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Electroweak renormalization group corrections in high energy processes

Michael Melles*
Paul Scherrer Institute (PSI), CH-5232 Villigen, Switzerland

~Received 9 February 2001; published 6 August 2001!

At energies (As) much higher than the electroweak gauge boson masses~M! large logarithmic corrections of
the scale ratioAs/M occur. While the electroweak Sudakov type double~DL! and universal single~SL!
logarithms have recently been resummed, at higher orders the electroweak renormalization group~RG! cor-
rections are folded with the DL Sudakov contributions and must be included for a consistent subleading
treatment to all orders. In this paper we first derive all relevant formulas for massless as well as massive gauge
theories including all such terms up to orderO@anb0 log2n21(s/M2)# by integrating over the corresponding
running couplings. The results for broken gauge theories in the high energy regime are then given in the
framework of the infrared evolution equation method. The analogous QED corrections below the weak scaleM
are included by appropriately matching the low energy solution to the renormalization group improved high
energy results. The corrections are valid for arbitrary external lines and largest in the scalar Goldstone and
Higgs boson sector as well as for transverse gauge bosons. At TeV energies, these SL-RG terms change
scattering cross sections in the percentile regime at two loops and are thus non-negligible for precision
objectives at future linear colliders.

DOI: 10.1103/PhysRevD.64.054003 PACS number~s!: 12.38.Cy
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I. INTRODUCTION

With the advent of colliders in the TeV regime there h
been a renewed interest in the high energy predictions of
standard model~SM!. At hadronic colliders the experimenta
and/or theoretical accuracy is usually in the few percent
gime, and thus the effect of one loop electroweak correcti
of the order ofO(20%) at TeV energies is indeed releva
for many processes. The reason for these large correctio
physical cross sections is primarily that they depend on
infrared cutoff, i.e., the gauge boson masses (M ), leading to
large double logarithm~DL! and single logarithm~SL! cor-
rections of the scale ratioAs/M . Only soft photon effects
need to be considered in a semi-inclusive way but even f
inclusive cross sections are expected to depend on log(s/M2)
terms @1# due to the fact that the initial states carry a no
Abelian group charge~the weak isospin! and thus violate the
Bloch-Nordsieck theorem.

At this point all experimental constraints indicate tha
light Higgs particle below theW6 threshold is responsible
for the breaking of the electroweak symmetry. If this sc
nario is realized in nature new physics is generally expec
around the TeV scale in order to avoid the hierarchy pr
lem. The high precision measurements of the SLAC lin
collider ~SLC! and CERNe1e2 collider LEP have limited
the room for extensions of the SM considerably and, in g
eral, they cannot deviate from the SM to a large extent w
out evoking so-called conspiracy effects. It would therefo
be very desirable to have a leptonic collider at hand in
future in order to answer questions posed by discove
made at the CERN Large Hadron Collider~LHC! and possi-
bly the Fermilab Tevatron. In particular, if only a light Higg
boson is discovered, say at 115 GeV, then it is mandator
investigate all its properties in detail to experimentally est
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lish the Higgs mechanism including a possible reconstruc
of the potential and of course of the Yukawa couplings.
addition one would have to look for additional heavy Higg
bosons which could easily escape detection at the hadr
machines, but can be detected for masses up to 80% o
c.m. energy at thegg option at the DESY TeV Energy Su
perconducting Linear Accelerator~TESLA! @2–4#. If any su-
persymmetric particle would be found in addition, it is ne
essary to clarify and/or test the relations between coupli
and properties of all new particles in as much detail as p
sible in a complementary way to what would already
known by that time. The overall importance of leptonic co
liders would thus be to clarify the physics responsible for
electroweak symmetry breaking which in turn means it m
be a high precision machine.

On the theory side this means that effects at the 1% le
should be under control in both the SM as well as all ext
sions that are viable at that point. The focus of the pres
work is the former. In particular the above mentioned lar
DL and SL corrections in the SM can, at two loops, be of t
order of a few % 1 TeV. The largest contribution in the hig
energy limit, the DL corrections, were treated compreh
sively to all orders in Ref.@5#. The method employed in Ref
@5# is based on a non-Abelian generalization of a bremsst
lung theorem due to Gribov@6#. The essential point here i
that corrections factorize with respect to the perpendicu
Sudakov componentuk'u of the exchanged gauge boso
With a cutoff imposed on the allowed values ofuk'u>m
>M all gauge bosons in the unbroken~high energy! regime
of the electroweak theory factorize according to the unde
ing SUL(2)3UY(1) symmetry in analogy to QCD. The ef
fect of soft photon emission can then be included in
framework of the infrared evolution equation~IREE! method
@7# with appropriate matching conditions. This approach w
extended to the subleading level and to longitudinal degr
of freedom via the equivalence theorem in Refs.@8,9# by
employing the virtual contributions to the respective splitti
©2001 The American Physical Society03-1
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MICHAEL MELLES PHYSICAL REVIEW D 64 054003
functions. In Ref.@9# it was furthermore shown that als
top-Yukawa enhanced subleading corrections can be
cluded in this formalism to SL accuracy to all orders. The
terms are typical for broken gauge theories as are longit
nal degrees of freedom in general.

At one loop, the approach was tested with calculations
the physical SM fields of Refs.@10,11#. Also at the two loop
level to DL accuracy, the approach was verified by expl
calculations in Refs.@12–14#. To subleading accuracy i
agrees with the result of Ref.@15# for e1e2→ f f̄ to all orders
~up to Yukawa terms!, where results for the QCD form facto
were generalized to the electroweak theory in a similar sp
as detailed above. In addition, non-universal angular te
were calculated at the one loop level and it was propose
resum these terms by multiplying these corrections with
DL form factor.

The still outstanding corrections of the universal, i.e., p
cess independent, type are the focus of this work. They
given by the folding of DL corrections with renormalizatio
group ~RG! loops at higher orders, starting at the two lo
level. These contributions are of orde
O@anb0 log2n21(s/M2)# and as such need to be included in
genuinely SL analysis. We will denote them as SL-RG in
following. Conventional RG corrections, however, are su
subleading at the two loop level.

