutoff scale R0. Then for large enough N f > R0 and N0 −
2N f > R0, Pt&b(k⊥) has finite support on two regions, located
respectively near the bottom and the top facet. Note Pt&b(k⊥),
being the difference between an identity matrix and a pro-
jection matrix, is itself a projector in the intracolumn Hilbert
space indexed by (Rz, α).

To define the projector onto the bottom facet we addition-
ally “sandwich” Eq. (L3) by a projector onto the bottom half
of the slab:

Pb(k⊥) = P↓Pt&b(k⊥)P↓, where P↓ =
(
1 0
0 0

)
, (L4)

and 1 and 0 respectively denote the identity and the zero
matrices of the size N0/2 × (Nv + Nc), where for simplicity
we assumed that N0 is even. Then P↓ defines the projector
onto first N0/2 layers of the slab.

2. Proof of angular-momentum anomaly
using intracolumn functions

In this section, we continue proving the angular-
momentum anomaly, expressed by Eq. (L2). First, using the
notations introduced in Appendix C 1, we express the RTP
invariant in terms of the intracolumn functions. For this, we
express the intracell function u j (k) in terms of intracolumn
functions

uα
j (k⊥, kz ) =

Nv∑
q=1

[U †(k⊥, kz )] jq

×
∞∑

Rz=−∞
e−ikz (Rz+zα )Vqk⊥0(Rz, α), (L5)

by inverting Eq. (C8) and additionally assuming a gauge
transformation Ujq(k) that mixes bands within the valence
subspace. Unitarity of the gauge transformation implies that∑Nv

q=1[U †(k)] jq[U (k)]qp = δ j p. After plugging Eq. (L5) into
the definition of the electric polarization (L1) and performing
some algebraic transformations, we get the following expres-
sion for the polarization:

P (k⊥) =
Nv∑

j,q=1

∫ π

−π

dkz

2π
[U (k⊥, kz )] jq∂kz [U

†(k⊥, kz )]q j

+
Nv∑
j=1

∞∑
Rz=−∞

Nv+Nc∑
α=1

|V jk⊥0(Rz, α)|2Rz

+
Nv∑
j=1

Nv+Nc∑
α=1

∫ π

−π

dkz

2π
|uα

j (k⊥, kz )|2zα, (L6)

where the first term, responsible for the gauge freedom, is
quantized to integers. Moreover, the requirement of a global
smooth gauge ensures that this integer is independent of k⊥,
and therefore, this term drops in the difference in polarization

between two reduced momenta:

�P�� =
Nv∑
j=1

Nv+Nc∑
α=1

[
R0∑

Rz=−R0

|V jk⊥0(Rz, α)|2Rz

+
∫ π

−π

dkz

2π

∣∣uα
j (k⊥, kz )

∣∣2zα

]∣∣∣∣∣
�

�

, (L7)

where we used the assumed truncation of the intracolumn
functions in unit cells |Rz| > R0. In the following, we show
that the second term in this expression vanish. Note that it en-
codes the dependence of electric polarization on the position
of the spatial origin and on the choice of the unit cell via the
values of the basis orbitals positions zα . We can rewrite the
summation over all valence states in terms of a projector onto
valence subspace:

Nv∑
j=1

Nv+Nc∑
α=1

∫ π

−π

dkz

2π

∣∣uα
j (�, kz )

∣∣2zα

=
∫ π

−π

dkz

2π
Trα

[
ẑcell

Nv∑
j=1

|u j (�, kz )〉〈u j (�, kz )|
]

=
∫ π

−π

dkz

2π
Trα
[
ẑcellP

cell
v (�, kz )

] = Nv∑
α=1

zα, (L8)

where ẑcell =
∑

α |α〉zα〈α| and in the last row we denoted the
projector onto the valence subspace in the intracell Hilbert
space as Pcell

v . In the last step, we used the fact that at reduced
momenta � ∈ {�,�} with fulfilled mutually disjoint condi-
tion the valence bands form a basis of the valence subspace.
Hence, the projector is kz-independent and is equal to

Pcell
v =

(
1Nv

0

0 0

)
, (L9)

where 1Nv
is an identity matrix of the size Nv and 0 de-

note zero matrices of complementary sizes, such that the
whole projector has the size Nv + Nc. We see that the origin-
dependent term (L8) does not depend on the concrete value
of �, and hence it vanishes in the Eq. (L7). Then the RTP
invariant expressed in terms of intracolumn functions is

�P��

=
Nv∑
j=1

Nv+Nc∑
α=1

R0∑
Rz=−R0

Rz[|V j�0(Rz, α)|2− |V j�0(Rz, α)|2].

(L10)

As the second step of the proof, we express the number
of states, localized on the bottom facet, with valence-like
itinerant angular momentum at a given reduced momentum
�, in terms of the bulklike intracolumn functions. Given the
projector onto the bottom facet, this number can be computed
as

� f (b)L̃v (�) = Tr
[
Pcolumn

v (�)Pb(�)
]
, (L11)

where

Pcolumn
v (k⊥) =

Nv∑
j=1

∞∑
Rz=−∞

∣∣V̄ jk⊥Rz

〉〉〉〈〈〈
V̄ jk⊥Rz

∣∣ (L12)
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is the projector onto the valence subspace in the intracolumn
Hilbert space. Taking the difference between two rotation-
invariant momenta and substituting the projector onto the
bottom-facet-localized states as defined using the Wannier cut
in Eqs. (L3) and (L4), we find

� f (b)L̃v (�) − � f (b)L̃v (�)

= Tr

⎡⎣P↓
Nv∑
j=1

N0−N f∑
Rz=N f+1

|V̄ j,k⊥,Rz 〉〉〉〈〈〈V̄ j,k⊥,Rz |
⎤⎦∣∣∣∣∣∣

�

�

, (L13)

where in the second line, we used that the identity operators
computed for � and � cancel each other and the projector
on the valence subspace Pcolumn

v sets the sum over conduction
intracolumn states to zero. In the last step of the derivation we
use the explicit form of the projector P↓ which sets to zero
the values of the intracolumn function at layers z > N0/2. We
compute the trace in Eq. (L13) and get

� f (b)L̃v (�) − � f (b)L̃v (�)

=
Nv∑
j=1

Nv+Nc∑
α=1

N0−N f∑
Rz=N f +1

N0/2∑
R′

z=0

∣∣V̄ jk⊥Rz (R
′
z, α)

∣∣2∣∣∣∣∣∣
�

�

=
Nv∑
j=1

Nv+Nc∑
α=1

N0−N f∑
Rz=N f +1

min(N0/2,Rz+R0 )∑
R′

z=Rz−R0

∣∣V̄ jk⊥Rz (R
′
z, α)

∣∣2∣∣∣∣∣∣
�

�

=
Nv∑
j=1

Nv+Nc∑
α=1

N0−N f∑
Rz=N f +1

min(N0/2−Rz,R0 )∑
R̄z=−R0

|V̄ jk⊥0(R̄z, α)|2
∣∣∣∣∣∣
�

�

.

(L14)

The summation over Rz in Eq. (L14) can be split into three
contributions. (i) For Rz > N0/2 + R0, the sum over R̄z has no
elements as the upper limit of the sum is lower than the lower
limit. (ii) For Rz � N0/2 − R0, the sum over R̄z runs from
−R0 to R0 and together with sum over orbital index α results in
the normalization of the intracolumn functions which is equal
to one. These terms are equal at both rotation-invariant mo-
menta � and � and therefore are canceled after subtraction.
(iii) For intermediateN0/2 − R0 < Rz � N0/2 + R0, the sum
is truncated atN0/2 − Rz and since the intracolumn functions
depend only on R̄z we can rewrite summations over Rz and R̄z

as

N0/2+R0∑
Rz=N0/2−R0+1

N0/2−Rz∑
R̄z=−R0

|V̄ jk⊥0(R̄z, α)|2

=
R0∑

R̄z=−R0

(R0 − R̄z )|V̄ jk⊥0(R̄z, α)|2. (L15)

The term proportional to R0 in this sum, when summed
over the orbital index α, is constant for the same reason as
described above, and therefore it vanishes when taking the
difference between rotation-invariant momenta � and �. We
arrive to the following expression for the angular momentum

difference:

� f (b)L̃v (�) − � f (b)L̃v (�)

=
Nv∑
j=1

Nv+Nc∑
α=1

R0∑
R̄z=−R0

R̄z[|V̄ j�0(R̄z, α)|2 − |V̄ j�0(R̄z, α)|2].

(L16)

Finally, recall that for large enough slabs the bulklike intracol-
umn functions V̄ j�0(R̄z, α) converge to the bulk intracolumn
functions of infinite geometry V j�0(R̄z, α). In the large-size
limit, the right-side of Eq. (L16) becomes identical to the
expression for the RTP invariant (L10). This concludes the
proof of Eq. (L2).

APPENDIX M: PROOF OF ZAK-PHASE ANOMALY

In this Appendix, we provide necessary proofs in order to
compete our discussion of the Zak-phase anomaly presented
in Sec. VI C of the main text. As a reminder, this anomaly
manifests the faceted Zak phases computed along certain
symmetrically chosen rBZ loops, which have distinct values
from the bulk Zak phases (both conduction and valence). We
subdivide this Appendix into two parts: in Appendix M 1, we
prove the Zak-phase anomaly when the loop can be chosen
to be two-segment, and in Appendix M 2, we generalize this
proof to the cases when a four-segment loop is necessary to
detect the Zak-phase anomaly.

1. Zak-phase anomaly for Cm-related-two-segment loops

We assume that the RTP invariant �P�� > 0 for two
rotation-invariant reduced momenta � and � and that there
exists an integer m > 1 such that at both reduced momenta
� ∈ {�,�} the mutually disjoint condition is fulfilled modulo
m: L̃c(�) �=m L̃v (�). Then the loop, on which one can detect
the Zak-phase anomaly is S = ��(�+ G) [cf. Fig. 19(a) for
an example]. This loop consists of two segments, �� and
�(�+ G), which are related to each other by a Cm rotation,
reversal of orientation and possibly shift by a reciprocal lattice
vector in rBZ, �(�+ G) = Cm��+ G′.

