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The average transverse energy of field emission electrons at the cathode surface is one of the key

factors that determines the virtual source size, hence the transverse spatial coherence of field

emitters. In the past, the subject has been intensively studied by classical electron optics analysis

but its wave optical studies are rare. In this work, we therefore aim to elucidate the influence of the

transverse momentum in solid on the transverse structure of the wave function of field emission

electrons. From the calculation extending the standard field emission theory within the WKB

approximation for model planar free-electron metal, we obtained a Gaussian-beam-type wave func-

tion that exhibits a minimum transverse width at the cathode surface as determined by the average

transverse energy and propagates the first few nanometers with a limited transverse spread. At far

field, the wave function spreads as the electron propagates away from the cathode surface.

Comparison with classical results indicated that, in the present planar field emitter model, the

neglect of the three-dimensional potential around the tip apexes of actual field emitters underesti-

mates the transverse spread up to a factor of 2. However, when the cathode size is finite and the

electrons in the solid are phase-coherent within the source area, the transverse spread is much

smaller than that of the point-source wave function. Our result indicates that the intrinsic transverse

emittance of a finite size fully coherent field emitter is much smaller than the value predicted by

classical analysis. Published by AIP Publishing. https://doi.org/10.1063/1.5035284

I. INTRODUCTION

Field emitters have been successfully utilized in the past

for high resolution electron microscopy and crystallogra-

phy,1–3 coherent electron imaging,4–8 as well as in wave

front control experiments9–11 by taking advantage of their

high beam brightness and the large transverse coherence

length. Because of the requirement of the high surface elec-

tric field in the order of a few GV/m, the apex radius of a

field emitter is often reduced to nanometer range. This is for

the purpose of decreasing the required voltage to practical

levels by utilizing the field enhancement at sharp protrusions.

The resulting small source size in turn has an effect to

increase the transverse spatial coherence length as the van

Cittert-Zernike theorem predicts.12 At the same time, the fact

that the physical source size of field emitters is normally

much larger than the virtual source size is well known.13–16

Experimentally, the virtual source size is evaluated from the

transverse coherence length as determined, e.g., from the

interference experiments using the electron biprism17–19 and

applying the van Cittert-Zernike theorem assuming that elec-

trons emitted from different parts of the field emitter surfaces

are uncorrelated.

As recognized in the literature of the classical electron

optics of field emitters,13,14,20–22 the small virtual source size

is partly a consequence of the curved emitter apex: when the

trajectories of field emission electrons emitted from an emit-

ter tip apex surface are extrapolated into the solid, they

converge around the center of the tip apex radius of curva-

ture, where an effective virtual source (the so-called “cross-

over”) is formed. However, even in the case of a perfectly

spherical emitter tip apex, the virtual source size is finite

since the finite transverse energy spread of the field emission

electron13,14,20–22 causes the deflection of electron trajecto-

ries from the radial surface-normal directions. The average

transverse energy is also a determinant factor of the resolu-

tion of the field emission microscope21,23 together with the

magnification and the quantum mechanical spatial uncer-

tainty of the electrons that will be increasingly important for

smaller field emitter tips.

These investigations have established the electron opti-

cal properties of field emitters that are important for several

practical applications. However, for quantitative modeling

and analysis of experiments such as the electron diffraction

of large unit cell samples (e.g., protein crystals) and coherent

imaging of specimens with finite thicknesses, it is crucial to

know the transverse structure of the wave function since the

transverse structure of the field emission electron wave func-

tion would determine the transverse spatial coherence length

of the field emission beam. The transverse structure of the

wave function also has a large impact on the recently studied

ultrafast electron dynamics at the field emitter apex, where

the large amplitude oscillating electric field of a few cycle

laser pulses induces the field emission and forced oscillation

and re-scattering at the tip apex, resulting in a rich variety of

nanoscale strong field physics.24–27 These effects might be

significantly diminished unless the transverse spread of the

wave function during the propagation near the tip apex wasa)Electronic mail: soichiro.tsujino@psi.ch
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restricted. Despite the prior success of the wave optical analy-

sis of such experiments by using the theory of the partially

coherent optical beams,28–30 experiments are often in a diode

configuration, in which electrons emitted from the cathodes

are accelerated toward the samples or anodes, hence, such

optical theory neglecting the acceleration is of limited valid-

ity. Further we note that, considering the uncertainty relation-

ship between the position and the momentum in the transverse

direction, we anticipate for a point source field emitter that the

electron wave function has a finite transverse spread r0 in the

order of ��h/pt, where �h¼ h/2p (h is the Planck’s constant)

and pt is the average transverse momentum as given by the

average transverse energy hEti¼ pt
2/(2m). To calculate r0 as

well as the evolution of the transverse spread of the wave

function under acceleration and the wave front curvature of

the electron wave, one should study the three-dimensional

solution of the Schr€odinger equation of field emission elec-

trons in the acceleration potential from the surface of the cath-

ode. These are beyond the classical electron optics.

We note that recent advancements of the accelerator-

based high brightness X-ray sources, such as the X-ray free-

electron lasers,31–33 demand technological developments of

extremely high beam brightness cathodes, as characterized

not only by the high electron flux density but also by the

small intrinsic transverse emittance of the cathode. Such

high brightness cathodes are demanded also for ultrafast

electron diffraction experiments.34–36 Motivated by these

backgrounds, the laser-induced field emission from needle-

shaped etched wire field emitters37–39 and the surface-plas-

mon-enhanced laser-induced field emission from double-

gate metal nanotip array cathodes40–43 have been intensely

studied recently. Since the intrinsic transverse beam emit-

tance is given by the cathode size and the intrinsic transverse

beam spread is determined by the average transverse energy

of the produced electron beam,44 there is a renewed interest

in the intrinsic transverse emittance and the transverse aver-

age energy of field emission beam in particular, for accelera-

tor applications.31,45 When the field emitter is applied for

electron diffraction experiments, not only the high beam

brightness but also the long transverse coherence is impor-

tant. These two quantities are closely related as exemplified

in literature but their quantum mechanical implication is yet

to be studied.