The paper is organized as follows. In Sec. II we revi
the case for unbroken gauge theories and focus on QC
particular. We derive analytical formulas for both virtual a
real corrections to external quark and gluon lines depend
on the experimental requirements. Section III then app
the results, according to the above considerations, to the
after briefly summarizing the results for the Sudakov corr
tions. We discuss the size of the results in Sec. IV and m
concluding remarks in Sec. V.

II. HIGHER ORDER RENORMALIZATION GROUP
CORRECTIONS IN QCD

In this section we review the case of unbroken gau
theories such as QCD. Explicit comparisons with higher
der calculations revealed that the relevant RG scale in
respective on shell diagrams is indeed the perpendic
Sudakov component@16–18#. We give correction factors fo
each external line below. The universal nature of the hig
order SL-RG corrections can be seen as follows. Cons
the gauge invariant fermionic part (;nf) as indicative of the
full b0

QCD term $replacingnf5@3/TF#@(11/12)CA2b0
QCD#}.

In order to lead to subleading, i.e.,O@as
n log2n21(s/m2)#, this

loop correction must be folded with the exchange of a ga
boson between two external lines~producing a DL-type con-
tribution! like the one depicted in Fig. 1. Using the conse
vation of the total non-Abelian group charge, i.e.,

(
j 51

n

Ta~ j !M~p1 , . . . ,pj , . . . ,pn ;k'
2 !50, ~1!

the double sum over all external insertionsj and l is reduced
to a single sum over alln external legs. Thus these types
corrections can be identified with external lines at high
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orders. The same conclusion is reproduced by the exp
pole structure of modified minimal subtraction scheme~MS!
renormalized scattering amplitudes at the two loop leve
QCD @19#. In addition, from the expression in Ref.@19# it
can be seen that the SL-RG corrections are independen
the spin, i.e., for both quarks and gluons the same runn
coupling argument is to be used. This is a consequence o
fact that these corrections appear only in loops which
yield DL corrections on the lower order level and as su
the available DL phase space is identical up to group the
factors. We begin with the virtual case.

A. Virtual corrections

The case of virtual SL-RG corrections for both massle
and massive partons has been discussed in Ref.@21# with a
different Sudakov parametrization. Below we show the ide
tity of both approaches. The form of the corrections is giv
in terms of the probabilitiesWi V

(s,m2). To logarithmic ac-
curacy, they correspond to the probability to emit a s
and/or collinear virtual parton from particlei at high energies
subject to an infrared cutoffm. At the amplitude level all
expressions below are universal for each external line
exponentiate according to

M~p1 , . . . ,pn ,gs ,m!5MBorn~p1 , . . . ,pn ,gs!

3expS 2
1

2 (
i 51

n

Wi V
~s,m2!D ,

~2!

wheren denotes the number of external lines. We begin w
the massless case.

FIG. 1. A QED diagram at the two loop level yielding a SL-R
correction. The explicit result obtained in Ref.@20# for the case of
equal masses relative to the Born amplitude w
2(1/36)(e4/16p4) log3s/m25(1/12)b0

QED(e4/16p4)log3(s/m2). This
result is reproduced exactly by including a running coupling in
the one loop vertex correction diagram. The argument of the c
pling must depend on the component of the loop momentum~going
into the fermion loop! which is perpendicular to the external fe
mion momenta. In QCD, although more diagrams contribute,
net effect is just to replaceb0

QED→b0
QCD in the above expression.
3-2
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1. Massless QCD

In the following we denote the running QCD coupling b

as~k'
2 !5

as~m2!

11
as~m2!

p
b0

QCDlog
k'

2

m2

[
as~m2!

11c log
k'

2

m2

, ~3!

whereb0
QCD5 11

12 CA2 1
3 TFnf and for QCD we haveCA53,

CF5 4
3 , andTF5 1

2 as usual. Up to two loops the massle
b-function is independent of the chosen renormalizat
scheme and is gauge invariant in minimally subtrac
schemes to all orders@22#. These features will also hold fo
the derived renormalization group correction factors bel
in the high energy regime. The scalem denotes the infrared
cutoff on the exchangedk' between the external momen
pj ,pl , where the Sudakov decomposition is given byk
5vpl1upj1k' , such thatpjk'5plk'50. The cutoff m
serves as a lower limit on the exchanged Euclidean com
nentk'

2 52k'
2 .0 which can be defined in an invariant wa

as

m2<k'
2 [min@2~kpl !~kpj !/~plpj !# ~4!

for all j 5” l . In order to avoid the Landau pole we mu
choosem.LQCD. Thus, the expressions given in this secti
correspond for quarks to the case wherem!m. For arbitrary
external lines we then have

W̃i V
DL~s,m2!5

asCi

2p E
m2

s dk'
2

k'
2 E

k'
2 /s

1 dv
v

5
asCi

4p
log2

s

m2
. ~5!

The RG correction is then described by including the eff
of the running coupling from the scalem2 to s according to
@16–18# ~see also discussions in Refs.@21,23#!:

W̃i V
RG~s,m2!5

Ci

2pEm2

s dk'
2

k'
2 E

k'
2 /s

1 dv
v

as~m2!

11c log
k'

2

m2

5
as~m2!Ci

2p H 1

c
log

s

m2 S log
as~m2!

as~s!
21D

1
1

c2
log

as~m2!

as~s! J , ~6!

whereCi5CA for gluons andCi5CF for quarks. For com-
pleteness we also give the subleading terms of the exte
line correction which is of course also important for pheno
enological applications. The terms depend on the exte
line and the complete result to logarithmic accuracy is giv
by
05400
n
d
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t
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n

WgV

RG~s,m2!5
as~m2!CA

2p H 1

c
log

s

m2 S log
as~m2!

as~s!
21D

1
1

c2
log

as~m2!

as~s!
2

2

CA
b0

QCDlog
s

m2J ~7!

