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The associated production of a Higgs boson with a top-antitop quark pair is a crucial process at the LHC
since it allows for a direct measurement of the top-quark Yukawa coupling. We present the computation of
the radiative corrections to this process at the next-to-next-to-leading order (NNLO) in QCD perturbation
theory. This is the very first computation for a 2 → 3 process with massive colored particles at this
perturbative order. We develop a soft Higgs boson approximation for loop amplitudes, which enables us to
reliably quantify the impact of the yet unknown two-loop contribution. At the center-of-mass energyffiffiffi
s

p ¼ 13 TeV, the NNLO corrections increase the next-to-leading order result for the total cross section by
about 4% and lead to a significant reduction of perturbative uncertainties.
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Introduction.—About ten years ago, the ATLAS and
CMS Collaborations announced the discovery of a scalar
resonance [1,2] whose properties resembled those expected
for the Higgs boson predicted by the standard model (SM).
By now, the experimental data have significantly sharpened
this picture by assembling information from different pro-
duction and decay channels, and a framework of Higgs
boson interactions has emerged that is fully consistent with
the SM hypothesis [3,4].
Since the Higgs boson couplings to SM particles are

proportional to their masses, a special role is played by the
coupling to the top quark. The observation of Higgs boson
production in association with a top-antitop quark pair
was reported by the ATLAS and CMS Collaborations
in 2018 [5,6]. This production mode allows for a direct
measurement of the top-quark Yukawa coupling. Any
deviation from the SM prediction would be a signal of
new physics. At present, ATLAS and CMS measure the
signal strength in this channel to an accuracy of Oð20%Þ,
but at the end of the high-luminosity phase the uncertainties
are expected to reach the Oð2%Þ level [7].

The first theoretical studies of the hadroproduction of a
top-antitop quark pair and a Higgs boson (tt̄H) in the SM
were carried out in Refs. [8,9] at leading order (LO) in
QCD perturbation theory and in Refs. [10–15] at next-to-
leading order (NLO). NLO electroweak (EW) corrections
were reported in Refs. [16–18]. The resummation of soft-
gluon contributions close to the partonic threshold was
considered in Refs. [19–25]. Full off-shell calculations with
decaying top quarks were presented at NLO QCD [26] and
NLO QCDþ EW [27]. The current theoretical uncertain-
ties of the tt̄H cross section are at the Oð10%Þ level [28].
To match the experimental precision expected at the end of
the high-luminosity phase of the LHC, next-to-next-to-
leading order (NNLO) predictions in QCD perturbation
theory are indispensable.
The NNLO calculation of tt̄H production requires the

evaluation of tree-level contributions with two additional
unresolved partons in the final state, of one-loop contri-
butions with one unresolved parton, and of purely virtual
contributions. The required tree-level and one-loop scatter-
ing amplitudes can nowadays be evaluated with automated
tools. The two-loop amplitude for tt̄H production is not
known and its computation is at the frontier of current
possibilities [29,30].
Even with all the required amplitudes available, their

implementation in a complete NNLO calculation is a
difficult task because of the presence of infrared (IR)
divergences at intermediate stages of the calculation.
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Various methods have been proposed and used to overcome
these difficulties at the NNLO level (see Refs. [29,31–33]
and references therein).
In this Letter, we will use the transverse-momentum (qT)

subtraction method [34]. The method uses IR subtraction
counterterms that are constructed by considering the qT
distribution of the produced final-state system in the limit
qT → 0 [35–38]. Originally developed for the production
of a color singlet, the method has been extended to heavy-
quark production and applied to the NNLO computations
of top- and bottom-quark pair production [39–42].
The production of a heavy-quark pair accompanied by a

colorless particle does not pose any additional conceptual
complications in the context of the qT subtraction formal-
ism. However, its implementation requires the computation
of appropriate soft-parton contributions. The results of this
computation at NLO and, partly, at NNLO were presented
in Ref. [43], and the evaluation of the NNLO soft terms
has been subsequently completed [44,45]. Following the
NNLO computation of the off-diagonal partonic channels
[43], in this Letter, we present the NNLO result for tt̄H
production including all the partonic channels. The two-
loop amplitudes are not yet known, and we evaluate them
by developing and using a soft Higgs boson approximation.
As we will show, this approximation allows us to obtain the
NNLO corrections with very small residual uncertainties.
The calculation.—We consider the process

cðp1Þ þ c̄ðp2Þ → tðp3Þ þ t̄ðp4Þ þHðkÞ; c ¼ q; q̄; g;

