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density functional theory

Rustem Khasanov,1,* Hubertus Luetkens,1 Elvezio Morenzoni,1 Gediminas Simutis,1 Stephan Schönecker,2 Andreas Östlin,3

Liviu Chioncel,3 and Alex Amato1

1Laboratory for Muon Spin Spectroscopy, Paul Scherrer Institute, CH-5232 Villigen PSI, Switzerland
2Applied Materials Physics, Department of Materials Science and Engineering, KTH Royal Institute of Technology,

SE-10044 Stockholm, Sweden
3Augsburg Center for Innovative Technologies, and Center for Electronic Correlations and Magnetism, Theoretical Physics III,

Institute of Physics, University of Augsburg, D-86135 Augsburg, Germany

(Received 20 February 2018; revised manuscript received 27 September 2018; published 12 October 2018)

Using muon-spin rotation the pressure-induced superconductivity in the Bi-III phase of elemental bismuth
(transition temperature Tc � 7.05 K) was investigated. A Ginzburg-Landau parameter κ = λ/ξ = 30(6) (λ is the
magnetic penetration depth, ξ is the coherence length) was estimated, which turns out to be the highest among
known single element superconductors. The temperature dependence of the superconducting energy gap [�(T )]
reconstructed from λ−2(T ) deviates from the weakly coupled BCS prediction. The coupling strength 2�/kBTc �
4.34 was estimated, thus implying that Bi-III stays within the strong-coupling regime. The density functional
theory calculations suggest that superconductivity in Bi-III could be described within the Eliashberg approach
with a characteristic phonon frequency ωln � 5.5 meV. An alternative pairing mechanism to the electron-phonon
coupling involves the possibility of Cooper pairing induced by Fermi-surface nesting.
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Following the intense research on superconductivity in
cuprates and Fe-based superconductors, simpler materials
such as elementary or binary compounds have attracted re-
newed interest. Recent results have shown that in spite of
their simple composition they represent a playground for the
discovery of new phenomena and unconventional character-
istics. Binary compounds were reported to superconduct at
surprisingly high critical temperatures (Tc’s) reaching �40 K
for MgB2 [1], as well as the highest ever obtained Tc of
∼200 K in SH3 at an (extreme) pressure of p � 200 GPa [2].
The basic elements with high Tc’s include Li (Tc ≈ 15–20 K
at 30 GPa) [3–5], Ca (Tc ≈ 21–29 K at 220 GPa) [6], Sc
and Y (Tc ≈ 20 K near 100 GPa) [7,8], V (Tc ≈ 17 K at
120 GPa) [9,10], and S (Tc ≈ 17 K at 220 GPa) [11]. Such
high transition temperatures of basic elements indicate the im-
portance of pressure as a tuning parameter of superconducting
properties and its role in unraveling the intrinsic properties of
the electronic system.

Among single element superconductors the Bi-III phase
of elemental bismuth is one of the most interesting systems
to study. Following Refs. [12–19], bismuth converts into a
phase Bi-III, exhibiting superconductivity at Tc � 7 K, above
a pressure of �2.7 GPa. The crystal structure of Bi-III was
resolved only recently (in the year 2000) and it was indexed
as an incommensurate host-guest lattice [20]. It consists of
two interpenetrating structures, with “guest” atoms forming
chains within cylindrical cavities in the “host” lattice. In the
ab plane, the unit cells of guests and hosts match, while the
ratio along the c-axis lattice parameters is incommensurate,
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chost/cguest = 1.309 [20,21]. Remarkably, this incommensu-
rate structure may give rise to an additional acoustic mode,
in the phonon spectrum, at very low frequencies arising from
the sliding of one structure through the other, a process which
has almost no energy cost [22–24]. Following Refs. [18,19], in
Bi-III such a mode was suggested to be responsible for a very
high electron-phonon coupling strength and gave rise to an
enhanced transition temperature and a high upper critical field
(Hc2). It is worth noting, however, that the number of physical
quantities studied so far for the Bi-III phase of elemental
bismuth were mostly limited to Tc and Hc2 [12–19], which
may not be enough to draw unambiguous conclusions on the
type of superconducting mechanism.