WqV

RG~s,m2!5
as~m2!CF

2p H 1

c
log

s

m2 S log
as~m2!

as~s!
21D

1
1

c2
log

as~m2!

as~s!
2

3

2
log

s

m2J . ~8!

It should be noted that the subleading term in Eq.~7! pro-
portional to b0

QCD is not a conventional renormalizatio
group correction but rather an anomalous scaling dimens
and enters with the opposite sign@8# compared to the con
ventional RG contribution.

2. Massive QCD

Here we give results for the case when the infrared cu
m!m, wherem denotes the external quark mass. We be
with the case of equal external and internal line masses.

Equal masses. Following Ref.@21#, we use the gluon on-
shell conditionsuv5k'

2 to calculate the integrals. We begi
with the correction factor for each external massive qu
line. Following the diagram on the left in Fig. 2 we find:

W̃qV

RG~s,m2!5
CF

2pE0

1du

u E
0

1dv
v

Q~suv2m2!QS u2
m2

s
v D

3QS v2
m2

s
uD as~m2!

11c log~suv/m2!

5
CF

2p H E
m2/s

m/mdu

u E
m2/su

1 dv
v

1E
m/m

1 du

u E
(m2/s)u

1 dv
v

2E
m2/s

mm/sdu

u E
~m2/su!

1 dv
v

2E
mm/s

m2/sdu

u E
(s/m2)u

1 dv
v J as~m2!

11c log~suv/m2!

5
as~m2!CF

2p H 1

c
log

s

m2 S log
as~m2!

as~s!
21D

1
1

c2
log

as~m2!

as~s! J . ~9!

Them-dependent terms cancel out of any physical cross s
tion ~as they must! when real soft bremsstrahlung contrib
tions are added andc5as(m

2)b0
QCD/p for massive quarks.

In order to demonstrate that the result in Eq.~9! exponenti-
ates, we calculated in Ref.@21# the explicit two loop renor-
malization group improved massive virtual Sudakov corr
tions, containing a different ‘‘running scale’’ in each loop.
3-3
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FIG. 2. The virtual Sudakov DL-phase space in massive QCD in the$u,v% and$k'
2 ,v% representation. The shaded area is the region

integration in each case. Form>m the relevant phase space is mass independent in each case.
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is of course also possible to use the scalek'
2 directly. In this

case we have according to the right diagram in Fig. 2:

W̃qV

RG~s,m2!5
CF

2p F E
m2

m2dk'
2

k'
2 E

k'
2 /s

k'
2 /m2dv

v

1E
m2

s dk'
2

k'
2 E

k'
2 /s

1 dv
v G as~m2!

11c log~k'
2 /m2!

5
as~m2!CF

2p H 1

c
log

s

m2 S log
as~m2!

as~s!
21D

1
1

c2
log

as~m2!

as~s! J , ~10!

which is the identical result as in Eq.~9!. For completeness
we also give the subleading terms of the pure one loop fo
factor which is again important for phenomenological app
cations. The complete result to logarithmic accuracy is t
given by

WqV

RG~s,m2!5
as~m2!CF

2p H 1

c
log

s

m2 S log
as~m2!

as~s!
21D

1
1

c2
log

as~m2!

as~s!
2

3

2
log

s

m2
2 log

m2

m2J
~11!

For m5m Eq. ~11! agrees with Eq.~8! in the previous sec-
tion for massless quarks.

Unequal masses. In this section we denote the extern
mass as before bym and the internal mass bymi and thus,
05400
m
-
s

l

the constantc5as(mi
2)b0

QCD/p. We consider only the cas
at high energies taking the first two families of quarks
massless. The running of all light flavors is implicit in thenf

term of theb0
QCD function. The result is then given by

W̃qV

RG~s,m2!5
CF

2p F E
m2

m2dk'
2

k'
2 E

k'
2 /s

k'
2 /m2dv

v

1E
m2

s dk'
2

k'
2 E

k'
2 /s

1 dv
v G as~mi

2!

11c log
k'

2

mi
2

5
as~mi

2!CF

2p H 1

c
log

s

m2 S log
as~m2!

as~s!
21D

1
1

c
log

as~m2!

as~s! S 1

c
1 log

m2

mi
2D J . ~12!

It is evident that the effect of unequal masses is large o
for a large mass splitting. In QCD, we always assume sc
larger thanLQCD and with our assumptions we have only t
ratio of mt /mb leading to significant corrections.

The full subleading expression is accordingly given by

WqV

RG~s,m2!5
as~mi

2!CF

2p H 1

c
log

s

m2 S log
as~m2!

as~s!
21D

1
1

c
log

as~m2!

as~s! S 1

c
1 log

m2

mi
2D

2
3

2
log

s

m2
2 log

m2

m2J
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5
as~mi

2!CF

2p H 1

c
log

s

m2 S log
as~m2!

as~s!
21D

1
1

c2

as~mi
2!

as~m2!
log

as~m2!

as~s!
2

3

2
log

s

m2
2 log

m2

m2J .

~13!

For m5mi Eq. ~13! agrees with Eq.~11! in the previous
section for equal mass quarks.

If we want to apply the above result for the case of QE
corrections later, then there is no Landau pole~at low ener-
gies! and we can have large corrections of the formmb /me ,
etc. In this case the running coupling term is given by

e2~k'
2 !5

e2

12
1

3

e2

4p2 (
j 51

nf

Qj
2NC

j log
k'

2

mj
2

~14!

and instead of Eq.~13! we have withef5eQf

Wf V

RG~s,m2!5
ef

2

8p2 H 1

c
log

s

m2 S log
e2~m2!

e2~s!
21D

1
1

c2
log

e2~m2!

e2~s!
S 12

1

3

e2

4p2

3(
j 51

nf

Qj
2NC

j log
m2

mj
2D 2

3

2
log

s

m2
2 log

m2

m2J ,

~15!

and wherec52 1
3 (e2/4p2)( j 51

nf Qj
2NC

j .