Accordingly, the purpose of this work is to apply the

constraints of electronic states in the solid on the solution of

the Schr€odinger equation of field emission electron beam.

The result shows that the average transverse energy defines

the minimal transverse width of field emission electron beam

that is independent from the effect of the quantum confine-

ment. Recently, Edgcombe considered the transverse struc-

ture of the wave function of field emission electrons.46,47

Their solution suggests that the transverse spread of the

wave function of the field emission electron during the prop-

agation is strongly restricted. However, they did not take

into account the constraints on the possible solutions by the

limited available electronic states in the solid upon tunneling

the surface barrier. We found that this constriction should be

taken into consideration as shown below.

This article is organized as follows. In Sec. II, we first

summarize the result of the standard field emission theory

for the calculation of the current density and the average

energy spreads for completeness. Then in Sec. III, we discuss

the calculation of the wave function of the field emission

electron by extending the standard field emission theory. In

Sec. IV, we discuss the implication of the thus obtained

wave function, and finally summarize in Sec. V.

II. SUMMARYOF THE RESULTS OF THE STANDARD
FIELD EMISSION THEORY

We consider a planar metal residing in z< 0 and examine

the field emission of electrons from the metal surface at z¼ 0.

We assume that electrons in the metal are free-electron like

with the electron effective mass equal to the electron rest

mass m0, and their density is characterized by the Fermi

energy EF in the order of 5–10 eV (with the corresponding

Fermi wavelength kF equal to 5.5 and 3.9 Å at EF¼ 5 and

10 eV, respectively). We also assume that electrons are con-

fined in the metal by the surface barrier given by23,48

V zð Þ ¼ W þ EF � eU zð Þ � e2

16pe0z
; (1)

where W is the work function, U(z) is the electrostatic poten-

tial, and the last term represents the image charge effect (e is

the elementary charge and e0 is the vacuum permittivity). In

the field emission condition with W approximately equal to

4.5 eV (for molybdenum or tungsten) that we consider in the

following, U(z) � Fz with the electric field magnitude F

(>0) in the range of 1–5GV/m at very close to the field emit-

ter surface. An electron in the metal with the total energy E

(E¼ 0 coincides the conduction band bottom of the metal) is

characterized by the wave vector (kx, ky, kz), that satisfies at

zero temperature,

E ¼ �h2

2m
k2x þ k2y þ k2z

� �

� EF: (2)

We split E to the normal energy Ez¼ �h2kz
2/(2m) (the kinetic

energy in the z-direction) and the transverse energy

Et¼ �h2(kx
2þky

2)/(2m) � �h2kt
2/(2m) (the kinetic energy in the

transverse direction) where kt5 (kx, ky). V(z), E, and Ez are

all measured relative to the conduction band bottom. U(z) is

taken as zero at the emitter electrical surface at z¼ 0.

In the standard theory of the field emission,23,48–50 the

tunneling probability D through the barrier (1) calculated by

the semi-classical approximation is written as

D ¼ P Ezð Þexp �2

ðb

a

jK zð Þjdz
" #

ffi exp �G Ezð Þ½ �; (3)

where the classical turning points z¼ a and b (a< b) are

determined by V(z)¼Ez, and K(z) is the z-component of the

wave vector (z> 0)

K zð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2m

�h2
Ez � V zð Þ
� �

r

: (4)
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Inside the barrier (a< z< b), K(z) is imaginary, and it is real

in the vacuum (b< z). The pre-factor P(Ez) in (3) is

neglected in the following since it is of the order of 1 and,

comparing to the exponent term, G(Ez), its energy depen-

dence can be safely neglected when we consider the energy

dependence of D.50 The field emission current density J is

calculated by integrating the positive z-component of the

electron velocity tz (equal to �hkz/m) times the elementary

charge e weighted by D over the available electronic states

in the solid specified by (kt, kz)

J ¼ 2

ð

kz>0

dkz

2p

ð ð

dkt

2pð Þ2
f Ez þ Etð Þe�G Ezð Þ etzð Þ; (5)

where ƒ(E) is the Fermi-Dirac distribution (T is the tempera-

ture and kB is the Boltzmann constant)

f Eð Þ ¼ e E�EFð Þ= kBTð Þ þ 1
� ��1

: (6)

The average transverse energy hEti that is relevant to the intrin-

sic transverse emittance44 is given by the following average

using the integrand of (5) as the distribution function:23,51,52

hEti ¼

2

ð

kz>0

dkz

2p

ð ð

dkt

2pð Þ2
f Ez þ Etð Þe�G Ezð ÞEt

2

ð

kz>0

dkz

2p

ð ð

dkt

2pð Þ2
f Ez þ Etð Þe�G Ezð Þ

: (7)

The average energies,, hEi and hEzi, are also calculated simi-

larly to (7). In literature, hEi and hEzi are frequently defined

and calculated by using the integrand of J including tz as the

distribution function.53 Both definitions give the same result

in the present case with EF	 kBT, since tz is replaced by the

Fermi velocity and its energy dependence can be safely

neglected.

The exact analytical calculations of J and average ener-

gies are difficult, but highly accurate results are obtained for

EF	 kBT by expanding G(Ez) in Taylor series at EF and con-

sidering only the first order term; we write the first order

expansion of G(Ez) at EF as

�G Ezð Þ ¼ �GF þ Ez � EFð Þ=dF; (8)

in which the quantities GF and dF are given in literature.48,50

We reproduce those here for completeness

G EFð Þ ¼ tFG0 EFð Þ; (9)

1

dF
¼ �@G

@Ez

	

	

	

	

Ez¼EF

¼ �tF
@G0

@Ez

	

	

	

	

Ez¼EF

¼ tF
3

2

bW1=2

F
; (10)

G0 EFð Þ ¼ bW3=2

F
; (11)

tF � 1� fF þ
1

6
fF ln fF; (12)

tF ¼ tF �
4

3
fF
dtF

dfF
; (13)

fF ¼ c2F

W2
: (14)

The constants b and c in the above equations are determined

by fundamental constants as b¼ (4/3) (2m0)
1/2/(e�h)

� 6.830890 eV�3/2V nm�1 and c¼ (e3/4pe0)
1/2� 1.199985 eV

V�1/2 nm1/2.48

The quantity dF determines the range of the normal

energies closely below the Fermi energy that contributes to

the field emission current. dF varies proportional to F and is

equal to 0.13 eV for F¼ 3GV/m that is a typical F value for

field emission from a metal with W of �4.5 eV. It is much

smaller than EF (¼ 5–10 eV), hence the approximation (8) is

justified.