In this Rapid Communication, we report on the results
of experimental and theoretical studies of the Bi-III phase
of elemental bismuth. Measurements of the temperature de-
pendence of the magnetic field penetration depth (λ) were
performed in muon-spin rotation (μSR) experiments (p �
2.72 GPa). The magnetic field distribution in the sample
below Tc reflects the formation of a vortex lattice, thus
confirming that Bi-III is a type-II superconductor [17–19].
A zero-temperature value of the magnetic penetration depth
λ(0) = 301(4) nm was determined. With the coherence length
ξ = 10(2) nm taken from the upper critical measurements
[17,18], a Ginzburg-Landau parameter κ = 30(6) (κ = λ/ξ )
was obtained, which turns out to be the highest among known
single element superconductors. Density functional theory
(DFT) calculations were used to determine the equilibrium
lattice structure parameters of Bi-III under pressure. The
DFT results of the electronic structure, phonons, and Fermi
surfaces are used to analyze different possible scenarios for
the onset of superconductivity in Bi-III. Within the framework
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FIG. 1. (a) Fourier transform of TF-μSR time spectra (μ0Hap = 30 mT) reflecting the internal field distribution P (B ) in the Bi-III sample
above (T = 8.0 K) and below (T = 0.25 K) the superconducting transition temperature. The stronger broadening and the asymmetric field
distribution in the superconducting state is caused by the formation of a vortex lattice. The solid lines are fits (see Supplemental Material [25]).
(b) The temperature dependence of the superfluid density ρ(T )/ρ(0) = λ−2(T )/λ−2(0) of the Bi-III sample obtained in TF-μSR experiments
at an applied field μ0Hap = 10 mT (blue triangles) and 30 mT (red circles), respectively. The solid line is the fit of Eq. (1) with the gap
described by Eq. (2). (c) The temperature dependence of the superconducting gap reconstructed from the superfluid density data. The solid
line is the fit of Eq. (2) to the �(T ) data. The dashed line is the weakly coupled BCS temperature behavior [43]. The + and × symbols refer to
�(T )/� points for the superconducting Sn and Pb0.7Bi0.3 obtained in tunneling experiments (after Townsend and Sutton [44] and Adler and
Chen [45]).

of the Eliashberg theory, for a given spectral density of Bi-III,
the most effective phonon energy ωln � 5.5 meV was identi-
fied. An alternative pairing mechanism to the electron-phonon
coupling which involves the possibility of Cooper pairing
induced by Fermi-surface instabilities is also discussed.

The Bi sample was prepared from commercially available
Bi granules (Alfa Aesar, 99.997% purity). The “soft” Bi
granules were pressed into a cylinder shape (�5.9 mm in
diameter and �12 mm height) and placed inside a double-wall
piston-cylinder pressure cell made of MP35/NiCrAl alloy. The
construction of the pressure cell is similar to the one described
in Refs. [26,46].

The ac susceptibility measurements at p � 2.72 GPa re-
veal the presence of a sharp transition with Tc � 7.05 K (see
Supplemental Material [25]). No indication of a transition
at T ∼ 3.9 K was detected, which would correspond to an
admixture of the Bi-II phase as is observed, e.g., in Ref. [17]
for pressures up to 2.9 GPa.

The transverse-field (TF) μSR experiments were carried
out at the μE1 beam line by using the dedicated GPD
(General Purpose Decay) spectrometer (Paul Scherrer Insti-
tute, Switzerland). The details of TF-μSR under pressure
experiments are provided in the Supplemental Material [25].
Figure 1(a) shows the Fourier transform of TF-μSR time spec-
tra (the pressure cell background subtracted, see Supplemental
Material [25]) reflecting the internal field distribution P (B )
in the Bi-III sample. The asymmetric P (B ) distribution at
T � 0.25 K possesses the basic features expected for an or-
dered vortex lattice, namely, the cutoff at low fields, the peak
shifted below μ0Hap, and the long tail towards the high-field
direction (see, e.g., Refs. [47,48] and references therein). Our
experiments confirm, therefore, that the superconductivity of
Bi-III is of a type-II [17–19].

The temperature dependence of the superfluid density
[ρs (T )/ρs (T = 0) = λ−2(T )/λ−2(T = 0), Fig. 1(b)] was fur-
ther obtained from the second central moment of the

magnetic field distribution (〈�B2〉). The superconducting part
of the second moment, which for extreme type-II supercon-
ductors becomes a direct measure of the magnetic penetration
depth λ, was calculated via 〈�B2〉sc = 〈�B2〉 − σ 2

nm/γ 2
μ =

0.003 71 �2
0/λ

4 [49,50]. Here, σnm is the contribution of
nuclear magnetic moments measured at T > Tc and �0 =
2.068 × 10−15 Wb is the magnetic flux quantum. From the
measured γμ〈�B2〉1/2

