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Extracting the Speed of Light from Matrix Product States
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We provide evidence that the spectrum of the local effective Hamiltonian and the transfer operator in
infinite-system matrix product state simulations are identical up to a global rescaling factor, i.e., the speed
of light of the system, when the underlying system is described by a 1 4+ 1 dimensional CFT. We provide
arguments for this correspondence based on a path integral point of view. This observation turns out to yield
very precise estimates for the speed of light in practice, confirming exact results to high precision where
available, but also allowing us to finally determine the speed of light of the non-integrable, critical SU(2)
Heisenberg chains with half-integer spin S > 1/2 with unprecedented accuracy. We also show that the
same technology applied to doped Hubbard ladders provides highly accurate velocities for a range of
dopings. Combined with measurements of compressibilities we present new results for the Luttinger liquid
parameter in the Luther-Emery regime of doped Hubbard ladders, outperforming earlier approaches based

on the fitting of real-space correlation functions.
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Introduction.—Relativistic invariance is a property that
quantum many body phases or critical points often exhibit
in the low-energy or long-wavelength limit. The speed of
light (or speed of sound) translates between momentum and
energies E(k) = v|k| for massless systems (7 = 1). This
family of systems encompasses Goldstone phases corre-
sponding to the symmetry breaking of continuous sym-
metries, and quantum critical points in low dimensions with
a dynamical critical exponent z = 1, in particular, con-
formal field theories (CFTs).

The speed of light enters many important quantities in
quantum many body systems, such as the Casimir effect of
the ground state energy density [1,2], the low-temperature
behavior of the specific heat [1,2], formulas for the critical
exponents of Luttinger liquids [3], or the prefactor in the
finite-size energy spectrum of conformal field theories, to
name a few. In the past an accurate numerical extraction
of the velocity of a nonintegrable quantum many body
system was rather tedious and often not very precise. For
example, before the discovery of the relation between the
entanglement entropy and the central charge, the latter was
estimated using an analysis of the Casimir correction of
the ground state energy density. In that formula the speed
of light also enters, and estimates of the velocity were
notoriously difficult, thus hampering also the precision of
the extracted central charge. In recent years, using quantum
Monte Carlo [4,5] or tensor-network methods [6,7],
dispersion relations can be computed with some precision,
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but reaching high accuracy on the velocity for strongly
correlated models remains challenging.

On a different line of research, the study of 141
dimensional CFTs using entanglement measures has
become a very active field. Over time it has been demon-
strated or observed that in many places glimpses of the
CFT appear. The entanglement entropy of a subsystem is
governed by the central charge ¢ [8] and the entanglement
spectrum is described by the spectrum of an appropriate
boundary CFT [9,10]. This spectrum can also be observed
in the corner transfer matrix of two-dimensional classical
statistical mechanics models [11].

The critical ground-state properties of one-dimensional
lattice models can be simulated accurately using the for-
malism of (infinite) matrix product states (MPS). Although
the finite bond dimension of the MPS always induces a
cutoff on the entanglement in a critical model, the critical
data can be extracted from a finite-entanglement scaling that
is ruled by the properties of the underlying CFT. For
example, the scaling of the entanglement entropy was shown
to be solely determined by the central charge [12—15]. In this
finite-entanglement scaling, the MPS transfer matrix seems
to play an important role, as it encodes the structure of all
effective length scales [16,17] and correlation functions,
including the structure of the low-lying excitations in the
system [18]. On the other hand, for finite-size systems
the local effective Hamiltonian was shown to be identical to
the spectrum of the finite-size spectrum [19], which yields a
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FIG. 1. Tensor network diagrams for the effective Hamiltonian
(a) and the MPS transfer matrix (b) for an infinite MPS consisting
of a two-site unit cell formed by the tensors A and B. hy and I
are the tensors of the MPO which represents the Hamiltonian,
whereas L and R are the left and right boundary tensors of the
MPS. (c) The MPS path-integral representation with temporal
and spatial transfer matrices (for a one-site unit cell); the effective
Hamiltonian and MPS transfer matrix appear as truncated
versions of these two transfer matrices.

very powerful method for extracting critical data [20].
Nonetheless, the detailed structure of both the transfer
matrix and the effective Hamiltonian in the regime of
finite-entanglement scaling are not understood.

In this Letter, we now provide strong evidence that these
two spectra are in fact identical up to a global rescaling
factor, which we identify as the speed of light of the system
when the underlying system is described by a 1+ 1
dimensional CFT. Apart from its importance as a con-
ceptual result, this finding offers a long-sought and very
precise approach to measure the speed of light in MPS
simulations.