The field emission current density and the average ener-

gies at finite temperature are calculated as one can find in lit-

erature23,52,53 for the temperature parameter p � kBT/dF to

be smaller than �0.7 (i.e., the condition in which the therm-

ionic emission can be neglected53)

J ¼ em

2p2�h3
d2F exp �GFð Þ pp

sin pp
; (15)

hE� EFi ’ �dFu pð Þ; (16)

hEz � EFi ’ �dF 1þ u pð Þ
� �

; (17)

hEti ¼ hE� Ezi ¼ dF: (18)

In (16)–(17), the factor u(p)¼ pp cotpp shows that jhE�EFij
and jhEz�EFij increase with the increase in the temperature,

but hEti does not increase within the same approximation and

the temperature range.23

III. CALCULATION OF THE TRANSVERSE
STRUCTURE OF FIELD EMISSION ELECTRON WAVE
FUNCTION

Now we calculate the wave function of the field emission

electron beam. By w(rt, z; r
0
t), we denote the wave function of

an electron emitted from a point r0t on the emitter surface

(z¼ 0) where rt¼ (x, y) is the coordinate in the transverse direc-

tion. When electrons are emitted from an area S on the emitter

surface and they are phase-coherent, we can define the wave

function WS(rt, z) of the field emission beam emitted from S.

By definition, WS(rt, z) is given by integrating w(rt, z; r
0
t) for r

0
t

in S. To consider the general case in which electrons emitted

from the different points have different amplitudes and phases,

we introduce the amplitude AS(rt) that in general is complex.

As a result,WS(rt, z) is written as the integral over S given by

WS rt; zð Þ ¼
ð

dr0tAS r0t

 �

w rt; z; r
0
t


 �

: (19)

When electrons emitted from different points within S are

not phase-coherent, WS(rt, z) is not a well-defined quantity,

and the longitudinal propagation and the transverse coher-

ence of the beam should be analyzed, e.g., by the cross-

spectral density function of the partial coherent beam29,30

Even in such a partially coherent case, w(rt, z; r
0
t) is still a

well-defined quantity. The analysis of the partially coherent

beam is beyond the scope of the present work and we will
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consider only the fully coherent case in the following.

Because of the translational symmetry in the transverse

direction of the assumed planar cathode, w(rt, z; r
0
t) is equal

to w(rt–r
0
t, z;0). Therefore, in the following, we write for

w(rt, z;0) as w(rt, z) for simplicity. We will first calculate

w(rt, z) and consider an example of WS(rt, z).

When an electron wave in the metal with the wave vec-

tor (kt, kz) with the positive kz (kz> 0) and the unit probabil-

ity flux is incident on the surface barrier, it is mostly

reflected, and a small portion of it transmits through the sur-

face barrier with the transmission coefficient given by the

square root of D in Eq. (3). The wave function in the metal

far from the surface is assumed to be a plane wave (Fig. 1)

fin þ fr ¼
1
ffiffiffi

t
p eikt
rt eikzz þ fe�ikzz

� �

(20)

with the reflection coefficient f (jf j � 1). Equation (20) is nor-

malized for the unit electron flux and t is the velocity of the

electron. When the transverse momentum �hkt is much smaller

than the momentum �hkz in the z-direction as in the presently

considered case, t is approximately equal to the z-component

of the velocity tz ¼ �hkz/m. In (20), we omitted the contribution

of the crystal lattice on the electron wave function in the solid

by assuming the free-electron model of metal.23,47–49,51

In (20), we included the transverse plane wave

exp(ikt
rt) with the transverse wave vector kt. In the vacuum

side (z	 b), the z-dependence of the wave function propa-

gating in the positive z-direction is obtained by the Wentzel-

Kramers-Brillouin (WKB) solution.54 Here, we extend it by

multiplying the transverse plane wave exp(ikt
rt) with the

identical transverse wave vector kt specified in the wave

function inside the metal (20) as

ftr rt; zð Þ ¼
ffiffiffiffi

D
p eikt
rt

ffiffiffiffiffiffiffiffi

t zð Þ
p exp i

ð

z

b

K zð Þdz� ip

4

2

6

4

3

7

5

: (21)

The velocity t(z) is well-approximated by its z-component at

large z (	b),

t zð Þ ¼ �h

m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2x þ k2y þ K2 zð Þ
q

� �h

m
K zð Þjb�z: (22)

K(z) in (21), (22) is given in (4). We included the transverse

plane wave in (21) because the transverse momentum �hkt con-

serves upon tunneling through the surface barrier at the planar

metal surface.52 This is not the case for the momentum in the

z-direction because the tunneling barrier breaks the transla-

tional symmetry of the system in this direction. Still the proba-

bility flux in the z-direction is conserved with (21).54,55 The

lower integration limit z¼ b in the exponent of (21) is

determined here by the relation eU(b) ffi WþEF – Ez by

neglecting the image potential energy in (1). This approxima-

tion is justified since in the case of U(z) ffi Fz at z � b with

F¼ 1–5GV/m andW �4.5 eV, the image potential energy con-

tributes at most 10% near z � b and becomes smaller at z	 b.

When F is constant and the image potential energy is negligible,

the z-dependence of the vacuum-side wave function is given by

the Airy functions,46,55 and its asymptotic form agrees with

(21). The phase p/4 included in (21) is because of the phase of

the asymptotic form of the Airy function.