The techniques to evaluate the Zak phase for a Cm-related-
two-segment loop, given the itinerant angular momenta at the
two Cm-invariant momenta in said loop, have been developed
in Refs. [21,66]. We review these techniques here as a warm-
up for the more complicated case of the four-segment loops,
which require a generalization of the known techniques. Much
of the intuition behind these techniques can be conveyed by
calculating the Zak phase of a single faceted band.

a. Single isolated band

To compute the Zak phase of an isolated band we express
it as a phase of a corresponding Wilson loop

eiZ j =W j
S = T̂ exp

[
i
∫
S

dk⊥ ·A⊥[u j (k⊥)]

]
. (M1)

075124-70



DELICATE TOPOLOGY PROTECTED BY ROTATION … PHYSICAL REVIEW B 106, 075124 (2022)

FIG. 19. Illustration of notations introduced in Appendix M to compute the Zak phase over a symmetrically chosen loop in rBZ.
(a) Notations for a Cm-related-two-segment loop. [(b)–(d)] Notations for a four-segment loop. In (b) we introduce notations for the first
two segments, in (c) for the second two segments. The whole loop is illustrated in (d).

The Zak phase along the two-segmented loop ��(�+ G)
can be written out as

Z��(�+G), j =2π � lnW j
(�+G)←�←�

=2π � lnW j
(�+G)←�W

j
�←�

=2π � ln ρ̃m, j (�)
[
W j

�←�

]†
ρ̃m, j (�)−1W j

�←�

=2π
2π

m
[L̃ j (�) − L̃ j (�)], (M2)

where in the second row we decomposed a Wilson loop into
two Wilson lines. In the third row we related two Wilson
lines, computed along symmetry related paths, via eigenvalues
ρ̃m, j (�) of the itinerant rotation matrix (26), and also took
into account that Wilson lines computed on two paths, which
are related to each other by a reciprocal lattice translation, are
equal to each other. In the fourth row we applied the definition
of itinerant symmetry eigenvalues in terms of itinerant an-
gular momenta ρ̃m, j (�) = exp(i2πL̃ j (�)/m) and used that
two Wilson lines computed along the same path in opposite
directions canceled out. Note that a single-band Wilson loop
is a complex number and hence all terms in Eq. (M2) commute
with each other. Substituting the values of the itinerant angular
momentum for the faceted, bulk-valence and bulk-conduction
bands, we arrive to Eqs. (59) and (61).

b. Several faceted bands

In the case, when there are several faceted bands, in order
to compute the Zak phases we need to apply the theorem
proven in Ref. [66]. Applied to our setup, the theorem is
formulated as follows.

Let us consider a set of N f faceted bands. At each
reduced momentum � ∈ {�,�}, determine the set of itin-
erant angular momenta of these bands {L̃ j (�)} j=1,...,N f .
Each of these itinerant angular momenta takes one of the
two values L̃ j (�) ∈ {L̃v (�), L̃c(�)}. Next, determine a pair
(�∗, L̃∗(�∗)), such that #L̃∗(�∗) � #L̃(�) for all � ∈
{�,�} and L̃ ∈ {0, . . . ,m − 1}. Reduced momentum, other
than �∗ we denote �s. Then if r = #L̃∗(�∗) + #L̃(�s) −
N f > 0, there exists r Zak phases computed along a two-
segmented loop ��(�+ G) that are quantized to

Z = ±2π [L̃(�s) − L̃∗(�∗)]/m, (M3)

with the + (respectively −) sign corresponding to �∗ = �

(respectively �).
The RTP invariant ensures that there will be Na =

|�P��| anomalous bands with itinerant angular momenta
that are bulk-conduction-like at � and bulk-valence-like at �
[cf. Eq. (60)]. The amount of nonanomalous faceted bands
with bulk-valence-like (bulk-conduction-like) itinerant angu-

lar momenta at both � and �, we denote as Nna
v (Nna

c ). Then
the total number of bands with each value of itinerant angular
momentum at rotation-invariant k⊥-points is summarized in
Table V. The theorem of Ref. [66] summarized in the above
paragraph, applied to these values of the itinerant angular
momenta, guarantees that the given set of faceted bands will
have at least Na = �P�� Zak phases with quantized values

Z f

2π
=1
L̃v (�) − L̃c(�)

m
. (M4)

2. Zak-phase anomaly for four-segment loops

In this Appendix, we discuss in more details the bulk-
boundary correspondence of the RTP between � and �

reduced momenta, when

L̃v (�) �=m�
L̃c(�), (M5)

L̃v (�) �=m�
L̃c(�), (M6)

m� �= m�. (M7)

This happens only in two distinct P4-symmetric Hilbert
spaces, that were described in the main text. In both cases, one
can construct a four-segment loop which is a concatenation
of two two-segment rBZ-loops: the first loop ��(�+ G)
consists of two segments related by Cm�

symmetry �(�+
G) = Cm�

(��) + G′ [cf. Fig. 19(b) for an example], and
second loop (�+ G)�� consists of two segments related
by Cm�

symmetry �� = m�(�(�+ G)) + G′′ [cf. Fig. 19(c)
for an example]. An example of the entire four-segment loop
S4 = ��(�+ G)�� is presented in Fig. 19(d). Here we
introduced another rotation-invariant momentum � at which
the mutually disjoint condition is violated L̃v (�) = L̃c(�) =
L̃(�).

We again consider a set of faceted bands with Na anoma-
lous bands and Nna

v +Nna
c nonanomalous bands. All the

values of the itinerant angular momenta are summarized in
Table I. Then the Zak phases of these faceted bands are

TABLE V. Number of bands with fixed itinerant angular mo-
menta at a fixed rotation-invariant point for a set of surface localized
bands with Nna

v valence-bulklike Nna
c conduction-bulklike and N a

anomalous bands.

� �

#L̃v Nna
v Nna

v +N a

#L̃c Nna
c +N a Nna

c
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computed as phases of the Wilson loop eigenvalues. The Wil-
son loop along our chosen loop S4 is

W�←�←(�+G)←�←�

=W�←�W�←(�+G)W(�+G)←�W�←�

= [R̃Cm�
(�)W†

�←(�+G)R̃
−1
Cm�

(�)W�←(�+G)

× R̃Cm�
(�)W†

�←�R̃−1
Cm�

(�)W�←�

]
. (M8)

Here we decomposed the Wilson loop into four Wilson lines,
and related every pair of Wilson lines, computed along the
symmetry related paths, via the itinerant rotation matrices
(26). Contrary to the derivation of Appendix M 1 the Wil-
son loops and the rotation matrices are square matrices of
size N f = Na +Nna

v +Nna
c and therefore do not commute.

To analyze the eigenvalues of this matrix, first, observe that
R̃Cm (�) is proportional to identity matrix; this is because an
eigenvalue of R̃Cm (�) can only take one of two values—
the rotational representation of the bulk-conduction band:
ei2πL̃c (�)/m or the rotational representation of the bulk-valence
band: ei2πL̃v (�)/m; but by assumption, the mutually disjoint
condition is violated at �: L̃c(�) = L̃v (�) ≡ L̃(�). Thus
R̃Cm (�) can only modify the Wilson loop by a constant, mul-
tiplicative factor

W�←�←(�+G)←�←�

= [W†
�←(�+G)R̃

−1
Cm�

(�)W�←(�+G)W†
��R̃−1

Cm�
(�)W�←�

]
× exp(i2π [L̃(�)/m� + L̃(�)/m�]). (M9)

In the following denote the Wilson lines as Z1 =W�←�

and Z2 =W�←(�+G) which are unitary matrices. Thus eigen-
values of the matrices R̃−1

Cm�
(�) [respectively R̃−1

Cm�
(�)] and

Z†
1 R̃−1

Cm�
(�)Z1 [respectively Z†

2 R̃−1
Cm�

(�)Z2] are the same. One
can always find a projector B1 (respectively B2) onto
the eigenspace of Z†

1 R̃−1
Cm�

(�)Z1 [respectively Z†
2 R̃−1

Cm�
(�)Z2]

corresponding to the eigenvalue %1 = exp(−i2πL̃c(�)/m�)
[respectively %2 = exp(−i2πL̃v (�)/m�)]. Denote projectors
onto the orthogonal complements as D j = IN f −B j , j = 1
and 2. Then the Wilson loop can be rewritten as

W�←�←(�+G)←�←�

= [B2B1%2%1 +B2%2D1Z†
1 R̃−1

Cm�
(�)Z1D1

+D2Z†
2 R̃−1

Cm�
(�)Z2D2B1%1

+D2Z†
2 R̃−1

Cm�
(�)Z2D2D1Z†

1 R̃−1
Cm�

(�)Z1D1
]

× exp(i2π [L̃(�)/m� + L̃(�)/m�]). (M10)

Knowing the itinerant angular momenta of the faceted bands
at rotation-invariant points � and � (cf. Table V), we
find the ranks of the projectors rank(B1) = Nna

c +Na and
rank(B2) = Nna

v +Na. Because the dimensions of all matri-
ces considered are identically equal to (Nna

v +Nna
c +Na ), it

follows from dimension counting that the two vector spaces
projected by B1 and B2 have a nonzero intersection with
dimension at least equal to Na. In other words, any vector
|v〉 in this at-least-Na-dimensional subspace satisfies

B1|v〉 = B2|v〉 = |v〉, D1|v〉 = D2|v〉 = 0. (M11)

It follows from the decomposition of the Wilson-loop matrix
in (M10) that

W|v〉 = %2%1 exp(i2π [L̃(�)/m� + L̃(�)/m�])|v〉, (M12)

with an eigenvalue that does not depend on Zj . Thus we
conclude that there are at least Na number of Zak phases
quantized to

Z = 2π

[
L̃(�) − L̃c(�)

m�

+ L̃(�) − L̃v (�)

m�

]
. (M13)

As discussed in Sec. VI C 4 this phase is distinct from both
bulk-valence and bulk-conduction Zak phases. This completes
the proof of the Zak-phase anomaly.

