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Summary

A nonparametric plant density estimator is proposed by using a ranked set
sampling of point-to-plant distances. The method is based on a relation between the
plant density and the probability density function of the point-to-plant squared
distances. A boundary modification of normal kernel is adopted to perform the
estimation of the probability density function. Practical suggestions are given in order
to implement ranked set sampling. The efficiency of the proposed design is evaluated
under random, regular and aggregated patterns.

2.4.1 Introduction

The problem of estima� ing plant density commo�ly � ses . in_ forestry. Cla� ton
and Cox ( 1986, p. 753) pomt out that "in many situations it is extremely t�me
consuming or impractical to map all the events or carry out quadrat sampling" .

Accordingly, distance methods are often preferred to quadrat count meth_?ds.
Distance based estimators of plant density involve measuring the distances from
randomly selected points or plants to their first, second, . . . , ne�est plants. A
disadvantage of these methods is the difficulty of finding the analytic form for the
distance distribution when processes fail to be random.
A way to overcome such a difficulty is to construct p!ant density est �mators
which are robust to departures from spatial randomness. A hst of robust estimators
can be found both in Upton and Fingleton ( 1985, pp. 118- 133) and Ord_ ( 1990) ��ng
others. However, the practical use of these proposals seems to be quite proh1b1tive
owin.e; to the amount of measurements involved.
In this framework, a more suitable approach is due to Patil et al. ( 1979, 1982) .
Under fairly general conditions on plant pattern, Patil et al. (1979) establish a
relation between the plant density and the probability density function of the squared
distance from a random point to the nearest plant (point-to-plant distance). Thus, on
the basis of this relation, they propose a plant density estimator which just requires
point-to-plant distances and which results to be consistent and asymptotically
normal. As to the performances of this method, a simulation study of Clayton and
Cox (1986) shows that its efficiency is generally about 0.5 with respect to Byth's
estimator, which seems to be the best among robust estimators of plant density, but
which involves the quite cumbersome "T-square" sampling (see Byth, 1982 ) .
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By using a boundary kernel method to estimate the probability density function
of the point-to-plant squared distances, Barabesi and Fattorini { 1994) propose a plant
density estimator which generally performs much better than the one of Patil et al.
{1982). Therefore, the boundary kernel method seems to be a competitive one,
accomplishing simplicity and efficiency. In the same paper, Barabesi and Fattorini
{1994) suggest the use of ranked set sampling (RSS) to collect point-to-plant distances
(see Patil et al., 1994 for a review on RSS) and they show that the accuracy of the
boundary kernel estimator generally improves when RSS is used instead of the usual
random sampling {RS).
In this paper, a design is proposed to avoid some practical difficulties in
performing RSS. Since the proposed design is likely to introduce a dependence among
distances which could deteriorate the performances of RSS, a rough dependence
model is supposed and its effects on the boundary kernel estimator are investigated
under various spatial patterns. The results show that RSS has to be always preferred
to RS , even if the presence of dependence reduces its effectiveness. Finally, an
example is given from field data.

2.4.2 Theoretical Background

Suppose that plants are distributed according to a stationary point processes on
the study area. Let .,\ be the density of the process, i.e. the average number of points
per unit area and let X be the point- to-plant distance. If N(u) denotes the number of
plants in a randomly located disk of area u, the distribution function of the squared
distance U = 1r X2 results to be

F( u) = 1 - P0 ( u) , u 2: 0 ,
where P0 (u) = P{N(u) = 0 } . Under fairly general conditions on P0 (which basically
eliminate processes producing coincident points), Patil et al: {1979) prove that

{1)

.-\ = f ( 0) ,

where f(u) represents the probability density function of U corresponding to F(u).
Accordingly, ( 1 ) provides a basis for the nonparametric estimation of plant density.
Now, in application to the usual RS protocol, suppose that n points are randomly
selected on the study area in such a way that n independent point-to-plant squared
distances, say u 1 ,u2 , • • • ,u,., are obtained. According to ( 1 ) , Patil et al. ( 1982) propose
to estimate .,\ by using the Loftsgaarden and Quesenberry (1965) nonparametric
estimator of f( 0), i.e.
(2)

XP -- nku-( [kl)1 ,

where [ • ] denotes the greatest integer function, u(i) denotes the i-th order statistic
and k = k(n) is a constant to be chosen. The authors suggest the use of k = n2 13 when
f has a distinct spike near u = 0, or alternatively, the use of k = n4 1 5 when f has a
"shoulder" ne9f u = 0. Furthermore, thei prove that under some regularity condition
on f, k(n) 1 l2 ( .-\ p - .-\ ) conve�ges to N(0) ) .
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Alternatively, Barabesi and Fattorini { 1994) prop9se to estimate A by using a
kernel estimator of /(0), i.e.