With these preparations, now we calculate the wave

function w(rt, z) for a field emission electron averaged over

the available electronic states weighted by the transmission

probability. For that we integrate (21) given for a specific

(kt, kz) in the solid over (kt, kz) weighted by the Fermi-Dirac

distribution and the transmission coefficient �D by the other-

wise same method to calculate (5) and (7)

w rt;zð Þ

¼

2

ð

kz>0

dkz

2p

ðð

dkt

2pð Þ2
f Ekt;kzð Þ

ffiffiffiffi

D
p eikt
rt

ffiffiffi

t
p exp i

ð

z

b

K zð Þdz� ip

4

2

6

4

3

7

5

2

ð

kz>0

dkz

2p

ðð

dkt

2pð Þ2
f Ekt;kzð Þ

ffiffiffiffi

D
p :

(23)

For simplicity, we again assume the temperature T¼ 0. The

integration of the denominator of (23) is straightforward and

is equal to

1

4p2

ffiffiffiffiffiffiffiffiffiffi

2m

�h2EF

s

e�GF=2

ð1

0

ktdkt

ð1

Et

dee�e= 2dFð Þ

¼ 1

4p2

ffiffiffiffiffiffiffiffiffiffi

2m

�h2EF

s

e�GF=2
1

2

2m

�h2

� 

2dFð Þ2; (24)

FIG. 1. The schematic energy diagram of the metal surface under the strong

electric field F. The incident wave ƒin is mostly reflected to ƒr (with the

reflection coefficient g �1) but a small fraction tunnels into ƒtr through the

barrier (with the small transmission coefficient T� 1). Note that g and T are

not to be confused with the reflection probability jgj2 and the transmission

probability D¼ jTj2. When the tunneling electron was originated from an

electronic state with the momentum (�hkt, �hkz) in the solid and the transverse

momentum �hkt is finite, all the wave functions are proportional to the plane

wave exp(ikt
rt) because of the conservation of the transverse momentum

(rt is the transverse coordinate), see the discussion related to (21–22). The

barrier of the metal surface under the field emission condition at the surface

electric field F of 5GV/m (solid line) is calculated for the work function of

4.5 eV. At z¼ aF and bF, the surface barrier is at the Fermi energy. The

dashed line shows the case when F¼ 0V/m.
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where we defined the integration variable e¼EF–Ez. To inte-

grate the numerator of (23), we first approximate the Ez-

dependence by the first order term near EF

ð

z

b

K zð Þdz ’ a zð Þ þ b zð Þ Ez � EFð Þ; (25)

a zð Þ ¼
ð

z

bF

KF zð Þdz; (26)

KF zð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2m

�h2
eU zð Þ �W
� �

r

; (27)

b zð Þ ¼ @

@Ez

ð

z

b

K zð ÞdzjEz¼EF
¼ � @

@W
a zð Þ; (28)

where bF is determined by eU(bF)¼W. By using these defi-

nitions, the integration of the numerator of (23) is calculated

as follows (J0 is the zeroth order Bessel function)

1

4p2

ffiffiffiffiffiffiffiffiffiffi

2m

�h2EF

s

e�GF=2
ei a�p=4ð Þ
ffiffiffiffiffi

tF
p

ð1

0

ktdktJ0 ktrtð Þ
ð1

Et

dee�ce

¼ 1

4p2

ffiffiffiffiffiffiffiffiffiffi

2m

�h2EF

s

e�GF=2
ei a�p=4ð Þ
ffiffiffiffiffi

tF
p

� 1

c

ð1

0

ktdktJ0 ktrtð Þe�c�h2k2t = 2mð Þ

¼ 1

4p2

ffiffiffiffiffiffiffiffiffiffi

2m

�h2EF

s

e�GF=2
ei a�p=4ð Þ
ffiffiffiffiffi

tF
p 1

c

1

2

2m

c�h2

� 

� exp � 1

4

2m

c�h2

� 

r2t

� �

: (29)

In (29), we defined

c zð Þ � 1

2dF
þ ib zð Þ: (30)

We also used the following formula56,57 to perform the

integral in the last line:
ð1

0

dxe�a2x2xJ0 bxð Þ ¼ 1

2a2
e�b2= 4a2ð Þ

(31)

with a2 taken to be equal to c�h2/(2m), and b to be equal to rt.

As a result, we obtain

w rt; zð Þ ¼
ei a�p=4ð Þ
ffiffiffiffiffi

tF
p 1

2dFcð Þ2
exp � m

2c�h2
r2t

� �

: (32)

By separating the real part and the imaginary part of c(z)

1

c zð Þ ¼ 2dF
1

1þ 4d2Fb
2 zð Þ

� 2idFb zð Þ
1þ 4d2Fb

2 zð Þ

" #

; (33)

we can rewrite (32) in a form similar to the optical Gaussian

beam by using the transverse rms beam radius r and the

wave front radius of curvature R

w rt; zð Þ ¼
ei a�p=4�2nð Þ

ffiffiffiffiffi

tF
p r20

r2
exp � r2t

2r2

� 

exp i
KFr

2
t

2R

� 

; (34)

r2 zð Þ ¼ r20 þ
1

r20

�h2b zð Þ
m

� �2

; (35)

R zð Þ ¼ KF zð Þ �h2

m
b zð Þ þ r40

�h2b zð Þ=m

" #

; (36)

r20 ¼
�h2

2mdF
; (37)

n ¼ tan�1 1

r20

�h2b

m

 !

; (38)

tF zð Þ ¼ �h

m
KF zð Þ: (39)

Since b(z) goes to zero as z approaches the metal surface, r0
in (37) determines the minimal transverse wave function

spread at the metal surface. By utilizing the cylindrical sym-

metry of the system along the beam axis and noting the fact

that for emitted electrons

hEti ¼
�

1

2m
�h2k2x þ �h2k2y

� �

�

¼ 1

m
h�h2k2xi ¼ dF; (40)

where kx¼ ky by the assumed cylindrical symmetry, we can

rewrite r0 as

r0 ¼
�h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2h�h2k2xi
q : (41)

Equation (41) shows that the minimal transverse spatial spread

of the wave function of the field emission electron is determined

by the finite transverse momentum spread, which is given by

the fact that only the electrons in the metal with energies within

dF of the Fermi level have significant amplitude outside the

metal. This is expected from the uncertainty relationship

between the transverse position and the transverse momentum.