APPENDIX N: HOPF-RTP RELATION PROOF
VIA HOPF-CHERN RELATION

In this Appendix, we present an alternative proof of the
relation between the Hopf and the RTP invariants. We focus
only on the case when the valence band representation is
symmetry-equivalent to a basis band representation, as de-
tailed in Sec. VII A of the main text. In this case, the invariants
are related as

χ =n

J∑
j=2

�L̃(� j )�P�1� j , (N1)

where {� j} j=1,...,J denotes a maximal subset of rotation-
invariant reduced momenta which each satisfies the mutually
disjoint condition: �L̃(� j ) �= 0. This proof is based on the
Hopf-Chern relation that was originally introduced for the
Hopf map by Whitehead in Ref. [4]. We first review this orig-
inal relation in Appendix N 1. We then extend its applicability
to k-periodic tight-binding Hamiltonians in Appendix N 2 and
to k-nonperiodic Hamiltonians in Appendix N 3, then finally
we apply the Hopf-Chern relation to derive the Hopf-RTP
relation (N1) in Appendix N 4.

1. Hopf-Chern relation for the Hopf map

Let us review Whitehead’s equivalent formulation [4] of
the Hopf invariant of the Hopf map. It says that the Hopf
invariant of a map

η :

{
S3 → S2,

γ (b) �→ b
(N2)

is given by the Chern number C� computed on the oriented
surface � stretched over an inverse image (∂� = γ ) of a
given base point b on the 2-sphere

χ = C�(b), ∂�(b) = γ (b). (N3)

We call this relation between the invariants the Hopf-Chern
relation. As the boundary ∂[�(b)] is mapped to the fixed base
point b on the 2-sphere, it can be treated as a closed surface
with a well-defined Chern number.

2. Hopf-Chern relation for k-periodic Hamiltonians

The Hopf-Chern relation can be directly applied to com-
pute the Hopf invariant of a two-band Hamiltonian h̃(k)
defined over the Brillouin torus (meaning h̃(k) = h̃(k + G)
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FIG. 20. Characterizing a continuous map (the Hamiltonian) hflat

from the (Brillouin zone) torus T 3 to the (Bloch) sphere S2. For a
chosen base point b ∈ S2 [green dot in (b)], the inverse image h−1

flat (b)
is a collection of closed loops γi [green lines in (a)] with orientation
τ defined by the arrows. The orientation is defined by considering
an infinitesimal circle k(θ ) around a reference point k0 ∈ γi, and
by checking whether the image hflat[k(θ )] winds (counter)clockwise
around b [blue line in (b)]. The paths γi can be inscribed a (Seifert)
surface �i [light green sheet in (a)] with an orientation [% vs⊗ in (a)]
inherited from the orientation of the corresponding boundary loop via
the right-hand rule.

for any reciprocal lattice vector G), assuming that h̃(k) is in
the trivial first Chern class.

To see this, consider a flattened Hamiltonian h̃flat (k) =
h̃(k)/E+(k) = h̃flat (k) · σ which defines a map h̃flat : T 3 → S2

with the 3-torus given by momenta in the first BZ and the
2-sphere given by a normalized vector of the coefficients in a
Pauli matrix decomposition of a flattened Hamiltonian. Given
the vanishing Chern numbers Ci = 0 on the three BZ subtori,
there exists a continuous deformation that deforms h̃flat (k) on
the boundary of the first BZ to a constant. From the topologi-
cal perspective, this allows us to identify the whole boundary
as a single point [85], turning the first BZ into a 3-sphere. Such
a deformation does not modify neither the Hopf invariant, nor
the Chern number computed over the surface bounded by a
preimage. Therefore the Hopf-Chern relation, that is valid for
a map from a 3-sphere is also valid for a map from a 3-torus,
given by the Hopf insulator Hamiltonian.

To understand how the Hopf-Chern relation (N3) can be
applied to the Hopf insulator, consider some base point on a
2-sphere b ∈ S2 [green point in Fig. 20(b)]. The inverse im-
age h̃

−1
flat (b) ⊂ T 3 [green path in Fig. 20(a)] is not necessarily

path-connected, but it can be decomposed into path-connected
components, h̃

−1
flat (b) =⋃i γi, where γi are generically one-

dimensional (possibly noncontractible) closed loops [15].
Generically, each loop γi can be uniquely assigned an ori-
entation by the following procedure. Consider an arbitrary
reference point k0 ∈ γi and define a plane passing through
this point and normal to γi at k0. Choose two orthogonal basis
vectors in this plane, labeled ê1 and ê2. Then, in this plane,
a circle infinitesimally close to γi [blue line in Fig. 20(a)]
is parametrized by k(θ ) = k0 + ε[ê1 cos(θ ) + ê2 sin(θ )] with
θ ∈ [0, 2π ] and ε → 0. By considering the generic linear-
order expansion of h̃flat (k) around the reference point, it
follows that the image of k(θ ) under the Hamiltonian map
h̃flat is necessarily a closed loop that winds around the base
point b [blue line in Fig. 20(b)]. The orientation of γi at k0

is defined as τ(k0) = +(−)ê1 × ê2 for a clockwise (coun-

terclockwise) winding of h̃flat[k(θ )]. Note that this definition
does not depend on the choice of the basis vectors ê1 and ê2.89

In Fig. 20(a), the orientations of γi are shown by green arrows.
Let us make three remarks on the presented definition of

the orientation of the inverse images γi.
(a) The orientation cannot discontinuously flip along γi, as

that would require h̃flat[k(θ )] to pass through b while adjusting
the reference point k0. However, this cannot happen because
the circle k(θ ) never crosses γi [the inverse image of (b)].

(b) Recall that a solid angle enclosed by a path on the Bloch
sphere is equal to twice the Berry phase picked by the cor-
responding state [81]. In the present situation, the clockwise
(counterclockwise) winding of h̃flat[k(θ )] implies a negative
(positive) Berry phase on path k(θ ). Therefore the orientation
τ indicates the direction in which the component of Berry
curvature F parallel with γi is negative.

(c) Finally, while the connected component γi might form
a noncontractible loop in the BZ along one momentum di-
rection, the number of lines that are oriented along this k
direction minus the number of lines oriented in the opposite
direction is equal to the Chern number of the corresponding
perpendicular sheet90 (cf. SM of Ref. [38]). Since we assume
Hopf insulators with Ci = 0, each noncontractible path γi that
is oriented along one of k axes can be paired with another
path(s) oriented in the opposite direction, as illustrated in
Fig. 20(a).

Having fixed the orientation of γi, we can define an ori-
ented surface �i (the Seifert surface) that has the oriented
loop γi as a boundary [light green area in Fig. 20(a)]. The
surface �i always exists for contractible paths [102], while
for noncontractible paths it exists if one considers a collec-
tions of several paths with opposite orientation [cf. remark (c)
above]. The orientation of the Seifert surface �i is inherited
from the orientation τ(k0) at k0 ∈ γi by applying the right-
hand rule near the boundary. Conveniently, for the union of
the inscribed surfaces,

⋃
i �i ≡ �(b), the boundary fulfills

∂[�(b)] = h̃
−1
flat (b) with matching orientation. The orientation

of the surface fixes the overall sign of the Chern number in
Eq. (N3).

There is one additional subtlety in Hopf-Chern relation
when one accounts for the crystallographic point group of
a k-periodic Hamiltonian. For generic Hamiltonians with-
out point-group symmetry, the preimage lines typically avoid
crossing each other, as illustrated in Fig. 20(a). In other

89Let us assume that we have picked another pair of basis vec-
tors ê′1 = ê1 and ê′2 = −ê2. Then for the same θ parametrization,
momentum k(θ ) will rotate in the opposite direction, and therefore
the image h̃flat[k(θ )] will also rotate in the opposite direction. At the
same time the cross product ê′1 × ê′2 = −ê1 × ê2. Overall, the value
of the preimage orientation will not change.

90To understand this, recall that a Chern number of a two-band
Hamiltonian defined over this 2-torus sheet equals to the number of
times that the 2-torus covers the 2-sphere. When a preimage line of
some point on a 2-sphere crosses the 2-torus with one orientation,
the torus covers this point. When a preimage line crosses the 2-torus
with another orientation, the 2-torus uncovers the sphere at this point.
Therefore, in order to have no covering of the sphere, all preimage
lines must cross the 2-torus with zero net-winding.
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words, Hamiltonians where preimage lines cross or overlap
require fine-tuning of Hamiltonian parameters. On the other
hand, with point-group symmetry, it is possible for two or
more preimage lines to cross and even overlap/merge com-
pletely, without fine-tuning of Hamiltonian parameters. In
such “degenerate” cases, multiple Seifert surfaces become
path-connected. The Hopf-Chern relation still holds by sum-
ming Chern numbers over all Seifert surfaces. To distinguish
a completely degenerate preimage line from a nondegenerate
one, we characterize each line by a positive-integer-valued
multiplicity, which is given by the (unoriented) winding num-
ber of the map h̃flat[k(θ )]. Explicit examples of nontrivial
multiplicity in rotation-symmetric Hamiltonians will be dis-
cussed in Appendix N 4.

3. Hopf-Chern relation for k-nonperiodic Hamiltonians

So far we showed that the Hopf-Chern relation can be used
to compute the Hopf invariant of a k-periodic Hamiltonian h̃.
Here we extend our discussion to k-nonperiodic Hamiltonians
h(k) which relate to h̃(k)

h̃(k) = V (k)h(k)V (k)−1, h̃(k + G) = h̃(k) (N4)

by conjugation with a diagonal unitary matrix with diagonal
elements: Vαβ (k) = eikrα δαβ encoding the spatial positioning
of basis orbitals within each primitive unit cell. (In cases
when the orbitals are spatially separated within each unit
cell, the advantage of k nonperiodicity has been espoused in
Appendix C 3.)

In Appendix C 4, we demonstrated that a generalization of
the Hopf invariant exists for the k-nonperiodic Hamiltonian,
and can be computed by integrating the Chern-Simons three-
form of the Berry gauge field [cf. Eq. (29)]. Here we show that
it can equivalently be computed via a restricted form of the
Hopf-Chern relation, where we consider only the preimages
of the poles of the Bloch 2-sphere.