{3)

.....

A BF

( -U· )

n
= n1h i�
K

T

where h i s a bandwidth to be chosen and K is a suitable kernel. As.....well known, {3)
provides a b�ed estimator of plant density with expected value E( A B F) = µh/h and
variance V (A BF ) = o-V(n h2 ) , where µ" = E{K( - U/h)} and o-f = V { K ( - U/h) } .
However, if f is supposed to have two continuous derivatives near u = 0 , i t can be
easily proved that
.....
E( A BF ) � ao f (0) - h a 1 f'(O) + h2 a2 /"{O)
2
and

where
a1

fO uI K(u) du
= -�

, b

o

= -�
J K2 (u) du .

Thus, if h is related to n in such a way that h-+0 as n-+oo and n h-+oo, (3) results to
be consistent and asymptotically normal, providing that a = 1 .
Furthermore, in order to obtain a bias of order o(h2) , Jones ( 1993) suggests to
choose the kernel in such a way that a 1 = 0. Following this suggestion, Barabesi and
Fattorini ( 1 994) propose the use of

(4 )

K(u)

= /fr (2 - u2 ) exp ( - u2 /2) , u < 0 ,

which just results to be a boundary modification of the usual standard normal kernel
(see FIGURE 1 ) .

FIGURE 1. Normal kernel
( dashed line) and its
boundary modification to
estimate /(0 ) (solid line).

73

In the_same paper, Barabesi and Fattorini i nvestigate the efficiency of XBF with
respect to A p under random, regular and Poisson cluster processes (see Appendix) and
various sample sizes. The efficiency was quantified by the ratio of the mean squared
errors of the two estimators �t their best ( i.e. by using the values of k which minimize
the mean J_quared errors of >. p and the values of h which minimize the mean squared
errors of >. BF). In turn, the values of the mean squared errors were computed by
using integration routines. Since the efficiencies are scale invariant, they do not
depend on >., when >. constitutes a scale parameter of f, i.e. in the case of random and
J:!!gular processes. From TABLE 1 of Barabesi and Fattorini ( 1994 ) , the efficiency of
>. BF ranges from 1 .50 in t}le case of a patchy cluster_J>attern to 7. 1 8 in the case of a
regular grid. Accordingly, >. BF should be preferred to >. P·

2.4.3 Ranked Set Sampling
The RSS is a technique originally proposed by McIntyre ( 1 952) in order to
improve the performances of the sample mean_- as estimator of the population mean
- with respect to RS. Accordingly, since >. 8F is merely 1/h times the sample
estimator of µh, Barabesi and Fattorini (1994) suggest to collect point-to-plant
distances by RSS instead of by the usual RS.
The RSS protocol involves selecting r m 2 points at random in the study area,
which are randomly partitioned into n = r m sets of m points. Next, for each set of m
points, the corresponding point-to-plant distances are ranked by a visual inspection
(without measuring them). Finally, the distances with rank 1 are quantified in r sets
out of n, obtaining

the distances with rank 2 are quantified in

1·

sets out of the remaining n - r, obtaining

and this process of quantification continues until the distances with rank m are
quantified in the remaining r sets, obtaining

From these quantities, the RSS counterpart of (3) turns out t o be
- u l m)i
XRSS = _
l_
K{
(: },
( 5)
m r h l=l i=l
h
where u ( t: , )i = 7r xf,: m)i , I = 1,2, . . . ,m ani.i i = 1 ,2, . . . ,r. As to the properties of (5), it
'J proved that E(>.
can be easily
nss ) = E(>. BF ) with variance