Infinite system matrix product states.—We study one-
dimensional translation invariant lattice systems with
Hamiltonian H, which we assume can be presented by a
matrix product operator (MPO) [21]. For illustration, we
consider the situation that the ground state of H can be
approximated by an infinite MPS with a two-site unit cell
(Iyc = 2), with A and B the two MPS matrices. Following
standard MPS notation and algorithms [22-26] we study
the spectrum of the effective Hamiltonian A, as shown in
Fig. 1(a). The effective Hamiltonian A is a Hermitian
matrix of linear dimension D?d?, with D the MPS
bond dimension and d the local dimension of the physical
sites [27]. While in a standard DMRG-like update step only
the ground state energy and corresponding eigenvector of
H are needed for a subsequent update of the MPS tensors,
here we calculate a certain number of excited energies as
well. We call these energies E;, with E being the ground
state energy. In the presence of symmetries we can calculate
excited energies in all relevant symmetry sectors.

In the MPS framework the transfer matrix T of the MPS
across its unit cell [see Fig. 1(b)] is a very powerful object,
as it allows us to measure the correlation length(s) and also
gives access to the real space structure of correlations [18].

The transfer operator 7 is a square matrix of linear
dimension D?. The largest eigenvalue of 7 for a normalized
infinite MPS is one, whereas all other eigenvalues of 7 have
absolute values |¢;| < 1, i > 0. The correlation lengths are
then obtained as & = —Iyc/ In |¢;|, where we express the
correlation lengths in lattice spacings of H.

Our central observation is that when the Hamiltonian H
is tuned to a parameter set where it is governed by a 1 4 1
dimensional CFT at low energies, then

(Ei — Eog) = v/&;. i>0, (1)
with v the effective speed of light. We show examples of
this observation and its practical power to determine the
speed of light, but want to highlight here that this property
is emergent, and so far only expected to be valid in a
situation described by a CFT with a single velocity. We
expect this correspondence to be valid in the regime of
finite-entanglement scaling, where the spacings in the
spectrum of both operators are due to the finite bond
dimension in the MPS approximation; for a critical model,
both spectra become continuous in the limit of infinite bond
dimension. We also want to stress that this novel way to
determine the speed of light only requires us to calculate
an additional set of excited state energies of the effective
Hamiltonian H in an existing infinite MPS implementation.
We suggest to first calculate a large number of eigenvalues
of both A and T to check for the spectral correspondence
in a new situation, but then, in principle, the subleading
energy and transfer matrix eigenvalue is enough to deter-
mine the speed of light » to high accuracy.

Path-integral viewpoint.—At first sight, it seems sur-
prising that these two operators should have the same
low-energy spectrum. The first clue is the observation that
the MPS transfer matrix contains crucial information about
the low-energy spectrum of the Hamiltonian for which the
MPS was optimized. In Ref. [18] this curious feature was
understood through the path-integral representation: The
ground state |y) of a given Hamiltonian H is obtained by
applying an infinite stack of MPO representations of ¢~
(with 7 a small time step) onto a random initial state, so that
(wolwo) can be represented as the contraction of an infinite
two-dimensional tensor network [28], see Fig. 1(c). In this
tensor network, we can identify the spatial transfer matrix
T, as an infinite column and the temporal transfer matrix 7,
as an infinite row. When the low-energy sector of the
Hamiltonian is described by a relativistic field theory, we
expect that the low-energy spectra of both transfer matrices
are equivalent, up to a global factor that is the effective
velocity in the system [18,28]. When approximating the
ground state of H as an MPS, we are effectively truncating
both transfer matrices [29,30].

We can understand the effect of this truncation by
first considering a fully isotropic two-dimensional tensor
network, corresponding to the partition function of an
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isotropic classical stat-mech model at criticality. The trans-
fer matrices in the horizontal and vertical directions are now
the same (with effective velocity equal to one). In the case
that the MPO tensors are invariant under reflection and
conjugation, the transfer matrix is Hermitian and we can
find an MPS of the row-to-row transfer matrix through a
variational principle [31,32]. In this case, the variational
optimality condition for the MPS tensors is equivalent to a
set of fixed-point equations [33] that are manifestly rotation
invariant, which directly implies that the truncated transfer
matrices in the horizontal and the vertical directions are the
same operators, possibly up to a gauge transformation [33]
that leaves the spectrum invariant. The fact that the
truncation is isotropic in this case is also apparent in the
isotropic version of the corner-transfer matrix renormali-
zation group [34,35].