B. Real gluon emission

We discuss the massless and massive case sepa
since the structure of the divergences is different in e
case. For massive quarks we discuss two types of restrict
on the experimental requirements, one in analogy to the
gluon approximation. The expressions below exponent
on the level of the cross section, i.e., for observable sca
ing cross sections they are of the form

ds~p1 , . . . ,pn ,gs ,mexpt!

5dsBorn~p1 , . . . ,pn ,gs!expH (
i 51

n

@Wi ,R~s,m2,mexpt
2 !

2Wi ,V~s,m2!#J , ~16!

where the sum in the exponential is independent ofm and
only depends on the cutoffmexpt defining the experimenta
cross section. We begin with the massless case.
05400
tely
h
ns
ft

te
r-

1. Emission from massless partons

In this section we consider the emission of real gluo
with a cutoff k'<mexpt, related to the experimental require
ments. For massless partons we have, at the DL level,

W̃i R
DL~s,m2,mexpt

2 !5
asCi

p E
m2

mexpt
2 dk'

2

k'
2 E

uk'u

As dv

v

5
asCi

4p H log2
s

m2
2 log2

s

mexpt
2 J ~17!

and thus for the RG-improved correction:

W̃i R
RG~s,m2,mexpt

2 !5
Ci

p E
m2

mexpt
2 dk'

2

k'
2 E

uk'u

As dv

v

as~m2!

11c log
k'

2

m2

5
Cias~m2!

2p H 1

c
log

s

m2 S log
as~m2!

as~mexpt
2 !

21D
2

1

c
log

mexpt
2

s
1

1

c2
log

as~m2!

as~mexpt
2 !

J . ~18!

This expression depends onm as it must in order to cance
the infrared divergent virtual corrections. In fact the sum
real plus virtual corrections on the level of the cross sect
is given by

Wi R
RG~s,m2,mexpt

2 !2Wi V
RG~s,m2!

5
Ci

2b0
QCDH log

s

m2
log

as~s!

as~mexpt
2 !

2 log
mexpt

2

s
1

1

c
log

as~s!

as~mexpt
2 !

J
5

Ci

2bQCDS p

a~s!b0
QCD

log
as~s!

as~mexpt
2 !

2 log
mexpt

2

s D ~19!

and thus is independent ofm. The full expressions to sub
leading accuracy are, thus,

WgR

RG~s,m2,mexpt
2 !5

CAas~m2!

2p H 1

c
log

s

m2 S log
as~m2!

as~mexpt
2 !

21D
2

1

c
log

mexpt
2

s
1

1

c2
log

as~m2!

as~mexpt
2 !

2
2

CA
b0

QCDlog
s

m2J ~20!
3-5
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WqR

RG~s,m2,mexpt
2 !5

CFas~m2!

2p H 1

c
log

s

m2 S log
as~m2!

as~mexpt
2 !

21D
2

1

c
log

mexpt
2

s
1

1

c2
log

as~m2!

as~mexpt
2 !

2
3

2
log

s

m2J . ~21!

All divergent (m-dependent! terms cancel when the full vir
tual corrections are added.
05400
2. Emission from massive quarks

In the case of a massive quark, i.e.,m!m, the overall
infrared divergence is not as severe. This means we can
cuss different requirements which all have the correct div
gent pole structure canceling the corresponding terms f
the virtual contributions. We divide the discussion into tw
parts as above.

Equal masses. The constantc5as(m
2)b0

QCD/p below.
We have the following expression without a running co
pling:
s

In order
pace in
WqR
~s,m2,mexpt

2 !5
asCF

p E
m2

mexpt
2

dk'
2 E

uk'u

As dv

v

k'
2

~k'
2 1m2/sv2!2

'5
asCF

2p S 1

2
log2

s

m2
1 log

s

m2
log

m2

m2
2 log

m2

m2
2

1

2
log2

s

mexpt
2 D , m!mexpt

asCF

2p S log2
s

m2
1 log

s

m2
log

m2

m2
1 log

m2

mexpt
2

2 log
s

m2
log

s

mexpt
2 D , mexpt!m

. ~22!

If we want to employ a restriction analogously to the soft gluon approximation, we find independently of the quark mas@8,12#

WqR
~s,m2,mexpt

2 !5
asCF

p E
m2

mexpt
2

dk'
2 E

uk'u

Amexptdv

v

k'
2

~k'
2 1m2/sv2!2

'
asCF

2p S 1

2
log2

s

m2
1 log

s

m2
log

m2

m2
2 log

m2

m2
1 log

s

mexpt
2

2 log
s

m2
log

s

mexpt
2 D . ~23!

In all cases above we have not taken into account all subleading collinear logarithms related to real gluon emission.
to now proceed with the inclusion of the running coupling terms it is convenient to first consider only the DL phase s
each case. Thus we find

W̃qR

RG~s,m2,mexpt
2 !5

as~m2!CF

2p S E
m2

m2dk'
2

k'
2

log
s

m2
1E

m2

mexpt
2 dk'

2

k'
2

log
s

k'
2 D 1

11c log
k'

2

m2

'
as~m2!CF

2p F1

c
log

s

m2 S log
as~m2!

as~mexpt
2 !

21D 1
1

c
log

s

mexpt
2

1
1

c2
log

as~m2!

as~mexpt
2 !

G , m!mexpt ~24!

and

W̃qR

RG~s,m2,mexpt
2 !5

as~m2!CF

2p E
m2

mexpt
2 dk'

2

k'
2

log
s

m2

1

11c log
k'

2

m2

'
as~m2!CF

2p

1

c
log

s

m2
log

as~m2!

as~mexpt
2 !

, mexpt!m. ~25!

The full subleading expressions are thus given by

WqR

RG~s,m2,mexpt
2 !'

as~m2!CF

2p F1

c
log

s

m2 S log
as~m2!

as~mexpt
2 !

21D 1
1

c
log

s

mexpt
2

1
1

c2
log

as~m2!

as~mexpt
2 !