When F¼ 3GV/m and dF¼ 0.13 eV, r0¼ 0.54 nm (for

F¼ 1–5GV/m, r0¼ 0.94–0.42nm, respectively).

When a field emission electron beam is produced from a

finite and fully coherent area S, the total wave function of the

beam can be calculated by substituting (32) or (34) into (19).

As an example, we consider AS(r)¼ exp[�r2/(2as
2)] where as

is the rms radius of S. We found thatWS(rt, z) is given by

WS r; zð Þ ¼
ei a�p=4�2nð Þ

ffiffiffiffiffi

tF
p r20

r2
a2 r20 þ i�h2b=m

 �

a2 þ r20 þ i�h2b=m

� exp � r2

2r2a

 !

exp i
KFr

2

2Ra

� 

; (42)

r2a zð Þ ¼ a2s þ r20 þ
1

a2s þ r20

�h2b zð Þ
m

� �2

; (43)

Ra zð Þ ¼ KF zð Þ �h2

m
b zð Þ þ a2s þ r20


 �2

�h2b zð Þ=m

" #

; (44)
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that is, the transverse variation of the wave function is given

by replacing r0
2 with (r0

2þas
2).

We focused in this calculation the analysis of the transverse

structure that is relevant to the transverse spatial coherence char-

acteristics of the beam (emitted from a planar cathode).

Therefore, we neglect the influence of the finite longitudinal

coherence of the beam that is normally of less influence on the

transverse spatial coherence.28,58 In the above calculation, this

was implied by assuming that the longitudinal phase propaga-

tion is given by (27) without finite longitudinal energy spread.

IV. DISCUSSIONS

A. Numerical example 1: Constant F case

Now we examine the implication of the thus obtained

wave function (32), (34), and (42) with some examples.

First, we consider the case in which U(z)¼Fz with a con-

stant F. KF(z), a(z), and b(z) are written as follows (we omit

bF¼W/(eF) by shifting the origin of z to bF)

KF zð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2meF

�h2
z

r

; (45)

a zð Þ ¼ 2

3

ffiffiffiffiffiffiffiffiffiffiffi

2meF

�h2

r

z3=2; (46)

b zð Þ ¼ 1

eF

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2meF

�h2
z

r

; (47)

r zð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r20 þ
1

r20

2�h2

meF
z

s

; (48)

R zð Þ ¼ 2zþ meF

�h2
r40: (49)

In Fig. 2, we show a(z), b(z), r(z), R(z), the real part of the

wave function near the emitter (z< 12 nm), and the variation

of the norm of the wave function in a larger z-range

(< 100 nm) in the case of F¼ 3GV/m andW¼ 4.5 eV (hence

dF¼ 0.13 eV with bF¼W/eF¼ 1.5 nm). Figure 2(a) shows

that jb(z)hEz–EFij � b(z)dF is smaller than a(z), hence the

assumption implied in the expansion in (25) is satisfied.

Figure 2(b) shows that in this constant F case, R(z) varies as

2z and r(z) increases as �z. We note that dF (and 1/r0
2) are

proportional to F, hence the second term of (48) is indepen-

dent of F. By substituting (10) and (37) into (48),

r zð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r20 þ
2z

2mW=�h2

 �1=2

s

!
ffiffiffiffiffiffiffiffiffi

kW

p
z

r

r20=kW � z

 �

;

(50)

where the length kw in (50) is defined by the work function

FIG. 2. Numerical example 1 of the wave function of field emission electron beam: the case of a constant electric field F¼ 3GV/m. Despite the assumption

that the cathode is a point emitter, the wave function exhibits the finite width as determined by the average transverse energy. (a) the longitudinal phase a(z)

and the transverse phase b(z). Note that b(z) is multiplied by dF¼ 0.13 eV. (b) The variation of the rms transverse spread r(z) and the radius of the curvature

R(z). (c) The norm of the wave function (normalized by the maximum value). The broken curves indicate r¼6r(z). (d) The real part of the wave function in

the range of z¼ 3–12 nm and r¼�6 to 6 nm. The amplitude is normalized by the maximum value.
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kW ¼ 2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2mW=�h2
q : (51)

kw is equal to 0.6 nm for W¼ 4.5 eV, hence the large z limit

in (50) is satisfied except within �1 nm from the cathode

surface.

Figure 2(c) shows that the rms transverse radius r(z) of

w(rt, z) is equal to r0 (�0.5 nm) near the emitter surface.

r(z) increases slowly with the increase in z (the curves indi-

cate r(z)), and the electron wavelength rapidly decreases at

the same time because of the acceleration. The oscillation

amplitude decreases with the propagation because of the

increase in the rms transverse spread [Fig. 2(d)].

Let us compare the present problem with a free space

propagation of a finite energy electron emitted from a point.

This can be considered, e.g., a fixed energy electron plane

wave is incident on a wall with an infinitely small hole. The

wave function on the opposite side of the wall is a spherical

wave. The wave front radius of the curvature is given by the

propagation distance from the hole and the wave spreads over

the half sphere. Comparing to that, in the case of the propaga-

tion of an electron emitted from a point at zero energy and

accelerated in a constant F as calculated here, the transverse

spread of the electron wave function is largely restricted even

though the radius of the curvature of the wave front increases

proportionally to the propagation distance.