ð1Þ

where the collision of the massless partons of flavors c
and c̄ and momenta p1 and p2 produces a top-antitop quark
pair of momenta p3 and p4 and a Higgs boson with
momentum k. We denote the pole masses of the top quark
and the Higgs boson by mt and mH, respectively.
The renormalized all-order scattering amplitude for the

process in Eq. (1) is denoted as Mðfpig; kÞ. In the limit in
which the Higgs boson becomes soft (k → 0), Mðfpig; kÞ
fulfils the following factorization formula:

Mðfpig; kÞ ≃ F

�
αSðμRÞ;

mt

μR

�
mt

v

X
i¼3;4

mt

pi · k
MðfpigÞ;

ð2Þ

where v ¼ ð ffiffiffi
2

p
GFÞ−1=2 ¼ 246.22 GeV and MðfpigÞ is

the amplitude in which the Higgs boson has been removed.
Details on the derivation of Eq. (2) and the explicit
expression of the perturbative function FðαSðμRÞ;mt=μRÞ
at the second order in the QCD coupling αSðμRÞ can be
found in the Supplemental Material [46]. Since the virtual
amplitudes MðfpigÞ for the production of a tt̄ pair are
available up to two-loop order [47], the factorization

formula in Eq. (2) can be used to provide an approximation
of the virtual tt̄H amplitudes up to the same order.
The cross section for tt̄H production can be written as

σ ¼ σLO þ ΔσNLO þ ΔσNNLO þ � � �, where σLO is the LO
cross section, ΔσNLO is the NLO QCD correction, ΔσNNLO
is the NNLO QCD contribution, and so forth.
According to the qT subtraction formalism [34], the

differential cross section dσ can be evaluated as

dσ ¼ H ⊗ dσLO þ ½dσR − dσCT�: ð3Þ

The first term on the rhs of Eq. (3) corresponds to the
qT ¼ 0 contribution. It is obtained through a convolution,
with respect to the longitudinal-momentum fractions z1 and
z2 of the colliding partons, of the perturbative function H
with the LO cross section dσLO. The real contribution dσR
is obtained by evaluating the cross section to produce the
tt̄H system accompanied by additional QCD radiation.
When dσ is computed at NNLO, dσR contains NLO-type
singularities and can be evaluated for example by using
the dipole subtraction formalism [48–50]. The role of the
counterterm dσCT is to cancel the singular behavior of dσR
in the limit qT → 0, making the square-bracket term in
Eq. (3) finite. The explicit form of dσCT is known up to
NNLO and obtained from the perturbative expansion of
the qT resummation formula for tt̄H production [38,43].
Our computation is implemented within the MATRIX

framework [51], suitably extended to tt̄H production, along
the lines of what has been done for heavy-quark production
[40–42]. The required tree-level and one-loop amplitudes
are obtained with OPENLOOPS [52–54]. To numerically
evaluate the contribution in the square bracket of Eq. (3), a
technical cutoff rcut is introduced on the variable qT=M,
where M is the invariant mass of the tt̄H system. The final
result, which corresponds to the limit rcut → 0, is extracted
by computing the cross section at fixed values of rcut and
performing the rcut → 0 extrapolation. More details can be
found in Refs. [43,51].
We come back to the first term on the rhs of Eq. (3).

The function H can be decomposed as

H ¼ Hδð1 − z1Þδð1 − z2Þ þ δH; ð4Þ

where the hard coefficient H contains purely virtual
contributions and flavor indices are understood. More
precisely, we define

H
�
αSðμRÞ;