EE

m
~
_
1
2
V (>. R ss ) - m2 7. 2 � ul&(l: m) ,
h 1
where Ui(t: m) = V { !( ( - U (l : m/h) } and U ( l: m ) denotes the l-th order statistic in a
random sample of size m from F.
It must be pointed out that, since the mapping K( - u/h) fails to be monotone,
the ranks of the transformed quantities cannot be determined by the ranks of the
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corresponding squared distances, i.e. ranking errors may occur in (5) even if the
(squared) point-to-plant distances are ranked without errors. Notwithstanding this,
even in presence of ranking errors, Dell and Clutter (1972) prove that ItSS performs
bet;_ter than RS. Accordingly, there is always something to gain in using >. Rss instead
of ). BF ·
.....
..... Barabesi and Fattorini (1994) investigate the efficiency of >. Rss with respect to
>. BF under the spatial processes described in the Appendix, various sample sizes and
set sizes m = 2(1)6. Also in this case, the efficiency has been quantified by the ratio
of the mean squared errors of the two estimators at their best ( i.e. by using the values
of h which minimize the mean squared errors). Also in this case, the efficiencies result
to be scale invariant, in such a way that they do not depend on >. for random and
!:_egular processes. From TABLE 3 of Barabesi and Fattorini ( 1994), the efficiency of
>. nss increases with m, ranging from 1.08 for m = 2 and a patchy cluster pattern to
3.00 for m = 6 and regular grid. As to these discrepancies in the efficiencies of RSS,
they should be namely due to the presence of heavy skewness in the distributions of
K( - U /h) under clusterd patterns, that adversely impacts upon the performances of
RSS (see Patil et al. 1994, pp. 187- 188). Moreover, the presence of a certain amount
of bias in the case of clustered point processes further limits the benefits of reducing
variance by a RSS design.
Note that, to deal with asymmetric distributions, McIntyre ( 1952) suggests an
unequal allocation of the quantification effort to the different ranks. However, this
procedure can be performed only when accurate estimates for the standard deviation
of each rank order statistics are available by some previously conducted survey.

2.4.4 Within Set Dependence

Even if the performances of RSS improve by increasing m, however the use of
large set sizes is not suitable in this situation because of the practical difficulties in
ranking the point-to-plant distances when the sets contain many points. Thus, the
choice of m must involve a tradeoff between efficiency and practical convenience.
Accordingly, a value of m = 2 or m = 3 seems to be the most adequate. Moreover,
since the judgmental ranking of the distances may be difficult if the points are
located far away from each other, the sets have to be formed in such a way to ensure
quite closely located points in each set.
When the selection of points within sets is not random a problem arises since
closely located points are likely to generate dependent point-to-plant distances, i.e. in
each set of points, the m ranc!,Qm variables U1 ,U2 . . . ,Um tend to be positively related.
Accordingly, the variance of >. Rss is no longer the one obtained when the U/s are
independently distributed and the performances of the RSS with respect to RS have
to be investigated further.
However, even if the U/s fail to be independent, there is no reason why Ui and
U; ( i =/; j) should have a different probability distribution. Thus, it can be reasonably
assumed that the joint distribution of the U/s is exchangeable. Under this assumption
and in the case of ranking without errors, Takahasi (1969) shows that RSS still
performs better than RS. Since TakaJiasi's result can be straightf2.rwardly extended to
the case of imperfect ranking, then >- nss has to be preferred to >. BF even in presence
of dependence.
By the Takahasi formulas, the effects of dependence on RSS are clear only for
m = 2, while no simple interpretation is possible when m > 3. However, since a
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positive dependence is likely to cause a higher variation between sets than within
sets, it should ultimately reduce the benefits of RSS.
.....
In order to obtain an initial impression about the impact of dependence on A Rss,
something has to be supposed about the joint distribution of the U/s. Accordingly,
denote by F(u ) the marginal distribution of each Ui (i = 1,2, ... ,m) and by
F1 (u 1 , u2 , • • • , u1) the joint distribution of a set of I out of the m U/s, and assume
Fm (u1 , u2 , • • • , u m) to be exchangeable. Notice that every F1 is also exchangeable. Since
the knowledge of F1 (u, u , ... , u) for each I = 2, ... ,m is sufficient to determine the
probability density function of the ordered variables U ( 1 ) ,U( 2 ) . . . ,U( m )' there is no need
to model F1 ( u 1 ,u2 , • • • ,u,) for each 1-tuple u 1 ,u2 , • • • ,u1 � 0. As to the behavior of
F1 (u , u, ... , u) , it is obvious that when the m points in a set are coincident, then

F1 (u, u , ... , u) = F(u) , u � 0 , I = 2, . .. ,m ,
which represents the extreme situation of RS. On the other hand, when the sets are
constituted at random, the I random variables are independently distributed, i.e.,

F1 (u , u, ... ,u) = F(u) 1

u � 0 , I = 2, ... ,m .