2 log
m2

m2G , m!mexpt ~26!
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and

WqR

RG~s,m2,mexpt
2 !'

as~m2!CF

2p F1

c
log

s

m2
log

as~m2!

as~mexpt
2 !

1 log
m2

mexpt
2 G , mexpt!m. ~27!

In case we also impose a cut on the integration overv, we
have independently of the relation betweenm and mexpt as-
suming onlym2!s

W̃qR

RG~s,m2,mexpt
2 !5

as~m2!CF

2p S E
m2

m2mexpt
2 /sdk'

2

k'
2

log
s

m2

1E
m2mexpt

2 /s

mexpt
2 dk'

2

k'
2

log
mexpt

2

k'
2 D 1

11c log
k'

2

m2

'
as~m2!CF

2p F1

c
log

s

m2 S log
as~m2!

as~mexpt
2 !

21D
1

1

c
log

s

mexpt
2

log
as~mexpt

2 !

as~mexpt
2 m2/s!

1
1

c2
log

as~mexpt
2 m2/s!

as~mexpt
2 !

G . ~28!

This expression agrees with the result obtained in Ref.@21#
where the gluon on-shell conditionk'

2 5suv was used and
one integral over one Sudakov parameter was done num
cally. In Ref. @21# it was also shown that the RG-improve
virtual plus soft form factor also exponentiates by explici
calculating the two loop RG correction with each loop co
taining a running coupling of the correspondingk'

2 .
The full subleading expression for the RG-improved s

gluon emission correction is thus given by

WqR

RG~s,m2,mexpt
2 !'

as~m2!CF

2p F1

c
log

s

m2 S log
as~m2!

as~mexpt
2 !

21D
1

1

c
log

s

mexpt
2

log
as~mexpt

2 !

as~mexpt
2 m2/s!

1
1

c2
log

as~mexpt
2 m2/s!

as~mexpt
2 !

2 log
m2

m2

1 log
s

mexpt
2 G ~29!

for the equal mass case. The case of different external
internal masses is again important for applications in Q
and will be discussed next.
05400
ri-

-

t

nd

Unequal masses. While the gluonic part of theb function
remains unchanged we integrate again only from the scal
the massive fermion which is assumed to be in the pertu
tive regime. For applications to QED, however, we need
full expressions below. Here we discuss only the case an
gous to the soft gluon approximation. Considering again o
the high energy scenario we have for the case of an exte
massm and a fermion loop massmi

W̃qR

RG~s,m2,mexpt
2 !

5
as~mi

2!CF

2p S E
m2

m2mexpt
2 /s dk'

2

k'
2

log
s

m2

1E
m2mexpt

2 /s

mexpt
2 dk'

2

k'
2

log
mexpt

2

k'
2 D 1

11c log
k'

2

mi
2

'
as~mi

2!CF

2p F1

c
log

s

m2 S log
as~m2!

as~mexpt
2 m2/s!

21D
1

1

c
log

mi
2

mexpt
2

log
as~mexpt

2 !

as~mexpt
2 m2/s!

1
1

c2
log

as~mexpt
2 m2/s!

as~mexpt
2 !

G . ~30!

This expression agrees with the result obtained in Eq.~28!
for the casemi5m.

The full subleading expression for the RG-improved s
gluon emission correction is thus given by

WqR

RG~s,m2,mexpt
2 !

'
as~mi

2!CF

2p F1

c
log

s

m2 S log
as~m2!

as~mexpt
2 m2/s!

21D
1

1

c
log

mi
2

mexpt
2

log
as~mexpt

2 !

as~mexpt
2 m2/s!

1
1

c2

3 log
as~mexpt

2 m2/s!

as~mexpt
2 !

2 log
m2

m2
1 log

s

mexpt
2 G

5
as~mi

2!CF

2p F1

c
log

s

m2 S log
as~m2!

as~mexpt
2 m2/s!

21D
1

1

c2

as~mi
2!

as~mexpt
2 !

log
as~mexpt

2 m2/s!

as~mexpt
2 !

2 log
m2

m2
1 log

s

mexpt
2 G . ~31!
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As mentioned above, this expression is more useful for
plications in QED or if the mass ratios are very large.
QED we have again the running coupling of the form giv
in Eq. ~14!, and Eq.~31! becomes

Wf R

RG~s,m2,mexpt
2 !

'
ef

2

8p2 F1

c
log

s

m2 S log
e2~m2!

e2~mexpt
2 m2/s!

21D
1

1

c2
log

e2~mexpt
2 m2/s!

e2~mexpt
2 !

S 12
1

3

e2

4p2

3(
j 51

nf

Qj
2NC

j log
mexpt

2

mj
2 D 2 log

m2

m2
1 log

s

mexpt
2 G ,

~32!

where againc52 1
3 (e2/4p2)( j 51

nf Qj
2NC

j . This concludes the
discussion of SL-RG effects in QCD. As a side remark
mention that for scalar quarks, the same function appear
for fermions since the DL-phase space for both cases is id
tical. Only b0 as well as the SL terms differ in each case

III. ELECTROWEAK RG CORRECTIONS

We now turn to the case of spontaneously broken ga
theories. As in the previous section, we are interested o
in terms of SL accuracy. At one loop, these are the obvi
RG corrections from the running couplings as discussed
Refs.@10,8,9#. At higher orders, we have the same situati
as in QCD that the RG corrections are folded into loo
which on a lower order lead to DL contributions. We beg
with a summary of the known higher order DL and SL co
rections.