M
μIR

�
¼ 1þ

X∞
n¼1

�
αSðμRÞ
2π

�
n
HðnÞ

�
M
μIR

�
ð5Þ

with

HðnÞ ¼ 2Re½MðnÞ
fin ðμIR; μRÞMð0Þ��
jMð0Þj2

����
μR¼M

: ð6Þ
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Here Mð0Þ is the Born level amplitude for the cc̄ → tt̄H

process, while MðnÞ
fin are the perturbative coefficients of the

finite part MfinðμIRÞ of the renormalized virtual amplitude
after subtraction of IR singularities at the scale μIR. The
IR-finite amplitude Mfin is obtained from the all-order
renormalized virtual amplitude M as jMfinðμIRÞi ¼
Z−1ðμIRÞjMi, where ZðμIRÞ is the multiplicative factor
that removes the IR ϵ poles of the multiloop amplitude [55].
In the case of n ¼ 2, the definition ofHðnÞ in Eq. (6) allows
us to isolate the only unknown contribution to the NNLO
cross section in Eq. (3). Indeed at NNLO the square bracket
in Eq. (3) is computable for all the partonic channels, and
the other contributions, embodied in the function δHðnÞ on
the rhs of Eq. (4), are completely known. In particular, at
NNLO δH also includes the one-loop squared contribution
and the soft-parton contributions [45]. We point out that, if
all the perturbative ingredients are available, the depend-
ence on μIR exactly cancels out between H and δH
in Eq. (4).
In the following, we will use the factorization formula in

Eq. (2) to construct approximations of the coefficients Hð1Þ

andHð2Þ. To do so, we need to introduce a prescription that,
from an event containing a tt̄ pair and a Higgs boson,
defines a corresponding event in which the Higgs boson is
removed. We will use the qT recoil prescription [56], where
the momenta of the top and the antitop quark are left
unchanged and the transverse momentum of the Higgs
boson is equally reabsorbed by the initial-state partons.
This prescription is used to evaluate the tt̄ amplitudes on
the rhs of the factorization formula in Eq. (2). We also need
to define the subtraction scale μIR. In the evaluation of the
Hð1Þ and Hð2Þ contributions, the subtraction scale μIR is set
to the virtuality of the tt̄H system. In the IR subtracted tt̄
amplitudes required to evaluate the factorization formula,
we will set μIR to the virtuality of the tt̄ pair. At tree-level
and one-loop order, the tt̄ amplitudes are obtained with
OPENLOOPS [52–54], while at two-loop order we use the
results of Ref. [47].
Our numerical results are obtained for proton-proton

collisions at the center-of-mass energies between
ffiffiffi
s

p ¼ 8

and
ffiffiffi
s

p ¼ 100 TeV. We use the NNLO NNPDF31 [57]
parton distribution functions throughout, with the QCD
running coupling αS evaluated at three-loop order. The pole
mass of the top quark is mt ¼ 173.3 GeV, the Higgs
boson mass mH ¼ 125 GeV, and the Fermi constant GF ¼
1.166 39 × 10−5 GeV−2. The central values of the renorm-
alization and factorization scales μR and μF are fixed
at μR ¼ μF ¼ ð2mt þmHÞ=2.
To validate our soft Higgs boson approximation, we first

study its quality at LO. We compare the LO cross sections
σLO in the gg and qq̄ partonic channels with the corre-
sponding approximated results from the soft factorization
formula in Eq. (2). In the gg channel, the result obtained in
the soft approximation is a factor of 2.3 (2) larger than the

exact result at
ffiffiffi
s

p ¼ 13ð100Þ TeV. The situation is better
for the qq̄ channel, where the soft approximation is only a
factor 1.11 (1.06) larger than the exact result. Despite the
fact that the physical Higgs boson is far from the kine-
matical region for which Eq. (2) is derived, the soft
approximation gives the right order of magnitude of the
LO cross section.
We now move to NLO and compute the contribution

ΔσNLO;H of the coefficient Hð1Þ to the NLO correction and
its soft approximation, ΔσNLO;Hjsoft. Note that in the soft
approximation both numerator and denominator of Eq. (6)
are evaluated in the soft limit, i.e., we define

HðnÞjsoft ¼
2Re½MðnÞ

fin ðμIR; μRÞMð0Þ��soft
jMð0Þj2soft

����
μR¼M̃

; ð7Þ

where M̃ is the virtuality of the tt̄ pair. By using this
approximation, we are effectively reweighting the exact LO
cross section appearing in the first term in Eq. (3). This is
expected to be a better approximation than simply comput-
ing the numerator in the soft limit, since the effect of the
soft approximation largely cancels out in the ratio.
The results are shown in Table I for both the gg and qq̄

channels: In the gg channel, the ΔσNLO;H contribution is
underestimated in the approximation by just about 30%
on the inclusive level at both collider energies. We find
that this deviation depends only mildly on kinematic
variables, which suggests that the good agreement is not
due to some accidental cancellation between different
phase space regions. The approximation works even better
for the qq̄ channel, where the exact result is underestimated
by only 5%. The observed deviation for ΔσNLO;H can be
used as an estimate of the uncertainty in our approximation
of ΔσNNLO;H.
Our results forΔσNNLO;Hjsoft, which is the contribution of