To show this, consider a continuous interpolation between
the periodic and nonperiodic Hamiltonians [that was already
introduced in Eq. (C24)] ht (k) = V (tk)−1h̃(k)V (tk) which at
t = 0 gives h0(k) = h̃(k) and at t = 1 gives h1(k) = h(k).
Translational symmetry and the energy gap persist throughout
this interpolation.

If ht (k) were diagonal at a particular k and t , it would re-
main diagonal at that k and for any t ∈ [0, 1], since the matrix
V (tk) is also diagonal. Conversely, if ht (k) had off-diagonal
elements at a particular k and t , its off-diagonal elements can
never vanish at that k and for any t . (The reason is that the
off-diagonal component of the Hamiltonian is of the form
dxσx + dyσy with (dx, dy) a real two-vector, and conjugation
by V = eiθσ3/2 merely rotates the 2-vector by the angle θ .)
Restriction of the base point in the Hopf-Chern relation to the
north and south pole, ensures that the corresponding Hamilto-
nian is diagonal. Thus the inverse image of either pole remains
the same for all t . This and the fact that the Berry curvature is a
periodic quantity in any convention, F (k + G) = F (k), leads
to a well defined and t-independent Chern number computed
on the corresponding Seifert surface, meaning that C̃�(b) =
C�(b), when b is the north or the south pole of the 2-sphere.
From this we conclude that the Hopf-Chern relation can be
applied to compute the Hopf invariant in both conventions.

4. Proving the Hopf-RTP relation

a. Symmetry defines preimage lines of the south pole

Now let us apply the Hopf-Chern relation to a Hopf in-
sulator with rotation symmetry. We assume that the model
has space group symmetry Pn and the valence (conduction)
band is symmetry-equivalent to a basis band representation
induced from a basis orbital ϕ1 (ϕ2) centered at position r1

(r2) with on-site angular momentum L1 (L2). In this dis-
cussion, we assume that the valence band representation is
symmetry-equivalent to a basis band representation. On the
one hand, lifting this assumption complicates the discus-
sion without bringing further insights. On the other hand,
the Hopf-RTP relation in the case of valence band repre-
sentation non-symmetry-equivalent to a basis band represen-
tation was already proven using the boundary properties in
Sec. VII D 4.

Our choice of the valence (conduction) band represen-
tation determines the itinerant angular momentum of the
valence (conduction) band at a Cm-invariant momentum
� to be L̃v(c)(�) = L1(2) + m

2π (r1(2),⊥ · G�) mod m, where
G� = Cm�−�. Then the Hamiltonian is diagonal at the
rotation-invariant lines γ� at which the mutually disjoint con-
dition is fulfilled �L̃(�) = L̃c(�) − L̃v (�) (mod m) �= 0.
For the Hamiltonian with flattened spectrum this means that
it is hflat (�, kz ) = ±σz which corresponds to a mapping to
a north or south pole of a 2-sphere hflat (�, kz ) = (0, 0,±1).
The fact that the valence band representation is symmetry-
equivalent to a basis band representation guarantees that all
γ� lines with fulfilled mutually disjoint condition are mapped
to the same point on the 2-sphere, despite the fact that �L̃(�)
need not be identical for all �. This one image point is the
south pole hflat (�, kz ) = −σz for our choice of valence band
representation. From this we conclude that if we choose the
south pole (S) to be the base point for the Hopf-Chern relation,
all lines γ� with �L̃(�) �= 0 belong to the inverse image of S.
In Fig. 21(a), we illustrate this for a P4 symmetric model with
basis orbitals having on-site angular momenta L1 = 0, L2 =
0 positioned at r1,⊥ = (0, 0), r2,⊥ = (1/2, 1/2). The corre-
sponding itinerant angular momenta differences are �L̃(�) =
0, �L̃(M ) = 2, and �L̃(X ) = 1, which forces the lines γX

and γM to map to the south pole.

b. Orientation and multiplicity of γ	 preimages

Before discussing other possible preimage lines of the
south pole, let us determine the orientation of the γ� lines.
According to the comment (b) of Appendix N 1, this can
be done by computing the tangential-to-γ� component of
the Berry-curvature vector. As all γ� lines are vertical, their
orientation is τ(�) = −sgn(Fz(�, kz ))êz where êz denotes
the unit vector in the z direction of momentum space and
the Berry curvature can be computed at any kz momentum
component. In the presence of rotation symmetry, as opposed
to the generic case, the rotation-invariant preimage lines are
characterized not only by orientation but also by a multi-
plicity introduced in Appendix N 2. The latter is defined as
a number of times an image of a small loop around the
rotation-invariant line winds around the south pole on the
2-sphere. Consider a k loop around γ� line parametrized
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FIG. 21. (a) Illustration of a Hopf-Chern relation in the case of a
model with P4 space group and itinerant angular momenta differ-
ences �L̃(�) = 0, �L̃(M ) = 2, and �L̃(X ) = 1. The base point
is chosen to be the south pole S ∼ −σz. The symmetry forces the
lines γX and γM (denoted with green) to be mapped onto S. In addi-
tion there can be other noncontractible preimages of S that appear
in 4 C4 related copies. In the presented example these four lines
are degenerate along γ� (shown in green). The green arrows show
possible orientation of the lines that is compatible with symmetries
and the no-net-winding rule. Multiple arrows show the multiplicity
of the line. The oriented preimage lines are paired up to bound four
Seifert surfaces � j , j = 1, 2, 3, and 4 (denoted by green shades).
The lines with multiplicity μ form a boundary of μ distinct Seifert
surfaces. (b) The four degenerate preimage lines at γ� are not fixed
to the rotation-invariant line by symmetry and can be split into four
C4-related copies by a small perturbation of the Hamiltonian.

as k(θ ) = (�, kz ) + ε[ê1 cos(θ ) + ê2 sin(θ )], θ ∈ [0, 2π ]; if
the Hamiltonian in this parametrization obeys the condition
h(θ + 2π/μ) = h(θ ) for the largest possible integer μ, we
conclude that the image of a k loop winds around the south
pole μ times and the multiplicity of the inverse image is μ(�).
The γ� line can be viewed as a degenerate set of μ(�) lines,
with each line having unit multiplicity and carrying the same
orientation τ(�). The degeneracy is protected by the rotation
symmetry.

Let us relate, as best as we can, the orientations and
multiplicities of the preimage lines γ� to the itinerant angular-
momentum difference at �. For this purpose, we consider a
Taylor expansion of the Hamiltonian around k0 ∈ γ� up to the
lowest order in κ = k − k0 in the presence of rotational sym-
metry. As shown in Appendix D 4, the expanded Hamiltonian
must fulfill

R̃Cm (�)hk·p(κ)R̃−1
Cm

(�) = hk·p(Cmκ) (N5)

with the itinerant rotation matrix R̃Cm (�) given in Eq. (D36).
For our choice of valence (conduction) band representation we
can replace L̃2(�) − L̃1(�) by �L̃(�) = L̃c(�) − L̃v (�)
(mod m) in the expression for R̃Cm (�). For all possible ro-
tation symmetries Cm and differences in itinerant angular
momenta �L̃(�), the symmetry-allowed form of a flat-
ted Hamiltonian hflat (κ) is presented in the third column of
Table VI with introduced notations κ± = κx ± iκy and σ± =
σx ± iσy. The corresponding vector of Hamiltonian coeffi-
cients is normalized as the corrections to the vector hflat (κ =
0) = (0, 0,−1) are linear in κ and therefore can be neglected
in the norm |hflat (κ)| = 1 + O(κ). The z component of the
Berry curvature in a two-band Hamiltonian can be computed
as

Fz = 1
2εabchflat,a ∂xhflat,b ∂yhflat,c, (N6)

which can be simplified to

Fz = −2hflat,z(∂+hflat,+ ∂−hflat,− − ∂+hflat,− ∂−hflat,+) (N7)

as the symmetry constraints the hflat,z component to not de-
pend on κx, κy; the introduced notations are ∂± = (∂x ∓ i∂y)/2
and hflat,± = (hflat,x ∓ ihflat,y)/2. Analyzing the results of
Table VI, we see that whenever �L̃ �= m/2 a coefficient in
front of σ+ depends only on one of κ± and the sign of Fz is
determined by symmetry representation alone, it is presented
in the second to last column in Table VI. At the same time
the power of a coefficient in front of σ+ gives the multi-
plicity of the preimage line. Assume hflat,0 = −σz + (aκμ

+ +
bκμ

− )σ+ + H.c. The loop around k0 can be parametrized with
κ± = εe±iθ , θ ∈ [0, 2π ]. We see that in this parametrization
hflat,0(θ + 2π/μ) = hflat,0(θ ) and hence the multiplicity of γ�
line is μ, which is listed in the last column of Table VI. For the
example case (outlined in the previous section) one choice of
preimage line orientations is shown in Fig. 21(b) with green
arrows, while the number of arrows denote the multiplicities
of the lines.

c. Other noncontractible preimage lines γi

Importantly, the BZ can contain other than γ� lines that
are preimages of the south pole. At this stage of the proof we
focus only on the preimages that form noncontractible loops
along the kz direction in the BZ and discuss how other preim-
ages affect the result later in this section. In addition to γ�
lines with fulfilled mutually disjoint condition, the preimage
of the south pole can contain two types of noncontractible
lines: (i) lines that appear at generic positions in the BZ and
(ii) lines that appear at rotation-invariant momenta γ�′ with
violated mutually disjoint condition, �L̃(�′) = 0.

For both types of preimage lines we show that the Cn

rotation symmetry forces them to appear in n rotation-related
copies. (i) For the preimage lines at generic positions, this
follows from the symmetry condition on the Hamiltonian
RCn h(k)R−1

Cn
= h(Cnk), which equates the Hamiltonians at k

and at Cnk when the Hamiltonian is diagonal. (ii) If a preimage
line happened to coincide with a Cm-invariant γ�′ line with
violated mutually disjoint condition, first there will be a n/m-
multiplet of preimage lines at all Cn-related γ�′ lines. Second,
without the mutually disjoint condition, the south pole preim-
age is not forced to lie at a Cm-invariant line by symmetry.
Therefore a small perturbation of the Hamiltonian can shift
this preimage line away from the rotation-invariant line. How-
ever, as we already argued in the case (i), the preimage lines
at generic positions must appear in n Cn-related copies. This
means that the initial preimage line, at each Cm-invariant line
of a n/m-multiplet, forms m degenerate copies [cf. Fig. 21(b)].