A. Subleading electroweak Sudakov corrections to all orders

In this section we are going to discuss the high
order Sudakov corrections in the electroweak theory. Wh
the method discussed below is general, for definiten
we consider only the SM. The framework we use in t
following is given by the IREE method. The basic physic
idea behind this framework is to identify the effectiv
high energy theory at values ofk'@m>M . The correspond-
ing contribution from QED below the scaleM is then given
by appropriate matching conditions atm5M in order to re-
cover the high energy theory solution. In this way all univ
sal Sudakov DL and SL have been resummed in R
@5,8,9#. At one loop the results obtained by the IREE meth
agree with the literature for all external lines and at tw
loops, the DL results were checked by explicit calculatio
with the physical SM fields@12–14#. Including soft brems-
strahlung with a cut on the allowedk'<mexpt<M of the
05400
p-

e
as
n-

e
ly
s

in

s

r
e
ss

l

-
s.
d

s

emitted real photons, and regularizing virtual IR divergenc
with a cutoff k'>m, we find for the semi-inclusive cros
section1

ds~p1 , . . . ,pn ,g,g8,mexp!

5dsBorn~p1 , . . . ,pn ,g,g8!expH 2(
i 51

ng

Wgi
~s,M2!

2(
i 51

nf

Wf i
~s,M2!2(

i 51

nf

Wf i
~s,M2!J

3expF2(
i 51

nf

@wf i
~s,m2!2wf i

~s,M2!#

2(
i 51

nw

@wwi
~s,m2!2wwi

~s,M2!#

2(
i 51

ng

wg i
~M2,mj

2!Gexp@wgexpt
~s,mi ,m,mexpt!#,

~33!

whereng denotes the number of transversely polarized ga
bosons,n ~with an index off! is the number of externa
scalars, andnf the number ofexternalfermions. This expres-
sion omits all RG corrections, even at the one loop level. T
functionsW andw correspond to the logarithmic probabilit
to emit a soft and/or collinear particle per line, where t
capital letters denote the probability in the high energy eff
tive theory and the lower case letter the corresponding
from pure QED corrections below the weak scale. T
matching condition is implemented such that form5M only
the high energy solution remains. For the contribution fro
scalar fieldsf5$f6,x,H% above the scaleM we have

Wf i
~s,M2!5

a

4p F S Ti~Ti11!1tan2uw

Yi
2

4 D
3S log2

s

M2
24 log

s

M2D 1
3

2

mt
2

M2
log

s

mt
2G ,

~34!

wherea5g2/4p and tan2uw5a8/a. The last term is written
as a logarithm containing the top quark massmt rather than

1We emphasize that for photon andZ-boson final states the mixing
effects have to be included correctly as described in Ref.@8#. In
particular, for transverse degrees of freedom the corrections do
factorize with respect to the physical Born amplitude but rather w
respect to the amplitudes containing the fields in the broken ph
For longitudinally polarizedZ bosons, however, there is no mixin
with photons and the corrections factorize with respect to the B
amplitude.
3-8
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the weak scaleM since these terms always containmt as the
heaviest mass in the loop correction@9#. For fermions we
have

Wf i
~s,M2!5

a

4p F S Ti~Ti11!1tan2uw

Yi
2

4 D
3S log2

s

M2
23 log

s

M2D
1S 11d f ,R

4

mf
2

M2
1d f ,L

mf 8
2

4M2D log
s

mt
2G , ~35!

where f 8 denotes the weak isospin partner off. For external
transversely polarized gauge bosons,
as

io
e

ni

05400
Wgi
~s,M2!5F a

4p
Ti~Ti11!1

a8

4p S Yi

2 D 2G log2
s

M2

2S d i ,W

a

p
b01d i ,B

a8

p
b08D log

s

M2
, ~36!

with

b05
11

12
CA2

1

3
ngen2

1

24
nh, b0852

5

9
ngen2

1

24
nh ,

~37!

wherengen denotes the number of fermion generations a
nh the number of Higgs doublets. Again we note that f
external photon andZ-boson states we must include the mi
ing appropriately as discussed in Ref.@8#. For the terms en-
tering from contributions below the weak scale we have
fermions
wf i
~s,m2!55

ei
2

~4p!2 S log2
s

m2
23 log

s

m2D , mi!m

ei
2

~4p!2 F S log
s

mi
2

21D 2 log
mi

2

m2
1 log2

s

mi
2

23 log
s

mi
2G , m!mi

~38!

Analogously, for externalW bosons and photons we find

wwi
~s,m2!5

ei
2

~4p!2 F S log
s

M2
21D 2 log

M2

m2
1 log2

s

M2G , ~39!

wg i
~M2,m2!55

1

3 (
j 51

nf ej
2

4p2
NC

j log
M2

m2
, mj!m

1

3 (
j 51

nf ej
2

4p2
NC

j log
M2

mj
2
, m!mj

~40!

for the virtual corrections. For real photon emission we have in the soft photon approximation

wgexpt
~s,mi ,m,mexpt!55 (

i 51

n ei
2

~4p!2 F2 log2
s

mexpt
2

1 log2
s

m2
23 log

s

m2G , mi!m

(
i 51

n ei
2

~4p!2 F S log
s

mi
2

21D 2 log
mi

2

m2
1 log2

s

mi
2

22 log
s

mexpt
2 S log

s

mi
2

21D G , m!mi

~41!
els

ar
se
wheren is the number of external lines and the upper c
applies only to fermions since forW6 we havem,M . Note
that in all contributions from the regimem,M we have kept
mass terms inside the logarithms. This approach is valid
the entire standard model up to terms of orderO(logmt /M).
The overallm dependence in the semi-inclusive cross sect
cancels and we only have a dependence on the param
mexpt related to the experimental energy resolution. All u
e

in

n
ter

-

versal electroweak Sudakov corrections at DL and SL lev
exponentiate.

B. Renormalization group improvement

The way to implement the SL-RG corrections is cle
from the discussion in Sec. II. At high energies, the DL pha
space is essentially described by an unbrokenSU(2)
3-9
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SU~2!3U(1) theory in which we can calculate the high e
ergy contributions. In this regime, all particle masses can
neglected and we have to consider the following virtual el
troweak DL phase space integral with running couplings
each gauge group:

W̃i V
RG~s,m2!5

1

2pEm2

s dk'
2

k'
2 E

k'
2 /s

1 dv
v

3H Ti~Ti11!a~m2!

11c log
k'

2

m2

1
~Yi

2/4!a8~m2!