Hð2Þ to the NNLO cross section in the soft approximation,
are reported in the last row of Table I. In the gg (qq̄)
channel, ΔσNNLO;Hjsoft is about 1% (2%–3%) of the LO
cross section. Therefore, we can anticipate that at NNLO

TABLE I. Hard contribution to the NLO and NNLO cross
sections in the soft approximation. Results are shown for the gg
and qq̄ partonic channels for

ffiffiffi
s

p ¼ 13 and
ffiffiffi
s

p ¼ 100 TeV. Exact
results at LO and NLO are shown for comparison.

ffiffiffi
s

p ¼ 13 TeV
ffiffiffi
s

p ¼ 100 TeV

σ (fb) gg qq̄ gg qq̄

σLO 261.58 129.47 23055 2323.7

ΔσNLO;H 88.62 7.826 8205 217.0
ΔσNLO;Hjsoft 61.98 7.413 5612 206.0

ΔσNNLO;Hjsoft −2.980ð3Þ 2.622(0) −239.4ð4Þ 65.45(1)
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the uncertainties due to the soft approximation will be
rather small.
We have repeated our calculation by using other variants

of the recoil prescription of Ref. [56], for example, by
reabsorbing the transverse momentum of the Higgs boson
entirely into one of the initial-state momenta: we find that
the results are very close to those obtained with the
symmetric prescription, leading to a negligible uncertainty
compared to that derived below. We have also varied the
infrared subtraction scale μIR at which the soft approxi-
mation is applied, by repeating the computation for μIR ¼
M=2 and μIR ¼ 2M while adding the exact evolution terms
from M=2 and 2M to M, respectively. The NNLO con-
tribution ΔσNNLO;Hjsoft changes by þ164%

−25% ( þ142%
−20% ) in the gg

channel and by þ4%
−0% ( þ3%

−0% ) in the qq̄ channel atffiffiffi
s

p ¼ 13ð100Þ TeV.
To provide a conservative estimate of the uncertainty, we

start from the NLO results. As discussed above, at NLO the
soft approximation underestimates ΔσNLO;H by 30% in
the gg channel and by 5% in the qq̄ channel. Therefore,
the uncertainty on ΔσNNLO;Hjsoft cannot be expected to be
smaller than these values. We multiply this uncertainty by a
tolerance factor that is chosen to be 3 for both the gg and the
qq̄ channels, taking into account the overall quality of the
approximation and the effect of the μIR variations discussed
above. To obtain the final uncertainty on the full NNLO
cross section, we linearly combine the ensuing uncertain-
ties from the gg and qq̄ channels. As we will see, the overall
uncertainty on the NNLO cross section estimated in this
way is still significantly smaller than the residual pertur-
bative uncertainties.
Results.—We are now ready to present our results for the

inclusive tt̄H cross section. In Table II, we report LO, NLO,
and NNLO cross sections. The scale uncertainties are
obtained through the customary procedure of independ-
ently varying the renormalization (μR) and factorization
(μF) scales by a factor of 2 around their central value with
the constraint 0.5 ≤ μR=μF ≤ 2. Since, as can be seen from
Table II, such scale uncertainties are highly asymmetric,
especially at NNLO, in the following we will conserva-
tively consider their symmetrized version as our estimate
of perturbative uncertainty. More precisely, we take the

maximum among the upward and downward variations,
assign it symmetrically and leave the nominal prediction
unchanged.
The errors stated in brackets at NNLO are obtained by

combining the uncertainty from the soft Higgs boson
approximation, estimated as discussed above, with the
(much smaller) systematic uncertainty from the subtraction
procedure. Comparing NLO and LO results, we see that
NLO corrections increase the LO result by 25% at

ffiffiffi
s

p ¼
13 TeV and by 44% at

ffiffiffi
s

p ¼ 100 TeV. The impact of
NNLO corrections is much smaller: they increase the
NLO result by 4% at