sc (0.25 K, 10 mT) = 1.22(4) μs−1 and
γμ〈�B2〉1/2

sc (0.25 K, 30 mT) = 1.15(3) μs−1 the value of the
magnetic penetration depth was found to be λ(0.25 K) =
301(4) nm. With the coherence length, ξ = 10(2) nm, esti-
mated from the value of the upper critical field Hc2(T = 0) �
2.3–4.6 T [17–19], this translates into a Ginzburg-Landau
parameter κ = λ/ξ � 30(6). To the best of our knowledge
this is the highest κ value reported to date for known single
element superconducting materials. This indicates that Bi-III
is a representative of extreme type-II superconductors with
κ � 1.

The analysis of the superfluid density data was performed
by assuming the superconducting gap of s-wave symmetry
and using the following functional form [51],

ρ(T )

ρ(0)
= 1 + 2

∫ ∞

�(T )

(
∂f

∂E

)
E dE√

E2 − �(T )2
, (1)

where f = [1 + exp(E/kBT )]−1 is the Fermi function. The
temperature dependence of the superconducting gap �(T )
was obtained by solving the nonlinear Eq. (1) for every
temperature point. The resulting �(T )/� values for Bi-III
are presented in Fig. 1(c). Here, � is the zero-temperature
value of the superconducting energy gap. Note that due to
saturation of the superfluid density data [ρ(T )/ρ(0) � 1 for
T/Tc � 0.4, Fig. 1(b)] the low-temperature �(T ) values can-
not be obtained with reliable accuracy. Figure 1(c) implies that
upon decreasing temperature, the gap in Bi-III grows faster
than expected for the weakly coupled BCS �(T ) [43]. For
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FIG. 2. (a) Phonon dispersion relations and phonon DOS of the Bi-III approximant at 2.7 GPa. The logarithmic phonon frequency ωln ≈
6 meV is located in the middle of the phononic band structure. The DOS is normalized to the number of normal modes per unit cell. (b) Nested
multisheet Fermi surfaces. The color code indicates the absolute value of the Fermi velocity in units of 106 m/s. High-symmetry points of
the Brillouin zone corresponding to the space group P 4/ncc in units of 2π ( 1

a
, 1

a
, 1

c
). In calculations the approximant of the incommensurate

lattice structure of Bi-III by 32 atoms was used.

comparison, the results for the superconducting gap in Sn [44]
and Pb0.7Bi0.3 [45], which were found to be characterized by
non-BCS �(T ), are also shown in Fig. 1(c). Remarkably, the
temperature dependence of the superconducting gap in Sn,
Pb0.7Bi0.3, and Bi-III have a very similar functional form.

The temperature dependence of the gap presented in
Fig. 1(c) was approximated by the equation [52]

�(T ) = � tanh

[
πkB

�

√
c

(
Tc

T
− 1

)]
, (2)

with c and � as fit parameters. Following Ref. [52] this
general equation describes �(T )’s for superconductors with
various coupling strengths (2�/kBTc) and order parameter
symmetries. The fit of Eq. (2) to the data with c = 2.31(2)
and � = 1.32(1) meV is presented in Fig. 1(c) by a solid
green line. The solid line in Fig. 1(b) corresponds to the fit of
Eq. (1) with such obtained �(T ) to the superfluid density data.
Using the value of 2�/kBTc � 4.34 in Carbotte’s empirical
relation [53],

2�

kBTc
= 3.53

[
1 + 12.5

(
kBTc

ωln

)2

ln
ωln

2kBTc

]
, (3)

the logarithmically averaged phonon frequency ωln �
5.51 meV was calculated. In fact, ωln corresponds to the
dynamics of the superconducting state and represents the most
effective phonon energy for a given Tc. Following the phe-
nomenological arguments of Carbotte [53,54], for Bi-III one
expects ωln ∝ 7kBTc � 4.3 meV which is close to 5.51 meV
estimated from Eq. (3).

It is worth emphasizing that even though the tempera-
ture dependence of the gap in most of the cases was found
to follow the weakly coupled BCS prediction, a non-BCS
gap behavior is not something that is unexpected. Promi-
nent examples are the metallic Sn and Pb [55], in the case
of single element superconductors, and MgB2 [56–58] and
PbBi alloys [45] for binary ones. The deviation from weakly
coupled BCS �(T ) is quite often observed in cuprates and

Fe-based high-temperature superconductors. Theoretically, a
non-BCS behavior of �(T ) is expected for superconductors
with high values of the electron-phonon coupling constant,
within the Eliashberg-Nambu formalism [59,60], and is ex-
plained by damping of quasiparticle excitations caused by a
strong electron-phonon interaction [61–63].