11c8, log
k'

2

m2
J

5
a~m2!Ti~Ti11!

2p H 1

c
log

s

m2 S log
a~m2!

a~s!
21D

1
1

c2
log

a~m2!

a~s! J
1

a8~m2!Yi
2

8p H 1

c8
log

s

m2 S log
a8~m2!

a8~s!
21D

1
1

c82
log

a8~m2!

a8~s!
J , ~42!

where a(m2)5g2(m2)/4p, a8(m2)5g82(m2)/4p, c
5a(m2)b0 /p, and analogously,c85a8(m2)b08/p. In each
case, the correct non-Abelian or Abelian limit is reproduc
by letting the corresponding couplings of the other gau
group approach zero. In this way it is easy to see that
argument of the running couplings can only be what appe
in Eq. ~42!.

The form of Eq.~42! is valid for fermions, transversely
and longitudinally polarized external lines but~omitted! sub-
leading terms as well as the quantum numbers of the w
isospinTi and the weak hyperchargeYi differ. In order to
implement the missing soft photon contribution, we choo
the analogous form of solution in Eq.~32! and have to imple-
ment it in such a way that form5M Eq. ~42! is obtained.
The full result for the respective semi-inclusive cross s
tions is then given by

dsRG~p1 , . . . ,pn ,g,g8,mexp!

5dsBorn@p1 , . . . ,pn ,g~s!,g8~s!#

3expH 2(
i 51

ng

Wgi

RG~s,M2!2(
i 51

nf

Wf i

RG~s,M2!

2(
i 51

nf

Wf i

RG~s,M2!J expF2(
i 51

nf

@wf i

RG~s,m2!

2wf i

RG~s,M2!#2(
i 51

nw

@wwi

RG~s,m2!2wwi

RG~s,M2!#

2(
i 51

ng

wg i
~M2,mj

2!Gexp@wgexpt

RG ~s,mi ,m,mexpt!#,

~43!
05400
e
-

n

d
e
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e

-

wherenf denotes here again the number ofexternal fermi-
ons. The argument of the gauge couplings in the Born cr
section indicates the one loop renormalization of the c
plings which is not included in the exponential expressio
but which at one loop is genuinely subleading:

a~s!5a~M2!S 12b0

a~M2!

p
log

s

M2D , ~44!

a8~s!5a8~M2!S 12b08
a8~M2!

p
log

s

M2D , ~45!

wherea(M2)5e2(M2)/4psw
2 anda8(M2)5e2(M2)/4pcw

2

with

e2~M2!5e2S 11
1

3

e2

4p2 (
j 51

nf

Qj
2NC

j log
M2

mj
2 D ~46!

and e2/4p51/137. If there are non-suppressed mass ra
in the Born term, also these terms need to be renormalize
one loop~see Ref.@10#!. Higher order mass renormalizatio
terms would then be sub-subleading. The functi
Wf i

RG(s,M2) is given by

Wf i

RG~s,M2!5
a~M2!Ti~Ti11!

2p H 1

c
log

s

M2 S log
a~M2!

a~s!
21D

1
1

c2
log

a~M2!

a~s! J 1
a8~M2!Yi

2

8p

3H 1

c8
log

s

M2 S log
a8~M2!

a8~s!
21D

1
1

c82
log

a8~M2!

a8~s!
J 2F S a~M2!

4p
Ti~Ti11!

1
a8~M2!

4p

Yi
2

4 D4 log
s

M2

2
3

2

a~M2!

4p

mt
2

M2
log

s

mt
2G , ~47!

where we again havemt in the argument of the Yukawa
enhanced correction@9#. Analogously for fermions we have
3-10
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Wf i

RG~s,M2!5
a~M2!Ti~Ti11!

2p H 1

c
log

s

M2 S log
a~M2!

a~s!
21D

1
1

c2
log

a~M2!

a~s! J 1
a8~M2!Yi

2

8p

3H 1

c8
log

s

M2 S log
a8~M2!

a8~s!
21D

1
1

c82
log

a8~M2!

a8~s!
J 2F S a~M2!

4p
Ti~Ti11!

1
a8~M2!

4p

Yi
2

4 D3 log
s

M2
2

a~M2!

4p

3S 11d f ,R

4

mf
2

M2
1d f ,L

mf 8
2

4M2D log
s

mt
2G . ~48!

The last term contributes only for left-handed botto
and for top quarks as mentioned above andf 8 denotes
05400
the corresponding isospin partner for left-hand
fermions.

Wgi

RG~s,M2!5
a~M2!Ti~Ti11!

2p H 1

c
log

s

M2 S log
a~M2!

a~s!
21D

1
1

c2
log

a~M2!

a~s! J 1
a8~M2!Yi

2

8p H 1

c8
log

s

M2

3S log
a8~M2!

a8~s!
21D 1

1

c82
log

a8~M2!

a8~s!
J

2S d i ,W

a~M2!

p
b01d i ,B

a8~M2!

p
b08D log

s

M2
.

~49!

Again we note that for external photon andZ-boson states
we must include the mixing appropriately as discussed
Ref. @8#. For the terms entering from contributions below t
weak scale we have for fermions
ly SL
wf i

RG~s,m2!55
ei

2

8p2 H 1

c
log

s

m2 S log
e2~m2!

e2~s!
21D 1

1

c2
log

e2~m2!

e2~s!
2

3

2
log

s

m2J , mi!m

5
ei

2

8p2 H 1

c
log

s

m2 S log
e2~m2!

e2~s!
21D 2

3

2
log

s

m2
2 log

m2

m2
1

1

c2
log

e2~m2!

e2~s!
S 12

1

3

e2

4p2 (
j 51

nf

Qj
2NC

j log
m2

mj
2D J ,

m!mi

~50!

wherec52 1
3 (e2/4p2)( j 51

nf Qj
2NC

j . Analogously, for externalW bosons and photons we find

wwi

RG~s,m2!5
ei

2

8p2 H 1

c
log

s

M2 S log
e2~m2!

e2~s!
21D 2 log

M2

m2
1

1

c2
log

e2~M2!

e2~s!
S12

1

3

e2

4p2 (
j 51

nf

Qj
2NC

j log
M2

mj
2 D J ,

~51!

wg i
~M2,m2!55

1

3 (
j 51

nf ej
2

4p2
NC

j log
M2

m2
, mj!m

1

3 (
j 51

nf ej
2

4p2
NC

j log
M2

mj
2

, m!mj .