,

Accordingly, it can be argued that
(6)

F(u) 1 $ F1 (u,u, ... , u) $ F(u) , u � 0 , I = 2, . . . ,m .

On the basis of (6), a very simple (even if rough) way for modeling the
dependence between U 1 ,U2 , • • • ,U m is to suppose
( 7)

F1 (u,u, ... , u) = F(u) t + ( l- t )o , u � 0 , 0 < a $ 1 , I = 2, . . . ,m ,

where a = 0 denotes maximum dependence ( or equivalently RS ) and a = 1 denotes
RSS in presence of independence within sets. H (7) holds, the variance of (5) turns
out to be

.....

_

1

m

2

V ( >t nss ) - m2 1. h2 � u , /, l : m ·
o ( )
1
Here, the subscript "a" denotes that the distribution of the 1-th order statistic 1s
given by
i
F(l: m ) (u) = �
/..- cm,l, 1- F(u) l +( -I )o

where

•=l

,

- � ( - l ) i+v ( m ) ( m· - v) •
II

C m' l ' i - Lv=l

Z - II

In order to investigate the performances of RSS under various levels of
dependence, for each of the point processes described in the Appendix, and for each
combination of n = 60,120, 180 and a = 0.4(0.2 ) 1 , the efficiency of RSS with respect to
RS was computed by the ratio of the mean squared errors of the two estimators at
their best. Also in this case the mean squared errors were computed by numerical
integration routines and the efficiencies result to be scale invariant. The results of
TABLE 1 show that a strong dependence within sets may seriously deteriorate the
precision of RSS.
According to these conclusions, the use of RSS is suggested to improve the
accuracy of the boundary kernel estimator of plant density, even if care must be
taken in constructing sets, in order to avoid the presence of too closely located points.
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TABLE 1 . Efficiency of RSS with respect -to RS for some level of dependence within
sets and some spatial point processes.
m=3