In the following, the results of density functional theory
calculations are discussed. The structural analysis and the
electronic band structure are presented in the Supplemental
Material [25]. The calculations reveal that at ambient pressure,
where Bi adopts a rhombohedral structure (Bi-I phase), its
density of states (DOS) shows bands which are clearly sepa-
rated into bonding/antibonding s and p states. The Fermi level
EF is situated in a gap between the bonding and antibonding
p states, thus giving rise to the semimetallic behavior of Bi-I
[41]. As pressure increases, the p states start to overlap, lead-
ing to a metallic DOS at EF . From the analysis of electronic
bands and DOS (see the Supplemental Material [25]) the host
and guest sites in the Bi-III phase were found to have similar
magnitudes, in agreement with Ref. [41]. The electronic bands
of p character would provide electrons for the pairing.

Figure 2(a) shows the phonon dispersion and the phonon
DOS obtained with the approximant of the incommensurate
lattice structure of Bi-III by 32 atoms. A different structure
of 42 atoms was considered in Ref. [18] and it was found to
demonstrate the presence of a low-frequency phason mode.
This mode was suggested to be responsible for a very high
electron-phonon coupling strength and gave rise to an en-
hanced transition temperature and a high upper critical field
[18,19]. Note, however, that in the actual calculations with
32 atoms no phason modes were found to appear in the
phonon spectra. One would also mention that in accordance
with arguments of the Eliashberg theory, neither the very low
nor the very high frequencies are important, while frequencies
around the middle of the spectrum, ≈6 meV [see Fig. 2(a)],
are responsible for the magnitude of Tc [53]. Note that this
value stays close to ωln � 5.51 meV obtained from measured
2�/kTc � 4.34 by means of Eq. (3). The Eliashberg theory
provides no arguments on limiting Tc for a given pairing
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mechanism (phonon, phason, or any other boson exchange).
Considering the electron-phonon interaction, the limitation on
the magnitude of Tc for Bi-III is most probably related to the
lattice (in)stability for a given value of the applied pressure.

An alternative superconducting pairing mechanism, based
on correlations in the Fermi liquid rather than electron-phonon
coupling, was proposed by Kohn and Luttinger [64]. This
pairing mechanism is associated with the effective interaction,
between quasiparticles occurring as a result of the polarization
of the fermionic background, which is proportional to the
static susceptibility (Lindhard function). The appearance of
a divergence in the static susceptibility χ (q) is determined by
the existence of nesting vectors qnest arising if the Fermi sur-
face possesses parallel fragments such that pairs of electronic
states can be connected by the same wave vector qnest. In this
case the possibility of Cooper pairing is determined by the
characteristics of the energy spectrum (band structure) in the
vicinity of the Fermi level and by the effective interaction. In
Fig. 2(b) the results of the Fermi-surface (FS) calculations are
shown. Based on the FS shape one cannot exclude that such
a simple mechanism of Fermi-surface instabilities underlies
the pairing formation in Bi-III, in particular, in conjunction
with the Kohn-Luttinger mechanism [64]. Moreover, due to
the proximity to a maximum in the DOS, the superconducting
transition temperature (predicted within the framework Kohn-
Luttinger mechanics) may increase further as a consequence
of a combination with van Hove singularities [65].

To conclude, muon-spin rotation experiments performed
under pressure p � 2.72 GPa indicate that the Bi-III phase

of the elemental bismuth is a type-II superconductor charac-
terized by a large Ginzburg-Landau parameter κ = 30(6). The
coupling strength 2�/kBTc � 4.34 was found, thus implying
that Bi-III lies in the strong-coupling regime. The temperature
behavior of the superfluid density was found to be consistent
with a single gap of s-wave symmetry with � = 1.32(1) meV.
Based on DFT results for the electronic and phononic band
structures and Fermi surface, a possible mechanism of super-
conducting pairing in Bi-III was qualitatively discussed. The
DFT results, in combination with the Eliashberg’s theory ar-
guments, reveal that phonons with frequency around 5.5 meV
are most effective in producing Tc ≈ 7 K. An alternative
pairing mechanism to the electron-phonon coupling involves
the possibility of Cooper pairing induced by the Fermi-surface
instabilities. FS calculations indicate the existence of nesting
vectors, so the pairing mechanism of Kohn-Luttinger type
may also be considered.
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