For anisotropic critical partition functions the exact
transfer matrices are still expected to yield the same
low-energy spectrum, now with a nontrivial effective
velocity. Now the MPS fixed-point equations are no longer
rotation invariant, but the truncation is still performed in an
isotropic fashion, as it corresponds to the truncation of the
singular values that reside in a corner tensor [33]. This
suggests that the effect of the truncation is still isotropic, at
least in the low-energy sector, and that we can expect the
transfer matrices in both directions to have the same low-
energy spectra up to an effective velocity. Finally, we can
expect that this observation continues to hold in the
(anisotropic) Hamiltonian limit, where time becomes con-
tinuous [28] and the logarithm of the spectrum of the
truncated temporal transfer matrix becomes the spectrum of
the effective Hamiltonian as defined above.

Applications to spin chains.—In Fig. 2 we present our
central observation, the compelling correspondence
between the low energy spectrum of the effective
Hamiltonian A as circles and the inverse correlation lengths
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FIG. 2. Spectra of the effective Hamiltonian and transfer matrix
of the infinite ground state MPS with bond dimension D = 128,
256, and 512 for (a),(b), and (c), respectively. Both spectra differ
only by a single global factor v(cy,) Which we take from exactly
known velocities. The common vertical axis is scaled using the
effective Hamiltonian’s energy gap A, such that the first nonzero
eigenvalue is set to one.

derived from the transfer matrix eigenvalues as crosses,
where we use the exactly known velocities vy, for a
parameter-free match of the spectra. In panel (al) and (a2)
we show data for the critical transverse-field Ising model,
without (al) and with (a2) imposing Z, symmetry in the
MPS tensors. In panel (b) we show Z; symmetry resolved
spectra for the critical three state quantum Potts chain.
Finally, in (c) we display the S%, resolved spectra for the
S = 1/2 antiferromagnetic Heisenberg chain. All the spec-
tra show an almost perfect correspondence between energy
and transfer matrix spectrum. The range of matching
eigenvalues depends on the bond dimension D of the
MPS: For larger bond dimension a larger range of eigen-
values match before deviations become visible.

We can now use the first subleading eigenvalue in
each spectrum type to directly determine the velocity from
the numerical data vyps = (E; — Ep) x & and display the
results in Table I [36]. The determined velocity for the
critical Ising model is about 3 orders of magnitude more
accurate than previous numerical approaches [19,37], and
about 2 orders of magnitude more accurate for the Q = 3
and Q = 4 Potts models [37].

As a nontrivial application we now want to check a
long-standing analytical prediction [40] and its recent
refinement [41] for the speed of light (spin wave velocity)
of the half-integer spin-S Heisenberg chains, which flow
to the SU(2), Wess-Zumino-Novikov-Witten CFT in the
infrared with central charge ¢ = 1 [42]. The speed of light
is not universal and is not accurately known beyond the
S = 1/2 case [43], but from a mapping onto the nonlinear ¢
model one expects the velocity to scale as v(S) ~ J(2S +
|(2/m — 1)]) forlarge S [41]. In Figs. 3(b) and 3(c) we make
use of our new method to extract the velocities for several S.
In panel (b) we display the velocities on a common scale
and one can see how the velocities grow linearly with S. We
plot the velocity as a function of the correlation lengths in
the MPS, which are induced by the different bond dimen-
sions. For large bond dimensions the velocities converge
to a constant value, see also Table I. In Fig. 3(c) we plot

TABLEI Comparison of numerical results of the velocities for
the two highest bond dimensions D used and the exact values if
available [38,39]. (Top) Q-state Potts model, (bottom) SU(2) AF
model. Here J =1 is used.

0 2 3 4
v (exact) 2 2598076 ~33/2 3.141593 ~x
v(D)  1.999975 (128) 2.59799  (512) 3.14141 (1024)
v(D) 1999904 (64) 2.59785 (256) 3.14116 (512)
Spin S 12 32 5/2  7)2
v (exact) 1.570796  ~x/2

v (D =1024) 157059 (D =512) 3.4392 5.4037 7.386
v (D=512) 157035 (D =256) 3.4379 54014 7.377
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FIG. 3. The velocity obtained by our method as v = —(E; —

Ey)/log(le;]) plotted against the inverse of the correlation length
&1 = —log(|e;|) for several values of bond dimension D.
(a) Critical Potts models for Q = 2 (Ising),3,4. (b) Critical SU(2)
AF Heisenberg chains. Light dashed lines denote exact results
from integrability. The bolder dashed line in (c) is taken
from Ref. [41].

[vmps (S) — 28J]/J, so that we can check that indeed the
velocities for larger S and correspondingly large bond
dimension approach the positive offset |(2/z—1)| ~
0.36338.