We denote these additional preimage lines as γi and all
n copies as C j

nγi, j = 0, . . . , n − 1. We remark, that the
preimages of the north pole (hflat = σz) also appear as n
rotation-related copies for the same reason as for the south
pole; this property will be used at the end of this section.

d. Orientation of noncontractible preimage lines

Having specified all noncontractible preimages of S, we
proceed by defining their orientations. First, let us introduce a
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TABLE VI. For all differences between itinerant angular momenta of conduction and valence bands at a given reduced momentum
� �L̃(�) = L̃c(�) − L̃v (�) (mod m), we present a form of flattened Hamiltonian in the vicinity of k0 point allowed by the symmetry.
For this Hamiltonian, we compute the Fz component of the Berry curvature, and deduce the resulting orientation τ = τz êz and multiplicity μ of
a corresponding inverse image γ�. In some cases, the orientation can not be determined solely from the itinerant angular momentum, however,
as we will see, this does not impair the proof of the Hopf-RTP relation.

m �L̃ hflat (κ) + σz Fz/2 τz μ

2 1 (aκ+ + bκ−)σ+ + H.c. |a|2 − |b|2 Undetermined 1

3 ±1 mod 3 aκ∓σ+ + H.c. ∓|a|2 ±1 1

4 ±1 mod 4 aκ∓σ+ + H.c. ∓|a|2 ±1 1

2 (aκ2
+ + bκ2

−)σ+ + H.c. 4[|aκ+|2 − |bκ+|2] Undetermined 2

6 ±1 mod 6 aκ∓σ+ + H.c. ∓|a|2 ±1 1

±2 mod 6 aκ2
∓σ+ + H.c. ∓4|aκ+|2 ±1 2

3 (aκ3
+ + bκ3

−)σ+ + H.c. 9[|aκ2
+|2 − |bκ2

+|2] Undetermined 3

scalar orientation along kz axis as

τz(k0) = sgn(τ(k0) · êz ) ∈ {−1, 1}, (N8)

where k0 is a point on a considered line, and for simplicity
we assume that the line crosses each plane at fixed kz only
once. Then τz does not depend on the specific point k0. The
definition can be straightforwardly generalized if this assump-
tion is relaxed. We proceed to define the kz orientations of
noncontractible lines.

In addition to the symmetry constraints defined in Ap-
pendix N 4 b, the orientations of the noncontractible lines are
restricted by two more rules.

(i) Any two inverse images (γ1 and γ2 = Cnγ1) that are re-
lated by rotation have the same kz orientation τz(γ1) = τz(γ2),
because the Berry curvature transforms as a vector under
rotation.

(ii) As discussed in the comment (c) in Appendix N 1 the
number of upwards oriented lines must be equal to the number
of downwards oriented lines, meaning that∑

γ , noncontractible along êz

μ(γ )τz(γ ) = 0. (N9)

Crucially, each noncontractible preimage contributes to the
sum number of times, equal to its multiplicity. We refer to
this constraint as the balanced orientation rule.

For a set of all noncontractible preimage lines, γ� and C j
nγi,

the symmetry conditions and the balanced orientation rule
restrict possible orientations to a limited number of options.
For several concrete examples of the preimage orientations,
see Table VII and Fig. 21(a). Although in some cases, the
outlined conditions are not enough to uniquely determine the
orientations from the symmetry representations alone, we will
see that the obtained information about orientations is enough
to prove the Hopf-RTP relation.

e. Seifert surface and Hopf-Chern relation for hflat = −σz

After determining the orientations and multiplicities of the
noncontractible preimage lines, we proceed by defining the
Seifert surface stretched over these lines. For this, we arbi-
trarily pair up the preimage lines such that each pair contain
upwards γ↑i and downwards γ↓i oriented lines. This is possi-
ble due to validity of the balanced orientation rule. Note, that
a preimage line with multiplicity μ forms a boundary of μ

distinct Seifert surfaces. Denoting each distinct Seifert surface
bounded by γ↓i and γ↑i as �i, we express the Hopf invariant
as a sum of Chern numbers C�i over all Seifert surfaces:

χ =
∑

i

C�i . (N10)

TABLE VII. Possible preimage orientations for some crystalline Hopf models given by the space group and the symmetry �L = L2 −L1

and spatial positions �r⊥ = r2,⊥ − r1,⊥ of the basis orbitals. Arrows ↑ and ↓ denote positive and negative orientations along kz axis and the
number of arrows [�] denote multiplicity. Value in brackets [(2)] specifies how many rotation-related lines of this type constitutes the south
pole preimage.

SG �L �r⊥ �L̃(�) Orientations from symmetry Possible total orientations

P4 1 (0,0) �L̃(�) = 1, �L̃(X ) = 1, �L̃(M ) = 1 � ↑, M ↑ � ↑, M ↑, (2)X ↓
or
� ↑, M ↑, (2)X ↑, (4)γ1 ↓

P4 0 (1/2, 1/2) �L̃(�) = 0, �L̃(X ) = 1, �L̃(M ) = 2 (2)X ↑, M �
or
(2)X ↑, M �, (4)γ1 ↓

P4 1 (1/2, 1/2) �L̃(�) = 1, �L̃(X ) = 0, �L̃(M ) = 3 � ↑, M ↓ � ↑, M ↓
P3 1 (0,0) �L̃(�) = 1, �L̃(X ) = 1, �L̃(M ) = 1 � ↑, K ↑, K ′ ↑ � ↑, K ↑, K ′ ↑, (3)γ1 ↓
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(A nontrivial Chern number over a Seifert surface is consistent
with the triviality of the first Chern class, meaning the Chern
number on any 2D sub-torus of the Brillouin zone vanishes.)
The Chern number of each Seifert surface can be computed
as the difference in the Berry-Zak phases computed along the
paths

C�i = (Zγ↑i −Zγ↓i )/2π. (N11)

Though γ↑i and γ↓i have opposite orientations, the corre-
sponding two Zak phases are computed over paths of the
same orientation, hence the minus sign in the above equation.
By itself, Zγ↑ is a phase defined modulo 2π ; however, given
any global, differential gauge whose existence is guaranteed
by the trivial first Chern class, the difference (Zγ↑ −Zγ↓ )
is uniquely defined. Plugging Eq. (N11) into Eq. (N10) and
taking into account the orientation along kz axis τz of each
line γ , we get

χ =
∑

i

∑
γ∈{γ↑i,γ↓i}

τz(γ )Zγ /2π. (N12)

From this sum, we isolate the contribution from rotation-
invariant lines γ� with fulfilled mutually disjoint condition
�L̃(�) �= 0. For each γ�, we replace Z /2π → P to remind
ourselves that the normalized Zak phase can be interpreted as
the dimensionless polarization for a one-k-parameter Hamil-
tonian (30):

χ =
∑

γ�∈h−1
flat (S);�L̃(�)�=0

μ(�)τz(�)P (�) +
∑

all other γ∈h−1
flat (S)

τz(γ )Zγ /2π. (N13)

The meaning of
∑

γ�
is to sum over all components of h−1

flat (S)

with the restriction: �L̃(�) �= 0; note each term appearing
once in

∑
γ�∈h−1

flat (S) appears μ(�) times in the double summa-
tion of Eq. (N12). The second term in Eq. (N13) sums over all
other preimage lines, not already included in the first sum. Be-
cause γ is not necessarily vertical, it does not necessarily have
the interpretation of a polarization. However, since along these
lines the Hamiltonian is diagonal, the valence band does not
hybridize with the conduction band and hence, Zγ /2π =1 z1.
Using Eq. (N9), we can subtract zero which is the sum over all
kz orientations (weighted with multiplicities) of the preimage
lines, multiplied by the value of z1 and get

χ =
∑

γ�∈h−1
flat (S);�L̃(�)�=0

μ(�)τz(�)(P (�) − z1)

+
∑

all other γ∈h−1
flat (S)

τz(γ )(Zγ /2π − z1). (N14)

The sum in the second row vanishes modulo n, because the
preimage lines γ , that do not coincide with rotation-invariant
lines with mutually disjoint condition, necessarily come in n
copies with identical kz orientations. n copies of an integer-
valued expression (Zγ /2π − z1) ∈ Z sum up to a multiple
of n. Let us further reorganize the first term in the sum by
substituting the product of orientation and multiplicity of the
rotation-invariant preimage lines μ(�)τz(�) by the itinerant
angular momentum difference �L̃(�).

χ =n

∑
γ�∈h−1

flat (S);�L̃(�)�=0

�L̃(�)(P (�) − z1). (N15)
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FIG. 22. Illustration of contractible south pole preimages in a
2D horizontal cut of the BZ. (a) Closed loops at generic positions
that form four C4-related copies. Each of them carries an integer
Chern number, therefore their contribution to the Hopf invariant is
4Z. (b) Closed loops that encircle a C2-invariant line γX form 2
C4-related copies γ1 and γ2. The linking number of these preimage
lines with the preimages of the north pole is forced to be a multiple
of 4 by rotation symmetry. (c) A 2-sphere with the north and south
pole, whose preimage lines are shown in (a) and (b).

This transformation is allowed for the following reason. Ac-
cording to Table VI, �L̃ = τz μ mod m. We also know that
the BZ contains n/m Cn-related copies of a Cm-invariant line,
which are all part of the preimage of S. This means that
in the sum over all preimages, n/m × τz μ =n n/m ×�L̃,
with �L̃ ∈ {0, 1, . . . ,m − 1}. In the obtained relation (N15),
the sum over preimage lines can be replaced by the sum
over a maximal set of reduced momenta {� j} j=1,...,J with
fulfilled mutually disjoint and iso-orbital conditions. In the
last step of the derivation we replace

∑J
j=1 �L̃(� j )z1 =n∑J

j=1 �L̃(� j )P (�1), as for any arbitrarily chosen �1 ∈
{� j} j=1,...,J , P (�1) =1 z1 and

∑J
j=1 �L̃(� j ) ∈ nZ because

of a trivial Chern class of the model (cf. Appendix H). With
this we obtain the desired relation (N1).

f. Contractible south pole preimages do not modify
relation modulo n

To finish the proof of the Hopf-RTP relation we need to
take into account other possible preimages of the south pole,
that form contractible loops. There are two types of such
preimages. (i) A closed loop at a generic position in the BZ
that is repeated n times due to Cn symmetry [cf. Fig. 22(a) for a
P4 illustration]. (ii) A closed loop that encircles a Cm-invariant
line in the BZ. This loop must appear in n/m copies and has a
Cm-symmetric shape [cf. Fig. 22(b) for a P4 illustration].