~52!

Note that the functionwg i
(M2,m2) does not receive any RG corrections to the order we are working since it contains on

terms. For the virtual corrections and for real photon emission we have in the soft photon approximation:

wgexpt

RG ~s,mi ,m,mexpt!55
(
i 51

n ei
2

8p2 H 1

c
log

s

m2 S log
e2~m2!

e2~mexpt
2 !

21D 2
1

c
log

mexpt
2

s
1

1

c2
log

e2~m2!

e2~mexpt
2 !

2
3

2
log

s

m2J , mi!m

(
i 51

n ei
2

8p2 H 1

c
log

s

m2 S log
e2~m2!

e2~mexpt
2 m2/s!

21D 1
1

c2
log
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FIG. 3. This figure compares the renormalization group improved probabilitiesWi
RG with the conventional Sudakov exponentialsWi for

various external particle lines. The comparison is made with the indicated scale choices for the functionsWi and takes into account only th
RG corrections from the scaleM to As. Taking the difference between the two curves is a measure of the uncertainty removed in this
The variations in the scale of the coupling in theWi functions is largest in the scalar~Goldstone and Higgs boson! sector and for transvers
W6 where the effect is about 0.8% at 2 TeV per line on the level of the cross section. In general, the RG improved form factors
fractions of 1% per line and need to be taken into account at future colliders if the experimental accuracy is in the percentile regime.
energy is given in GeV.
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s
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where n is the number of external lines andnf fermions
propagating in the loops folded with the DL integrals. T
upper case applies only to fermions since forW6 we have
m,M . Note that in all contributions from the regimem
,M we have kept mass terms inside the logarithms. For
running above the weak scaleM we use only the massles
b0 , b08 terms with ngen53. This approach is valid in the
entire standard model up to terms of orderO(logmt /M).

IV. DISCUSSION

In this section we discuss briefly the size of the SL-R
corrections obtained in Sec. III. For this purpose we w
only compare the terms which are new in the present an
05400
e

l
y-

sis, i.e., the running from the weak scaleM to As. We are
thus interested in effects starting at the two loop level a
want to compare the relative size of the RG-improved fo
factors to the pure Sudakov terms. It is therefore of inter

to compare the ratios (e$2Wi
RG%2e$2Wi %)/e$2Wi

RG% for the
various particle labelsi. Since the physical scales in th
problem are given byM andAs, the lower and upper limits
of the couplings are given accordingly by these scales for
functions Wi . Figure 3 compares the respective ratios
various SM particles. For definiteness we takeM
580 GeV, mt5174 GeV, sw

2 50.23, a(M2)51/128/sw
2 ,

a8(M2)51/128/cw
2 , b0519/24, andb085241/24. The dif-

ference between the curves usingM2 and those usings as the
3-12
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scales in the conventional Sudakov form factors is a mea
of the inherent scale uncertainty which is removed by
RG-improved Sudakov form factorsWi

RG. The largest effect
is obtained in the gauge boson sector. For exter
$f1,f2,x,H% particles we have at 1 TeV a difference b
tween the curves of about 0.35% per line on the level of
cross section, growing to 0.65% at 2 TeV. The situation
very similar for transversely polarizedW1,W2 particles
where it reaches about 0.4% at 1 TeV and 0.8% at 2 TeV
line on the cross section level. For left-handed quarks of
third generation the size of the corrections is about 0.15%
1 TeV per line on the level of the cross section and 0.33%
2 TeV. These corrections are thus considerably smaller
only needed if precisions below the 1% level are necess
from the theory side. For right-handed top quarks the eff
is even smaller since only the running ofa8 enters and it is
thus negligible for most applications. The form of the tw
curves in the case of right-handed tops differs markedly fr
the other three cases because at the energies displaye
dominant effect is actually due to subleading Yukawa
hanced corrections (;a) since the DL terms are propor
tional to a8 and since the ratio32 mt

2/M2 is of the size of an
additional logarithm for these values ofAs.

In general it can be seen that—where the DL ter
dominate—the renormalization group improved results
indeed in between the upper and lower bounds given by
respective scale choices in the conventional Sudakov f
factors. Indeed also for right-handed top quarks this pat
is observed if only DL corrections are taken into account

It should be emphasized again that also the QED-RG
rections can be sizable since large mass ratios with l
particles occur. These should of course also be impleme
in a full SM prediction at TeV energies.
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V. CONCLUSIONS

In this paper we have obtained the complete sublead
electroweak renormalization group corrections to all ord
in high energy processes in the framework of the infra
evolution equation method. These are terms originating
loops which at a lower loop order lead to DL corrections a
are of the typeanb0 log2n21(s/M2). We have derived the cor
rections for massless as well as massive gauge theories
used appropriate matching conditions to obtain the full S
contributions. These corrections start at the two loop le
and are universal, i.e. properties of external lines and t
process independent. They represent the last missing un
sal contribution needed for a full SL analysis at the two lo
level. The size of the effect at TeV energies changes obs
able cross sections in the percentile regime and is large
the scalar and gauge boson sector, where at 2 TeV the un
tainty in the conventional Sudakov form factor is about 0.6
per line at the level of the cross section. These effects can
be neglected at TeV linear colliders for precision measu
ments in the percentile regime.

The last outstanding type of SL correction at the two lo
level is given by the non-universal, process dependent an
lar terms of the typean log2n21(s/M2)logu/t. These terms
also do not factorize with respect to the Born cross amplitu
and the high precision objectives of future linear collide
will make at least a two loop analysis of these correctio
mandatory.
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