m=2

a = 1.0

a = 1.0

0.8

0.6

0.4

Process

n

random

60
120
180

1.23 1.16 1.10 1.05
1.22 1.16 1.10 1.05
1.21 1.16 1.10 1.05

1 .42 1.28 1 . 1 7 1.08
1 .40 1.27 1 . 1 7 1.08
1 .39 1.26 1.16 1 . 08

regular
p=l

60
120
180

1.40 1.25 1 . 14 1 .07
1.41 1.26 1.15 1.07
1.41 1.26 1.15 1.07

1.80 1.46 1 .25 1 . 12
1 .80 1.47 1 .26 1 . 12
1 .80 1.47 1 .26 1 . 12

regular
p = .5

60
120
180

1.36 1.23 1.13 1.06
1 .39 1.25 1.14 1.06
1.41 1 .26 1.15 1.07

1.72 1.41 1 .23 1 . 1 0
1.78 1.45 1 .25 1 . 1 1
1.81 1.47 1 .26 1 . 12

regular
p = .25

60
120
180

1.26 1.19 1.12 1.07
1.26 1.20 1.13 1.07
1 .27 1 .20 1.13 1.07

1.49 1.33 1 .20 1 . 1 0
1.51 1.34 1.21 1 . 1 1
1.52 1.35 1.21 1 . 1 1

cluster

µ=l

"Y = .4

60
120
180

1 . 13 1.11 1.08 1.04
1.13 1 . 10 1.08 1.04
1.12 1.10 1.07 1.04

1.25 1.19 1.12 1.07
1.24 1.18 1.12 1.07
1.24 1.18 1.12 1.07

cluster
µ=2
"Y = .4

60
120
180

1.10 1.09 1.06 1.04
1.10 1.08 1.06 1.04
1.10 1.08 1.06 1.04

1.20 1.15 1 . 1 1 1.04
1.19 1.15 1 . 1 1 1 .04
1.19 1.15 1 . 1 1 1.04

cluster

60
120
180

1.09 1.07 1.06 1.03
1.08 1.07 1.05 1.03
1.08 1.07 1.05 1.03

1.17 1.13 1 .09 1.05
1 . 16 1.13 1 .09 1.05
1.15 1.12 1 .09 1.05

µ=3
"Y

= .4

0.8

0.6

0.4

2.4.5 An Application to Real Data

In order to clarify the implementation of RSS in the kernel estimation of plant
density, the well-known set of 345 locations of red oaks in the Lansing Wood, Clinton
County, Michigan were used (see Gerrard, 1969). The plants were mapped on a
squared area which was subsequently divided into 100 squares in such a way that the
observed density of oaks per unit area is of 3.45. Since this number is just a
realization of an unbiased estimator of plant density, the accuracy of the estimate
that may be obtained by RSS cannot be judged on the basis of its discrepancy with
the value of 3.45.
For performing the RSS protocol, 27 points were randomly selected in the inner
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subregion avoiding the 36 edge quadrats. Subsequently, the 27 points were partitioned
into n = 9 sets of m = 3 points, in such a way to ensure quite closely located points in
each set (see FIGURE 2). In this way each set gave rise to three point-to-plant
distances ranked in ascending order. Finally, the smallest point-to-plant distances
were quantified in the sets labeled by 1 ,2,3, obtaining
0.029020, 0.010892, 0.122477 ,
the second point-to-plant distances were quantified m the sets labeled by 4,5,6,
obtaining
0.525898, 0.349758, 0.107751 ,
and the greatest point-to-plant distances were quantified in the remaining sets labeled
by 7,8,9, obtaining
0.339488, 0. 700039, 1.015850 .
By using these three sets of point-to-plant-distances, together with the automatic
bandwidth selector .»f Sheather and Jones { 1991 ), the boundary kernel estimate of
plant density was >.. Rss = 3.0532, while the selected h value was 0. 1665 (for more
details on the application of the Sheather and Jones procedure to RSS data see
Barabesi and Fattorini, 1994). As to the use of Sheather and Jones selector, Jones
( 1 993) points out that, since the method ignores boundary considerations, it is likely
to suggest too small bandwidths. This matter has to be further studied.
On the other hand, by using the �ample counterparts of o-f( l : m ) (l = 1,2, ... ,m) ,
the estimated standard deviation of ).. RSS was 0.9091 with a corresponding 0.95
confidence interval of { l.2714, 4.8350) . As Scott {1993, p. 259) points out, owing to
the presence of bias, such an interval is not a confidence interval for ).. but rather a
confidence interval for the kernel estimate of J(O).

. . . . .. .
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FIGURE 2. Spatial allocations
of the 9 sets of 3 points for
estimating the density of red
oaks in the Lansing Wood
(Clinton County, Michigan) by
RSS.
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2.4.7 Appendix
Throughout this paper, as well as in Barabesi and Fattorini (1994), the
comparisons of estimators are performed by using three classes of spatial point
processes which cover a suitable range of plant pattern possibilities.
A) Random point process; in this case, it is well known that U is an exponential
variah1e with probability density function

f(u) = .X exp(-.X u) , u 2: 0 .

B) Rectangular lattice; Barabesi ( 1987) shows that

f( u )

=

where 0 < p :S 1 is a shape parameter representing the ratio of the smaller side of the
rectangles to the larger one.
C ) Diggle's ( 1 975) Poisson cluster process, where the parent process is supposed
to be random, the number of offspriugs is a Poisson variable and each offspring is
randomly located on a circle of radius "'I ceutered at the parent location; Diggle (1975)
proves that

F(u)

=

1 - exp{-p u - 2 1r p Q ( r ,µ, "'f ) } ,

u 2: 0 ,

where

j

r

Q ( r ,µ, , ) =

r;;;;,

"Y+

maz( r, -y-r)

1 - ex _f : cos_ 1
{
1\

y2

2

�� ;

2 )}
r

ydy

while p and µ represent the parent and the offspring densities,
and r •
.
respect1ve�y�' ..
As to the choice of parameters, the plant density was set at A = 1 for all the
processes. Moreover, in the rectangular lattice, the side ratio was set at p = 1 ,0.5,0.25,
while, in the Poisson cluster process, the radius was set at 7 0.4 and the offspring
density was set at µ = 1,2,3 in such a way that the parent densities were subsequently
derived by the relation A p (µ + 1 ).

=
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