These characteristics were also predicted by the recent anal-

ysis of the transverse structure of the field emission electron

wave function reported in Ref. 46. They solved the

Schr€odinger’s equation for electron emission from a small area

of planar electrodes under a uniform electric field with non-zero

transverse momentum. Different from our approach, they calcu-

lated the transverse structure of the wave function by mathemati-

cally specifying an emission area at the metal surface. When the

electric field is constant and the emission on the cathode surface

varies as a Gaussian exp[�r
2/(2a2)], they obtained a wave func-

tion that varies in the transverse direction as

jWj2 � exp � r2t
2z

2mW

�h2

� 1=2

þ a2emF

�h2

( )" #

: (52)

For comparison, we write the probability distribution from

(42) in the same constant F situation at large z as

jWS rt; zð Þj2 / exp � r2t
r2

� 

! exp � r2t
2z

a2s þ r20

 � emF

�h2

� �

:

(53)

This is different from (52). In (53), in the limit of zero as, it

is r0 that determines the z-dependence of the transverse

wave function spread. When as is much larger than r0, it is

as that determines the z-dependence of the transverse wave

function spread without the first term in the argument of

(52). We consider that the difference of (52) from (53) origi-

nated from the neglect of the restriction on the possible form

of the solution of the Schr€odinger equation by the available

electronic states in solid weighted by the transmission proba-

bility through the surface barrier.

B. Numerical example 2: The case of the field
enhancement and the rapidly decaying electric field
away from the emitter

In actual field emitters, the high electric field at the tip

apexes is achieved with the help of the field enhancement,

and the electric field decreases rapidly as the electron propa-

gates away from the emitter surface.50 We therefore study

next a case when the electric field decays away from the

emitter surface. As an example, we consider the following

model potential (taking z¼ 0 as the surface):

U zð Þ ¼ U0 1� 1

1þ z=rtip

� 

: (54)

This is exact (along the z-axis) when the emitter tip is a

sphere with the radius of rtip and the anode is a concentric

sphere with the radius of ra (ra	 rtip). For the calculation of

dF, we assume in addition that the electric field at the tip is

given by U0/(k rtip) with k� 5 (but not for KF(z), a(z), and

b(z)). The factor k� 5 is normally assumed to take into

account the partial screening due to the shank of needle-

shaped etched-wire emitters.59 Despite these assumptions,

we still assume a planar cathode and the transverse variation

of the electrostatic potential and the associated magnification

of the wave function is not considered in the following.

In Fig. 3, we display KF(z) [Fig. 3(a)], R(z) and r(z)

[Fig. 3(b), solid curves] calculated by assuming (54) with

rtip¼ 5 nm and U0¼ 75V (so that U0/(k rtip)¼ 3GV/m).

When z is increased, KF(z) quickly converges (already at z

�10 nm) to the value KF determined by the bias potential

(¼ eU0). The field emission electrons acquire more than 1 eV

of the longitudinal energy after �1 nm propagation. Since

this is much larger than Et, the field emission electrons form

a beam similarly to the case of Fig. 2.

C. Behavior of the wave function near the emitter
surface

Considering the fact that the Fermi wavelength is

0.4–0.6 nm for metals with the Fermi energy of 5–10 eV dis-

cussed in the present work, the planar-cathode assumption is

reasonable for field emitters with rtip larger than a few nano-

meters for the z-range near the emitter-apex where the mini-

mal transverse spread r0 has most significant impact. We

discuss the behavior of the wave functions at large z and its

comparison with the several situations in Sec. IVD.

Near the emitter surface, the limited transverse spread of

the wave function may contribute to the few nanometers spa-

tial resolution in the near field emission scanning electron

microscopy experiment,47,60–62 in which a sharp tip is

scanned over a sample within a few nanometer distance and

electrical potential is applied at the same time to induce field

emission from the tip or from the sample. The information

on the sample topography down to atomic steps was obtained

either by the emission current or by collecting secondary

electron. Zanin et al. reported that the spatial resolution of

�1 nm was achieved for monatomic Fe islands on W(110)

surfaces when a tungsten tip with the tip apex radius of cur-

vature in the range of 2–7.5 nm was scanned over the sample
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at �7 nm-distance.60 The fact that the estimated spatial reso-

lution60 is larger than the observation motivated the exami-

nation of the effect of the non-spherical potential distribution

around the tip and the resulting lens-less focusing.63 We con-

sider that, in addition to those effects, the fact that the trans-

verse spread of the wave function is strongly suppressed for

the first few nanometers as illustrated in Figs. 2 and 3 may

also contribute to the observed �1 nm-spatial-resolution of

the experiment by Zanin et al. in Ref. 62.

When a metal nanotip is excited by a few-cycle near infra-

red laser pulse with a few GV/m electric field amplitude, the

electron emission exhibits a rich variety of strong-field physics

at the nanotip surface. The quivering motion of the emitted

electrons at the nanotip surface results in the carrier-envelope-

phase-sensitive electron interference and re-scattering at the tip

surface24 but only when the quivering amplitude is within a

few nanometers from the nanotip surface where the optical

field amplitude is enhanced by the field enhancement or the

lightning rod effect.25,27 To describe the ultrafast electron

dynamics at and near the nanotip surfaces, it is apparent that

the present theory needs to be extended including the finite lon-

gitudinal energy bandwidth. However, it is likely that the con-

sideration of the finite average transverse energy is important

for such theory. Similar to the presently considered steady state

case, the finite average transverse energy will limit the trans-

verse spread during the longitudinal, quivering motion and

acceleration, thus preventing the dilution of the wave function

amplitude in the longitudinal direction. In Ref. 26, Wachter

et al. showed that simulation based on the one-dimensional

time-dependent density functional theory26 excellently explains

the observations for tungsten nanotip experiment under 6.5-fs-

laser pulse excitation with the wavelength of 800nm. To check

the validity of their one-dimensional theory, they evaluated the

transverse spread of electrons upon re-scattering at the tip sur-

face by a Monte-Carlo simulation in the case of the finite trans-

verse momentum spread. They found that the transverse spread

was limited to 0.8 nm in diameter with the average transverse

momentum of 0.1 in atomic unit.26 The predicted transverse

spread was much smaller than the tip radius (�6nm) in the

experiment they considered, hence their one-dimensional

theory was justified. We point out here that their assumption

corresponds to Et of �0.3 eV (with the work function of

4.35 eV for tungsten (310) surface and the laser field amplitude

of �8GV/m) and their prediction for the 0.8 nm-spread agrees

well with 2r0 calculated from (10) and (37) with this Et-value.