Both types of preimages modify the Hopf-RTP relation
only by multiples of n. (i) Assume that a closed loop carries
a Chern number C′. Since the loops appear as n copies in the
BZ, each copy carries the same Chern number C′ and together
they contribute to the Hopf invariant nC′, which does not mod-
ify the relation modulo n. (ii) To determine the contribution
to the Hopf invariant from each of the n/m copies of loops
we consider preimages of the north pole of the 2-sphere [cf.
Fig. 22(c)]. These preimages also come in n Cn-related copies
and if one of them happens to be linked with a component of
the preimage of the south pole, the m Cm-related copies of it
will also be linked with the same component [cf. Fig. 22(b)].
Since the Hopf invariant can alternatively be calculated as
the number of links between preimages of two points on the
2-sphere, we can conclude that each of n/m loops contributes
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mZ value to the Hopf invariant. Therefore all loops in total
contribute nZ and do not modify the relation modulo n.

We conclude that we considered contributions of all possi-
ble preimages of the south pole to the Hopf invariant and it is
given by Eq. (N1) up to multiples of n.

APPENDIX O: PROOF OF CONDITIONALLY-
ROBUST SURFACE STATES

In this Appendix, we derive the constraint on energy eigen-
values, which we applied in Sec. VIII C 2 to infer the metallic
signatures at open boundaries with sharply terminated hop-
pings of RTP insulators with multiple energy bands. The first
proof we present in Appendix O 1 follows directly from spec-
tral properties of finite-dimensional, block Toepliz matrices
derived in Ref. [103], and here translated to the language of
the Bloch band theory. An alternative proof valid in the limit
of an infinite-sized lattice is provided in Appendix O 2 within
the transfer-matrix formalism, with certain restrictions on the
number of bands and the range of hopping.

1. Spectral bounds for block Toeplitz matrices

Theorem P.1. Consider a one-dimensional Nb-band model
with a momentum-space Bloch Hamiltonian h(k). For the
purpose of this Appendix we adopt the periodic convention,
h(k) = h(k + 2π ). We use Ea(k) to denote the eigenvalues of
the Hamiltonian, where a ∈ {1, . . . ,Nb} is the band index and
k ∈ [−π,+π ] is the momentum in the first Brillouin zone.
We define the spectral bounds of the bulk Hamiltonian as

Emin = sup{E ∈ R | ∀a, k : Emin � Ea(k)}, (O1)

Emax = inf{E ∈ R | ∀a, k : Emin � Ea(k)}. (O2)

Let further λ be an eigenvalue of a finite chain with open
boundaries, with N unit cells, and with sharply terminated
hopping. We claim that λ is constrained by the same bounds:

Emin � λ � Emax. (O3)

In other words, in the presence of the sharp boundary con-
dition there cannot be an edge state lying outside the energy
range set by the bulk states.

Remark. In a physical setting, we usually assume h(k) to
be a smooth function that obeys the global spectral bound at
every k. However, for the purpose of the proof, we only need
to assume that h(k) is L1-integrable (possibly discontinuous)
and that it obeys the spectral bound in Eqs. (O1) and (O2) at
almost every momentum k.

Proof. For each r ∈ Z, we define the Nb × Nb matrix

Tr = 1

2π

∫ +π

−π

dk e−irkh(k), (O4)

which in the physical setting encodes the hopping amplitude
between each pair of orbitals separated by r unit cells. More
generally, the matrices {Tr}r∈Z are all well-defined if h(k) is
L1-integrable. The Hamiltonian of the finite chain withN unit
cells and with the sharp boundary condition is then given by

the block Toeplitz matrix

HN =

⎛⎜⎜⎜⎜⎝
T0 T1 · · · TN−1

T−1 T0
. . .

...

...
. . .

. . . T1

T−1+N · · · T−1 T0

⎞⎟⎟⎟⎟⎠, (O5)

i.e., with the block structure (HN ) j, j′ = T j′− j .
Let further ψ (N ) = (ψ (N )

1 , ψ
(N )
2 , . . . , ψ

(N )
N )� be an arbi-

trary eigenstate of the Hamiltonian in Eq. (O5) with eigen-
value λ, i.e.,HNψ (N ) = λψ (N ), where each of {ψ (N )

j }Nj=1 is an
Nb-component vector of amplitudes of the eigenvector within
the jth unit cell. We know that eigenstates of finite Hermitian
matrices, such as the Hamiltonian in Eq. (O5), have finite L2

norm that can be rescaled to unity, i.e.,

‖ψ (N )‖2 =
N∑

j=1

∥∥ψ (N )
j

∥∥2 =
N∑

j=1

Nb∑
a=1

∣∣ψ (N )
j,a

∣∣2 = 1, (O6)

where {ψ (N )
j,a }Nb

a=1 are the components of the wave function
within jth unit cell.

We introduce the function

v(N )(k) =
N∑

j=1

e−i jkψ
(N )
j . (O7)

The function v(N )(k) at momenta k = 2πα
N , α ∈ Z can be

interpreted as the Fourier transform of the wave function
ψ (N ). Nevertheless, we here mean to define v(N )(k) for all
k ∈ [−π,+π ]. Since the sum in Eq. (O7) is finite and the
summands are bounded by the norm in Eq. (O6), one finds that
v(N )(k) is also a bounded function, thus one does not have to
worry about potential divergences. In fact, one can explicitly
derive that

‖v(N )‖2 ≡ 1

2π

∫ +π

−π

dk [v(N )(k)]† · v(N )(k)

= 1

2π

N∑
j, j′=1

[
ψ

(N )
j

]† · ψ (N )
j′

∫ +π

−π

dk ei( j− j′ )k

=
N∑

j=1

[
ψ

(N )
j

]† · ψ (N )
j ≡ ‖ψ (N )‖2, (O8)

which is similar to the Parseval’s identity (a remark on this is
added below the proof). We limit our attention to normalized
states, ‖ψ‖2 = ‖v‖2 = 1.

We proceed to study the expression

λ = [ψ (N )]†HNψ (N ) (O5)=
N∑

j, j′=1

[
ψ

(N )
j

]† · (HN ) j, j′ · ψ (N )
j′

(O4)= 1

2π

∫ +π

−π

dk
N∑

j, j′=1

ei( j− j′ )k[ψ (N )
j

]† · h(k) · ψ (N )
j′

(O7)= 1

2π

∫ +π

−π

dk [v(N )(k)]† · h(k) · v(N )(k). (O9)

Note that the last expression in Eq. (O9) is a weighted (over
k) expectation value of operator h(k) for the vector v(N )(k),
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which we expect to be bounded by the values in Eqs. (O1) and
(O2). To explicitly verify this, we decompose v(N )(k) into the
complete basis of orthonormal eigenstates {ua(k)}Nb

a=1 of h(k)
at each k, i.e.,

v(N )(k) =
Nb∑

a=1

c(N )
a (k)ua(k). (O10)

From Eq. (O8), we obtain a constraint on the coefficient func-
tions ca(k), namely,

1 = ‖v(N )‖2

= 1

2π

∫ +π

−π

dk
Nb∑

a,a′=1

[
c(N )

a (k)
]∗

c(N )
a′ (k)u†

a(k) · ua′ (k)

= 1

2π

∫ +π

−π

Nb∑
a=1

∣∣c(N )
a (k)

∣∣2, (O11)

where ∗ denotes complex conjugation. We therefore manipu-
late the last expression in Eq. (O9) as

(O9) = 1

2π

∫ +π

−π

dk

×
Nb∑

a,a′=1

[
c(N )

a (k)
]∗

c(N )
a′ (k)u†

a(k) · h(k) · ua′ (k)

= 1

2π

∫ +π

−π

dk
Nb∑

a=1

∣∣c(N )
a (k)

∣∣2Ea(k)

(O1)
� 1

2π

∫ +π

−π

dk
Nb∑

a=1

∣∣c(N )
a (k)

∣∣2Emin
(O11)= Emin. (O12)

Thus Eqs. (O9) and (O12) together constitute the first inequal-
ity in Eq. (O3). The complementary part of Eq. (O3) follows
from utilizing in the last line of Eq. (O12) the inequality in
Eq. (O2). This completes the proof of the spectral bound for
any finite (but arbitrarily large) system size N . �

Before proceeding with alternative insights into the spec-
tral bounds for block Toeplitz matrices, let us briefly clarify
why the above proof does not generalize to a semi-infinite
chain of unit cells. The crucial complication is that for infinite-
dimensional Hermitian operators there are eigenstates that do
not have a well-defined L2 norm. Examples include plane
waves of an infinite chain of unit cells with no boundaries,
and also the bulk states of a semi-infinite chain which arise in
the presently discussed context. As a consequence, the limit
limN→∞ v(N )(k) defined in Eq. (O7) may be nonanalytic,
and the manipulations in Eqs. (O8)–(O12) become ill-defined.
However, if one assumes that ψ j in Eq. (O7) exponentially
decays for large | j|, then one can take the limitN →∞while
keeping v(k) analytic, and the above proof does indeed carry
forward to a semi-infinite chain. Exponential decay of wave
functions in the “forbidden” energy range is best illustrated
by the transfer-matrix formalism [104], which is elaborated
next.

2. Spectral bounds from transfer matrix formalism

The following proof applies to a semi-infinite chain of unit
cells with one edge, and manifests a new principle that is
not present in the previous proof. Namely, suppose an energy
eigenstate satisfies (i) the sharp boundary condition, and (ii)
has energy outside the energy bounds of an infinite chain
without edges [cf. Eqs. (O1) and (O2)]; then the eigenstate
amplitude grows exponentially away from the chain edge,
and is therefore not L2-normalizable. We will demonstrate
this principle, and also prove the spectral bound under sharp
boundary conditions, with the simplifying assumption of a
one-band Hamiltonian with nearest-neighbor hopping matrix
elements.