ffiffiffi
s

p ¼ 13 TeV and by 2% atffiffiffi
s

p ¼ 100 TeV. The NNLO contribution of the off-
diagonal channels [43] is below the per mill level atffiffiffi
s

p ¼ 13 TeV, while it amounts to about half of the
computed correction at

ffiffiffi
s

p ¼ 100 TeV. Perturbative uncer-
tainties are reduced down to the few-percent level. The
uncertainty from the soft Higgs boson approximation
amounts to about �0.6% at both values of

ffiffiffi
s

p
. We point

out that this uncertainty, although not negligible, is still
significantly smaller than the remaining perturbative
uncertainties.
In Fig. 1, we show the LO, NLO, and NNLO cross

sections and their perturbative uncertainties as functions of
the center-of-mass energy

ffiffiffi
s

p
. The lower panel illustrates

the relative impact of the NNLO corrections with respect

TABLE II. LO, NLO, and NNLO cross sections at
ffiffiffi
s

p ¼ 13

and
ffiffiffi
s

p ¼ 100 TeV. The errors stated in brackets at NNLO
combine numerical errors with the uncertainty due to the soft
Higgs boson approximation.

σ (pb)
ffiffiffi
s

p ¼ 13 TeV
ffiffiffi
s

p ¼ 100 TeV

σLO 0.3910þ31.3%
−22.2% 25.38þ21.1%

−16.0%

σNLO 0.4875þ5.6%
−9.1% 36.43þ9.4%

−8.7%

σNNLO 0.5070ð31Þþ0.9%
−3.0% 37.20ð25Þþ0.1%

−2.2%

FIG. 1. LO, NLO, and NNLO cross sections with their
perturbative uncertainties as functions of the center-of-mass
energy. The experimental results from ATLAS [3] and CMS
[4] at

ffiffiffi
s

p ¼ 13 TeV are also shown. The lower panel illustrates
the impact of NNLO corrections with respect to the NLO result.
The inner NNLO band denotes the uncertainty from the soft
approximation combined with the systematic uncertainty from
the subtraction procedure.
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to the NLO result. The inner NNLO band denotes the
combination of the uncertainty from the soft approximation
with the systematic uncertainty from the subtraction pro-
cedure. We see that NNLO corrections range from about
þ4% at low

ffiffiffi
s

p
to about þ2% at

ffiffiffi
s

p ¼ 100 TeV. The
perturbative uncertainty is reduced from �9% at NLO in
the entire range of

ffiffiffi
s

p
to �3% (�2%) at

ffiffiffi
s

p ¼ 8 TeV
(

ffiffiffi
s

p ¼ 100 TeV). We observe that the NNLO band is fully
contained within the NLO band. The experimental results
by ATLAS (Fig. 04a in the auxiliary material of Ref. [3])
and CMS [4] at

ffiffiffi
s

p ¼ 13 TeV are also shown for reference
in Fig. 1. We point out that, for a sensible comparison with
experimental data, NLO EW corrections should be con-
sidered as well. At

ffiffiffi
s

p ¼ 13 TeV, NLO EW corrections
increase the cross section by 1.7% with respect to the NLO
result [28].
Summary.—The associated production of a Higgs boson

with a top-antitop quark pair is a crucial process at hadron
colliders since it allows for a direct measurement of the top-
quark Yukawa coupling. In this Letter, we have presented
first NNLO QCD results for the tt̄H cross section in proton
collisions. The calculation is complete except for the finite
part of the two-loop virtual amplitude that is computed by
using a soft Higgs boson approximation. Such approxima-
tion is constructed by applying a soft factorization formula
that is presented here, for the first time, up to NNLO in
QCD perturbation theory. This formula will offer strong
checks of future exact computations of two-loop ampli-
tudes for processes in which a Higgs boson is produced in
association with heavy quarks. Since the quantitative
impact of the genuine two-loop contribution in our com-
putation is relatively small, our approximation allows us
to control the NNLO tt̄H cross section to better than 1%.
The NNLO corrections are moderate and range from
about þ4% at

ffiffiffi
s

p ¼ 13 TeV to þ2% at
ffiffiffi
s

p ¼ 100 TeV,
while QCD perturbative uncertainties are reduced to the
few-percent level. When combined with NLO EW
corrections, our calculation allows us to obtain the most
advanced perturbative prediction to date for the tt̄H cross
section.
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