D. The propagation of the wave function at large
distance from the emitter surface

Now we discuss the behavior of the wave function (42)

when we assumed the potential (54) that quickly decays

away as the distance from the emitter surface increases.

When the potential varies only along the z-direction as

assumed by (54), the propagation of the wave function may

FIG. 3. Numerical example 2 of the wave function of field emission electron beam: the case when the electric field is rapidly decreasing from F¼ 3GV/m

from the field emitter surface with the increase in the distance [see Eq. (54)]. (a) the z-dependence of the wave vector. (b) the z-dependence of the rms trans-

verse spread r(z) and the radius of the curvature R(z) in the case when the emission originates from a “point” (solid curves) and when the electrons are emitted

from a finite area with the rms radius as¼ 5 nm (broken curves). (c) and (d) show the corresponding evolution of the wave function (norm), when as¼ 0 (c)

and as¼ 5 nm (d). The color scale for the amplitudes is also shown.
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bear a similarity to the corresponding classical situation.

When an electron is emitted at (rt, z)¼ (0, b) with the zero

longitudinal velocity (tz¼ 0) and the finite transverse veloc-

ity (tt¼ (2dF/m)
1/2), the orbit as determined by the potential

(54) can be analytically integrated and converges to the

following:

rt

z
!

ffiffiffiffiffiffiffiffi

dF

eU0

r

: (55)

To compare (55) with the value expected from the wave

function (42), we calculate the average of rt
2

hr2t i ¼

ð ð

dxdy x2 þ y2

 �

jWs x; y; zð Þj2
ð ð

dxdyjWs x; y; zð Þj2
¼ r2a zð Þ; (56)

where ra(z) is given by (43). At large z, we find

ffiffiffiffiffiffiffiffi

hr2t i
p

z
¼ ra zð Þ

z
!

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r20
a2s þ r20

s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dF

eU0 �W

r

: (57)

From the comparison of (55) and (57), we find two

things. First, when as¼ 0, the asymptotic transverse spread

of the wave function (57) agrees to the one expected from

the classical calculation (55) in the present, planar accelera-

tion case (note that eU0	W). Second, when as is finite, the

asymptotic transverse spread of the wave function is

smaller than the zero-as case. The corresponding transverse

variation of the wave function exp[�(KFasrt/z)
2] is qualita-

tively different from the constant field case (50).

Mathematically, the reduction of the transverse spread is a

consequence of the low-spatial-frequency (¼transverse

wave vector) filtering effect of the integration of the wave

over the finite area in (19).

In Figs. 3(c) and 3(d), we show the propagation of the

wave functions in the case of as¼ 0 and 5 nm, respectively.

Note the 10 times longer z-axis in the latter that gives approxi-

mately the same transverse spread as the zero-as case, in agree-

ment with (57) from r0/as� 1/10 with r0� 0.5 nm. If the

electrons in the solid were completely incoherent over the

source area, the resulting transverse spread is given by the

zero-as value. Therefore, this is a consequence of the inter-

ference of the waves emitted from the coherent source area,

and this is not anticipated classically. Such a narrow elec-

tron beam spread in the case of coherent field emission

source was also illustrated recently by Latychevskaia.58

The result here also suggests that, when the phase coher-

ence length of the electrons in the solid reaches the source

size, the assumption of the complete incoherence over the

cathode area, that is often assumed in literature,28 may

cause a substantial error for evaluating the electron source

size from the interference experiments.17

The linear variation of R(z) and r(z) with z at large z is

same as the propagation of an optical Gaussian beam.64 This

is also compatible with the propagation of a wave in free

space:65,66 when a plane wave exp(iKz) is incident perpen-

dicular to an aperture on the (n, g)-plane at z¼ 0 with the

transmission function given by exp[�(n2þg2)/(2a2)], the

wave amplitude distribution W(X,Y) on the (X,Y)-plane paral-

lel to the (n, g)-plane and located at z (z	 a. More precisely,

z	 (Ka4/8)1/3, see Ref. 65) is given by the Fresnel integral

WðX; YÞ ¼ �iKeiKz

2pz

ð ð

dndg exp � n2 þ g2

2a2

� �

� exp
iK

2z
n� Xð Þ2 þ g� Yð Þ2

n o

� �

:

After a straightforward integration, this is written as the

Gaussian form

WðX; YÞ ¼ eiKz
�iKa2=z

1� iKa2=z
exp � 1

2R2
X2 þ Y2ð Þ

� �

� exp
iK

2K
X2 þ Y2ð Þ

� �

; (58)

where the transverse width function R(z) and the wave front

curvature function K(z) are given by the following:

R zð Þ ¼ K2a2=z2

1þ K2a4=z2

 !�1=2

! z

Ka
: (59)

K zð Þ ¼ z 1þ K2a4=z2

 �

! z: (60)

In (59) and (60), their large-z forms are also shown. These

are identical to the large-z limit of (43) and (44) of the wave

function WS(rt, z).

E. Comparison with the classical electron optics
analysis and the influence of the electron coherence

Around the tip apex of realistic field emitters, the accel-

eration potential has a transverse component, therefore elec-

trons are deflected away from the z-axis by the transverse

electric field. In this case, the angle of the asymptotic classi-

cal electron orbit from the z-axis becomes larger than the

planar case given above (55). In the case that the emitter is a

sphere with the radius of rtip, the anode is a concentric sphere

with the radius ra (ra	 rtip), the field at the emitter tip is Ftip

(¼ eU0/rtip in the present case that the emitter is a sphere),

and the transverse kinetic energy is hEti, the deflection

angle x (or so-called blurring fall-off half-angle)13,14,21–23 is

given by

x ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hEti
eFtiprtip

s

: (61)

Comparing with (55) calculated in the planar acceleration

potential case, the fact that x given by (61) is a factor of 2

larger (55) is ascribed to the transverse acceleration around

the curved emitter surface. The actual value of x depends on

the field emitter shape and the anode configuration. Also, the

energy (eFtiprtip) in (61) is equal to the kinetic energy of an

electron U1 at infinity only in the case of the spherical
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emitter in the concentric spherical potential. In general,

(eFtiprtip) seems to underestimate U1 at a point far from the

emitter, when the emitter is needle-shaped with a shank or it

is a pyramid-shaped emitter with an integrated electron

extraction gate.67 Nevertheless, we can conclude that the

transverse acceleration of the field emission electron beam

leads to the increase in the transverse spread of the beam by

a factor that is less than 2. This leads to the proportional

increase in the average transverse velocity and the intrinsic

emittance of the beam compared to the planar cathode case.