Let us denote the wave function on a chain by ψ j , with
j = 1, 2, . . . taking any positive-integer values denoting the
coordinate of each “site” on a chain. With only nearest-
neighbor hoppings given by complex matrix element b and an
on-site potential with real matrix element a, the eigenproblem
to solve is

b̄ψ j−1 + bψ j+1 = (E − a)ψ j (O13)

for j � 2, with the sharp boundary condition imposed by

bψ2 = (E − a)ψ1. (O14)

Without loss of generality, one can (1) redefine the origin on
the energy axis to remove a from Eqs. (O13) and (O14), then
(2) perform a j-dependent phase transformation of ψ j such
that b becomes real, and finally (3) rescale the Hamiltonian by
a multiplicative constant such that b = 1. Then Eq. (O13) can
be transformed to(
ψ j+1

ψ j+2

)
= T

(
ψ j−1

ψ j

)
, T (E ) =

(−1 E

−E E2 − 1

)
, (O15)

with T the transfer matrix relating the wave functions across
any four adjacent sites (not including the first two). The trans-
fer matrix has eigenvalues

λ±(E ) = −1 + E2

2
±
√

E4

4
− E2, λ+λ− = 1. (O16)

The last equality follows from T having unit determinant,
which is a general property of transfer matrices [104].

For E2 < 4, λ±(E ) = e±i2k(E ) with k(E ) a real number
determined by E = 2 cos(k). Generally, unimodular eigenval-
ues of the transfer matrix translate to Hamiltonian eigenstates
whose wave functions (on two sites) are invariant (in am-
plitude) upon repeated application of the transfer matrix,
meaning that these are extended, Bloch-wave states. For our
model, λ±(E ) is simply the phase factor acquired by translat-
ing a plane wave with wave number k(E ) by two sites.

For E2 = 4, the transfer matrix has an eigenvalue degener-
acy: λ± = 1. Introducing a small parameter δ in E = η2 +
δ/4 with η = ±1, one finds λ± = 1 ±√

ηδ + O(δ). Thus
tuning δ across zero (a branch point) changes λ+ from a
unimodular phase factor to a real number that is larger than
one, and λ− into a real number less than one. In fact, since
(E4/4 − E2) is a monotone-increasing function of |E | for
E2 > 4, it follows that λ+ is also monotone-increasing in |E |
for E2 > 4. Combining this fact with our constraint λ+λ− =
1, one finds λ− is monotone-decreasing in |E | but remains
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positive for any finite E . Thus it may be concluded for E2 > 4
that λ+ > 1 and 0 � λ− < 1. For what follows, it is useful to
record the left eigenvectors of the transfer matrix correspond-
ing to λ±:

φL
± =

(
−E2

2
±
√

E4

4
− E2,E

)
, (O17)

with the right eigenvectors φR
± satisfying the bi-

orthonormality conditions: φL
± · φR

± = 1 and φL
∓ · φR

± = 0.
(We use “·” to denote the inner product of a two-element row
vector with a two-element column vector.)

Let us study whether a wave function satisfying the sharp
boundary condition can be normalized. The wave function
on the first two sites is constrained by the sharp boundary
condition of Eq. (O14) as ψ2 = Eψ1. Let us express the wave
function on the first two sites as a linear combination of right
eigenvectors of the transfer matrix:(

ψ1

ψ2

)
= c+φR

+ + c−φR
−. (O18)

The complex coefficient c+ is determined by utilizing the
biorthonormality condition:

c+ = φL
+ ·
(
ψ1

ψ2

)
=
(

E2

2
+ 1

2

√
E4 − 4E2

)
ψ1 �= 0. (O19)

Since the bracketed term is strictly positive for E2 > 4, one
deduces c+ �= 0 (c− is obtained analogously, but its value is
less important for our purposes). It follows that applying the
transfer matrix r times to the wave function on the first two
sites:(

ψ1+2r

ψ2+2r

)
= T r

(
ψ1

ψ2

)
= c+(λ+)rφR

+ + c−(λ−)rφR
− (O20)

gives a wave function that is exponentially growing as erlnλ+

as one moves away for the chain edge ( j = 1). The desired
conclusion, then, is that there exists no normalizable Hamilto-
nian eigenstate (under sharp boundary conditions) outside the
energy interval [−2, 2], this interval being the energy band of
extended Hamiltonian eigenstates for an infinite chain without
edges.

To briefly rationalize why this proof works, observe that
the transfer-matrix eigenvalue |λ+| and coefficient |c+| [cf.
Eq. (O19)] being monotone-increasing functions of |E | is
special: it requires that there is a single dominant energy
scale in the problem. We mean that the energy E (where one
considers a sharp boundary state) is dominant over all other
relevant energy scales in the Hamiltonian; in this model, the
hopping parameter b = 1 gives the only other (unit) energy
scale to compare with E . (The on-site energy a is irrelevant.)
The existence of a single energy scale for sufficiently large
|E | is of course also true for Hamiltonians with more bands
and longer-ranged hoppings, and for this reason we expect
our transfer-matrix proof of spectral bounds will generalize.
We leave this to future investigations.

Finally, it is worth remarking that with two or more en-
ergetically separated bulk bands, there are clearly multiple,
competing energy scales when E lies within a bulk band gap,

and our argument breaks down, admitting the possibility of
surface states under sharp boundary conditions.

APPENDIX P: INCOMPATIBILITY CRITERION
FOR THE HOPF INVARIANT

We show that a nontrivial Hopf invariant is incompatible
with certain crystallographic space-time symmetries, as sum-
marized by the following criterion:

Hopf incompatibility criterion. Let u(k) be a nondegenerate
energy band of a tight-binding Hamiltonian with the symme-
try of a symmorphic magnetic space group G in three spatial
dimensions. Assuming u(k) has trivial first Chern class on all
planes, the Hopf invariant [cf. Eq. (29)] of band u(k) vanishes
if G contains either of these elements: (i) an element that
inverts the arrow of time but preserves the orientation of space
or (ii) an element that preserves the arrow of time but inverts
the orientation of space.

In the following, we first provide an intuitive understanding
of this criterion in Appendix P 1. After that we proceed to
formally prove the criterion in Appendix P 2.

1. Intuitive understanding of the criterion

The incompatibility criterion for a nontrivial Hopf in-
variant can intuitively be understood in the following way.
Since the Berry connection A(k) forms part of the matrix
elements of the position operator in the basis of Bloch func-
tions [105], A transforms under spatial symmetries like a
vector, and is moreover even under time reversal. (There is
a separate gauge-dependent component of A that does not
transform as a vector, but this component vanishes when
integrated over the Brillouin zone, owing to the triviality
of the first Chern class.) Likewise, the curvature F (k) =
∇k ×A transforms like a pseudovector that is odd under
time reversal [106]. In combination, F ·A transforms as a
pseudoscalar that is odd under time reversal, and therefore its
integral over the BZ vanishes. The Hopf incompatibility crite-
rion is a straightforward consequence of these transformation
properties.

In the following, we provide some clarifying remarks.
(a) We restrict the above criterion to symmorphic magnetic

space groups G, because to our knowledge there exists no
unit-rank band in a nonsymmorphic space group. (For a band
whose projector is periodic and analytic in k throughout the
BZ, the rank of a band is the number of linearly indepen-
dent Bloch functions at every k, e.g., the Hopf-insulating
conduction and valence bands each has unit rank.) For non-
symmorphic space groups with a nonsymmorphic symmetry
element (screw or glide), the nonexistence of unit-rank bands
has been proven.91 For nonsymmorphic space groups with-
out a nonsymmorphic element, the nonexistence of unit-rank
bands has not been generally proven, though this seems empir-
ically to be true for a wide variety of space groups [108–110].

(b) Possible magnetic space groups G which are not ruled
out by the Hopf incompatibility criterion are restricted to Type

91For band representations, this has been proven by Michel and
Zak [107]; more generally, this has been proven in Supplementary
Material of Ref. [66].
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I (colorless groups) derived from chiral nonmagnetic space
groups, and to Type III (black-and-white groups with ordinary
Bravais lattice) with symmetry elements that include space
inversion and time reversal only in combination.

(c) The criterion is valid for both integer-spin and half-
integer-spin energy bands. This suggests that a Hopf insulator
can be sought in electronic systems with and without spin-
orbit coupling as well as in bosonic metamaterials.

(d) Finally, let us note that the presented proof of the
incompatibility criterion explicitly assumes vanishing Cher
numbers, and does not generalize to the case of Hopf-Chern
insulators with nonvanishing Chern numbers.

2. Formal proof of the Hopf incompatibility criterion

In order to prove the incompatibility criterion formu-
lated at the beginning of this Appendix, we assume that the
tight-binding Hamiltonian has exponentially decaying matrix
elements in real space, and therefore the Fourier transform of
the Hamiltonian is an analytic function of k throughout the
Brillouin zone (BZ).

To prove the criterion, we need to address the transforma-
tion ofA(k) under a symmetry g ∈ G:

A(sgǧk) = ǧA(k) + sgǧ∇kβg, (P1)

where sg = ±1 indicates the reversal of time, and ǧ ∈ O(3)
is the matrix representation of g ∈ G acting on spatial coordi-
nates. The second term on the right-hand side of Eq. (P1) is
derived from the symmetry constraint between tight-binding
wave functions at symmetry-related momenta k ↔ sgǧk,

Rgu(k) = eiβg(k)u(sgǧk), (P2)

where Rg is a matrix representation of g that is antiunitary
if g inverts time, and unitary otherwise. Crucially, the U(1)
phase βg(k) in Eq. (P2) encodes the change of the Wannier-
center position due to g [35] and cannot generally be made
k-independent [19,111]. On the other hand, the transformation
of the curvature does not involve βg and is exactly as claimed
in the intuitive argument from Appendix P 1,

F (sgǧk) = sg det[ǧ] ǧF (k). (P3)

Combining Eq. (P1) with Eq. (P3), we derive that the Hopf
invariant is proportional to∫

dkF ·A∣∣k = ∫ dkF ·A∣∣sgǧk

= sg det[ǧ]
∫

dkF ·A∣∣k + det[ǧ]
∫

dkF · ∇kβg, (P4)

where the first step corresponds to a change of coordinates,
and in the second step we used the invariance of the dot
product under rotations.