Application to Luther-Emery liquids.—Next we test our
method for systems that fall within the Luther-Emery
universality class, characterized by gapped spin excitations
and a single gapless charge mode. Obtaining the infrared
properties of Luther-Emery liquids has become very
relevant in the context of MPS-based simulations of
two-dimensional t—J and Hubbard models [44-49].
Getting accurate estimates of critical exponents is crucial
in these studies, but requires the fitting of the correlation
functions on long cylinders, the use of large bond dimen-
sions and tedious extrapolation procedures. Here we show
that using infinite MPS and our velocity scaling yields a
more efficient method for obtaining accurate exponents.

We will consider Hubbard models [50] with nearest-
neighbor hopping (with parameter #) and an on-site inter-
action strength U. We also introduce a chemical potential y
in order to consider incommensurate electron fillings
between n = 0 (zero filling) and n = 2 (complete filling).
Consequently, we cannot exploit charge conservation, so all
simulations are performed with SU(2) spin-rotation sym-
metry and fermion parity in the MPS representation.

We start with the simple Hubbard chain with an attractive
interaction, U < 0. The ground state exhibits a spin gap and
critical charge correlations [50], and falls within the Luther-
Emery class. We perform ground state optimizations at
different bond dimensions, and extract the effective veloc-
ity through the transfer matrix and effective Hamiltonian
gaps. In Fig. 4 we plot the velocity as a function of the
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FIG. 4. Numerical results for the velocity of (a) the Hubbard
chain with attractive interaction U/t = —2 and (b) the Hubbard
ladder with repulsive interaction U/t = 8. For the chain we set
u/t = —1.5 resulting in a filling of n ~ 0.78 and repeat the MPS
ground state calculations for multiple values of the bond
dimension in the range D = 23 to 1321. Here we show the
effective velocity plotted against inverse correlation length and
compare our data with the exact Bethe-ansatz result. For the
ladder we plot the velocity against the filling n for three values of
the bond dimension. In the inset we show the Luttinger parameter
extracted from the velocity and the compressibility for the largest
bond dimension, and compare to the result in Ref. [S1] and the
limiting value at half filling.

inverse correlation length. We observe a quick convergence
to the exact result from the Bethe ansatz [50].

As a more challenging case we take the (nonintegrable)
Hubbard ladder. We work in the case of isotropic hopping
and repulsive interactions U/t = 8 and tune the chemical
potential in the weakly doped regime. In this regime,
analytical results in the weak coupling limit [52]
suggest that there is one gapless charge mode and a gap
in the spin sector, which was confirmed by early DMRG
calculations [53,54]. The infrared properties are determined
by the Luttinger parameter K [55]. It is known [52,57,58]
that in the limit of half filling (n — 1) we find K — 1, but
the numerical determination for the doped case is very
challenging [51]. Using Luttinger liquid theory [3], we can
circumvent the fitting of correlation functions by obtaining
K as the product of the velocity v and the compressibility
(with an additional constant that depends on the conven-
tion) [56], where the latter can be simply determined from
the filling as a function of chemical potential.

Our numerical results are presented in Fig. 4. We find
that the extracted velocities are converged already at
reasonably small bond dimensions. In the inset, we show
the Luttinger parameter and compare to estimates from
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fitting correlation functions using finite size DMRG sim-
ulations [51]. The latter yields estimates that depend quite
strongly on the procedure for extrapolating the correlation
functions to infinite MPS bond dimension, so the agree-
ment seems reasonable.

Outlook.—In this Letter, we have introduced the in-
triguing equivalence between the low-energy spectra of the
transfer matrix and effective Hamiltonian in the infinite
MPS simulation of critical 14 1 dimensional quantum
chains, and we have illustrated the power of this equiv-
alence for estimating the effective velocity in these systems.
Our observation opens the door to the investigations of
other systems of current interest, such as the nature of phase
transitions in Rydberg blockaded spin chains [59,60],
where extended floating phases with ¢ =1 and finite
velocity can terminate in phase transitions with z =2 as
the velocity v — 0. A more challenging scenario to explore
are effective Hamiltonian and transfer matrix spectra in
systems with two or more different velocities, for example a
doped Hubbard chain with ¢ = 2, but different charge and
spin velocities [50]. Finally, similarly powerful tensor
network methods for 2 + 1 dimensional CFTs would be
welcome, as quantum Monte Carlo methods—which work
well for some classes of systems [4,5]—can face difficulties
in situations where the finite size spectrum is affected by
interaction effects [61-63]. Conceptually, this work will
allow for a better understanding of the structure of the MPS
transfer matrix spectrum, which remains a fundamental
open question within the program of finite-entanglement
scaling with tensor networks.
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