This is not against the conservation of the intrinsic transverse

emittance (and the average transverse energy) of a particle

beam, since the transverse emittance strictly conserves only

when the transverse motion is separated from the longitudi-

nal motion44,68 that is not the case of electron motion under

acceleration in the spherical potential.

The ratio of the transverse spread to the propagation dis-

tance of the wave function calculated for the model planar

cathode (57) was equal to (55) when as¼ 0, if we equate

(Ftiprtip) to U0. However, (57) also indicates the significant

reduction of the transverse spread by the factor r0/as (espe-

cially when as	 r0). This opposing effect against the deflec-

tion by the transverse electric field is not anticipated from

the electron optic analysis and related to the coherent wave

propagation of the field emission electrons when those are

fully coherent. This conclusion suggests that the intrinsic

transverse emittance of field emitters is smaller than the

value predicted by classical analysis. One may be able to

observe this effect, for example, when the electron coherent

length in the solid is enhanced at low temperature.17 For a

single-tip needle-shaped field emitter, the predicted reduc-

tion of the transverse spread may have only a marginal

effect, since its intrinsic emittance is already extremely small

even under the laser driven emission mode.69 However, such

a coherence-induced reduction of the transverse spread of

field emission beam will have a significant influence on

double-gate FEAs for accelerator applications. Because of

the finite array pitch and the finite array side due to the large

emission current requirement, the reduction of the transverse

beam spread is the key to increase the beam brightness of

double-gate FEAs. This is especially the case since the aver-

age transverse energy of 0.1–0.2 eV of the field emission

beam as determined by the Fermi-Dirac distribution in typi-

cal metals is of the same magnitude as the minimal average

transverse energy (¼ intrinsic transverse energy per unit

area) of the state-of-the-art photocathode at high current

operation limited by the electron temperature.70,71 We point

out that the average transverse energy equal to 0.1260.06 eV

evaluated from the experimentally obtained intrinsic trans-

verse emittance of a double-gate FEA under maximally colli-

mated beam condition at room temperature was in

agreement with the theoretical value of 0.1960.01 eV calcu-

lated from (41) with the tip field of 4.460.1GV/m estimated

from the fitting of I-V,45 and this is in line with the possible

reduction of the intrinsic emittance by the finite coherence of

the emitter tip. Nevertheless, the propagation of field emis-

sion electron wave in non-planar potential has to be investi-

gated further and carefully compared with experiments in

the future research.

F. Further discussions

For more quantitative analysis of the wave front of the

field emission beam emitted from actual emitters, several

important physics, that are partly common to the theory of

the field emission current-voltage characteristics as summa-

rized recently,72 will have to be taken into account. It is also

important to note that the atomic scale corrugation and the

lattice structure of the material are important at the field

emitter surface.23,73–77 In addition, even for emitters with rtip
of tens of nanometer-scale, the quantum confinement effect

on the electronic states at the emitter tip may affect the emis-

sion process for semiconductor emitters.78 The uniform emit-

ter surface may be a valid assumption in some cases, but

emitters with the tip apex radius of curvature rtip of a few

nanometers down to single-atom75 will require the consider-

ation of the bulk and surface band structure. Comparing to

the impact of such three-dimensional-shape effects on the

current-voltage characteristics of field emitters,79–82 their

influences on the wave function are not much studied yet.

Interestingly, the estimated full width at the half maximum

of the wave function at the surface of a “point” emitter equal

to 0.7 nm (at the surface field of 5GV/m, with the corre-

sponding r0¼ 0.42 nm) is consistent with the sub-nanometer

resolution of the field emission microscope for sub-nanome-

ter-rtip emitters based on the electron optical analysis23,83

and agrees with the values observed in the experi-

ments.75,84–86 Nevertheless, for comprehensive elucidation

of the wave function of the field emission electrons from

atomic-scale emitters, further research that takes into

account the influence of the atomic orbitals87 and the energy

spectra76,85,88,89 will be required.

V. SUMMARYAND CONCLUSION

In summary, motivated by the recent experimental find-

ing of a small intrinsic average transverse energy of field

emission beam,45 we investigated its implication on the

transverse structure of the wave function of field emission

electron beam for a planar cathode as a model. We found

that the average transverse energy determines the minimal

transverse spatial spread of the field emission electron beam

at the cathode surface. We calculated the propagation of the

electron wave function from the field emitter tip apex by

applying the WKB approximation and showed that the wave

function converges to a form similar to the optical Gaussian

beam. Consequently, when an electron is emitted from a

finite but fully coherent emission area, the transverse spatial

spread of the field emission beam is significantly narrower

than that of the beam emitted from a point source. The com-

parison of the transverse spread of the wave function with

the deflection angle (blurring fall-off half-angle) of the elec-

tron orbit from the axial direction due to the finite transverse

energy in the spherical emitter case suggests that the quan-

tum mechanical interference may partially cancel the trans-

verse deflection and reduce the intrinsic transverse emittance

of field emitters from the value determined from the average

transverse energy and the additional transverse deflection by

the spherical cathode potential near the tip apex. An exten-

sion of the present theory on a curved surface as well as the
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inclusion of the lattice effect and the finite coherence over

the field emitter tip surface is highly desired and is the sub-

ject of future research.
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