Next we would like to prove that the last term in this
expression vanishes. Having trivial first Chern class means
that u(k) can be made an analytic and periodic function of k
throughout the BZ [56]. Applying these properties to Eq. (P2),
we deduce that the phase factor eiβg(k) can also be made ana-
lytic and periodic. The phase βg is then also analytic, but can
in principle wind by integer multiples of 2π if k is advanced
by a reciprocal vector G. Without loss of generality, we may
separate βg(k) = β̃g(k) + k · Rg into a periodic component
[β̃g(k) = β̃g(k + G)] and a winding component, with Rg a
k-independent Bravais-lattice vector.

The term in Eq. (P4) that is proportional to β̃g may be
expressed via Leibniz rule as∫

dkF · ∇kβ̃g =
∫

dk∇k · (β̃gF ) −
∫

dkβg∇k · F ; (P5)

the first term on the right-hand side is seen to vanish by
applying Stoke’s theorem and the periodicity of both β̃g and
F ; the second term on the right-hand side vanishes because
the curvature is generally divergence-free for a nondegenerate
energy band of a tight-binding Hamiltonian (assumed to be
analytic in k). Similarly, the winding component of βg leads
to a term in Eq. (P4) that is proportional to

∫
dkF · Rg, with

Rg that is k-independent. This quantity vanishes because the
first Chern number has been assumed to vanish on any 2D cut
of the BZ. Equation (P4) therefore reduces to

χ = sg det[ǧ]χ, (P6)

implying that χ transforms as a pseudoscalar that is odd
under time reversal and therefore vanishes if sg det[ǧ] = −1
for some g ∈ G.
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[84] P. Hořava, Stability of Fermi surfaces and K theory, Phys. Rev.
Lett. 95, 016405 (2005).

[85] A. Hatcher, Algebraic Topology (Cambridge University Press,
Cambridge, 2002).

[86] A. Alexandradinata, C. Wang, W. Duan, and L. Glazman,
Revealing the Topology of Fermi-Surface Wave Functions
from Magnetic Quantum Oscillations, Phys. Rev. X 8, 011027
(2018).

[87] M. Atala, M. Aidelsburger, J. T. Barreiro, D. Abanin, T.
Kitagawa, E. Demler, and I. Bloch, Direct measurement of
the Zak phase in topological Bloch bands, Nat. Phys. 9, 795
(2013).

[88] T. Schuster, F. Flicker, M. Li, S. Kotochigova, J. E. Moore,
J. Ye, and N. Y. Yao, Floquet engineering ultracold polar
molecules to simulate topological insulators, Phys. Rev. A
103, 063322 (2021).

[89] H. Zhang, C.-X. Liu, X.-L. Qi, X. Dai, Z. Fang, and S.-C.
Zhang, Topological insulators in Bi2 Se3, Bi2 Te3 and Sb2 Te3

with a single Dirac cone on the surface, Nat. Phys. 5, 438
(2009).

[90] H.-J. Zhang, C.-X. Liu, X.-L. Qi, X.-Y. Deng, X. Dai, S.-C.
Zhang, and Z. Fang, Electronic structures and surface states
of topological insulator Bi1−x Sbx , Phys. Rev. B 80, 085307
(2009).

[91] S. Park, Y. Hwang, H. C. Choi, and B.-J. Yang, Topological
acoustic triple point, Nat. Commun. 12, 6781 (2021).

[92] G. Xu, H. Weng, Z. Wang, X. Dai, and Z. Fang, Chern
Semimetal and the Quantized Anomalous Hall Effect in
HgCr2Se4, Phys. Rev. Lett. 107, 186806 (2011).

[93] A. Bouhon, Q. Wu, R.-J. Slager, H. Weng, O. V. Yazyev, and
T. Bzdušek, Non-Abelian reciprocal braiding of Weyl nodes
and its manifestation in ZrTe, Nat. Phys. 16, 1137 (2020).

[94] Q. Wu, A. A. Soluyanov, and T. Bzdušek, Non-Abelian
band topology in noninteracting metals, Science 365, 1273
(2019).

[95] T. Li, L. Duca, M. Reitter, F. Grusdt, E. Demler, M.
Endres, M. Schleier-Smith, I. Bloch, and U. Schneider, Bloch
state tomography using wilson lines, Science 352, 1094
(2016).

[96] C. D. Brown, S.-W. Chang, M. N. Schwarz, T.-H. Leung,
V. Kozii, A. Avdoshkin, J. E. Moore, and D. Stamper-Kurn,
Direct geometric probe of singularities in band structure,
arXiv:2109.03354.

[97] J. Zak, Band Center—A Conserved Quantity in Solids,
Phys. Rev. Lett. 48, 359 (1982).

075124-83

https://doi.org/10.1007/s11005-017-1029-9
https://doi.org/10.2307/1970191
https://doi.org/10.1103/PhysRevB.56.12847
https://doi.org/10.1103/PhysRevLett.107.036601
https://doi.org/10.1103/PhysRevX.6.021008
https://doi.org/10.1109/TIT.2017.2676808
https://doi.org/10.1103/PhysRevLett.119.246402
https://doi.org/10.1103/PhysRevB.103.014417
https://doi.org/10.1103/PhysRevResearch.3.033045
https://doi.org/10.1103/PhysRevB.98.024310
https://doi.org/10.1103/PhysRevB.98.115108
https://doi.org/10.1016/j.geomphys.2014.07.036
https://en.wikipedia.org/w/index.php?title=Quotient_space_(topology)&oldid=1053106154
https://doi.org/10.1103/PhysRevB.101.195130
https://doi.org/10.1107/S1600576717011712
https://doi.org/10.1016/j.crhy.2013.09.013
https://doi.org/10.1007/s00023-013-0236-x
http://arxiv.org/abs/arXiv:2206.04858
https://doi.org/10.1103/PhysRevB.92.205307
https://doi.org/10.1103/PhysRevB.104.L201114
https://doi.org/10.1103/PhysRevB.84.235126
https://doi.org/10.1103/PhysRevB.83.205101
https://doi.org/10.1098/rspa.1984.0023
https://doi.org/10.1103/PhysRevLett.121.106402
https://doi.org/10.1103/PhysRevLett.118.016401
https://doi.org/10.1103/PhysRevLett.95.016405
https://doi.org/10.1103/PhysRevX.8.011027
https://doi.org/10.1038/nphys2790
https://doi.org/10.1103/PhysRevA.103.063322
https://doi.org/10.1038/nphys1270
https://doi.org/10.1103/PhysRevB.80.085307
https://doi.org/10.1038/s41467-021-27158-y
https://doi.org/10.1103/PhysRevLett.107.186806
https://doi.org/10.1038/s41567-020-0967-9
https://doi.org/10.1126/science.aau8740
https://doi.org/10.1126/science.aad5812
http://arxiv.org/abs/arXiv:2109.03354
https://doi.org/10.1103/PhysRevLett.48.359


ALEKSANDRA NELSON et al. PHYSICAL REVIEW B 106, 075124 (2022)

[98] D. Xiao, M.-C. Chang, and Q. Niu, Berry phase effects on
electronic properties, Rev. Mod. Phys. 82, 1959 (2010).

[99] M. Fecko, Differential Geometry and Lie Groups for Physicists
(Cambridge University Press, Cambridge, 2006).

[100] M. Nakahara, Geometry, Topology, and Physics (A. Hilger,
1990).

[101] L. Trifunovic, Bulk-and-edge to corner correspondence,
Phys. Rev. Research 2, 043012 (2020).

[102] J. Baez and J. P. Muniain, Gauge Fields, Knots and Gravity
(World Scientific, Hackensack, NJ, 1994).

[103] M. Miranda and P. Tilli, Asymptotic spectra of Hermitian
block Toeplitz matrices and preconditioning results, SIAM J.
Matrix Anal. Appl. 21, 867 (2000).

[104] D. H. Lee and J. D. Joannopoulos, Simple scheme for surface-
band calculations. I, Phys. Rev. B 23, 4988 (1981).

[105] E. I. Blount, in Solid State Physics, edited by F. Seitz and D.
Turnbull (Academic Press, New York, 1962), Vol. 13.

[106] A. Alexandradinata and L. Glazman, Semiclassical theory of
Landau levels and magnetic breakdown in topological metals,
Phys. Rev. B 97, 144422 (2018).

[107] L. Michel and J. Zak, Connectivity of energy bands in crystals,
Phys. Rev. B 59, 5998 (1999).

[108] H. Watanabe, H. C. Po, and A. Vishwanath, Structure and
topology of band structures in the 1651 magnetic space
groups, Sci. Adv. 4, eaat8685 (2018).

[109] S. A. Parameswaran, Topological order and absence of
band insulators at integer filling in non-symmorphic crystals,
Nat. Phys. 9, 299 (2013).

[110] H. C. Po, H. Watanabe, M. P. Zaletel, and A. Vishwanath,
Filling-enforced quantum band insulators in spin-orbit cou-
pled crystals, Sci. Adv. 2, e1501782 (2016).

[111] T. L. Hughes, E. Prodan, and B. A. Bernevig, Inversion
symmetric topological insulators, Phys. Rev. B 83, 245132
(2011).

075124-84

https://doi.org/10.1103/RevModPhys.82.1959
https://doi.org/10.1103/PhysRevResearch.2.043012
https://doi.org/10.1137/S0895479896313036
https://doi.org/10.1103/PhysRevB.23.4988
https://doi.org/10.1103/PhysRevB.97.144422
https://doi.org/10.1103/PhysRevB.59.5998
https://doi.org/10.1126/sciadv.aat8685
https://doi.org/10.1038/nphys2600
https://doi.org/10.1126/sciadv.1501782
https://doi.org/10.1103/PhysRevB.83.245132

