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A B S T R A C T

Erosion significantly affects the dynamics of gravity-driven mass flows. In snow avalanches, the snow cover
can be substantially eroded but only partially entrained, however, there are very limited investigations to
substantiate this difference. Here, we study various erosion and entrainment behaviors in snow avalanches
using the material point method (MPM), finite strain elastoplasticity and critical state soil mechanics. With
varied snow properties, distinct erosion patterns are obtained and analyzed with the mass change rate. When
there is significant eroded and entrained mass, properties of released snow and erodible bed snow have clear
correlations with the eroded mass, but not with the entrained mass, disclosing the difference in erosion and
entrainment. Both enhanced and inhibited avalanche mobilities due to erosion and entrainment are captured
under different conditions of snow properties and lengths of release and erodible zones. These new insights
may stimulate the development of advanced erosion and entrainment models for large-scale avalanches.
1. Introduction

Entrainment is a common and crucial process observed from a
wide spectrum of geophysical flows including rock avalanches, debris
flows, and landslides. Snow avalanches, as one of the most frequent
and dangerous natural hazards in cold mountainous regions, are also
affected by entrainment. According to field observations, the mass of
a single avalanche can grow by a factor of 12 due to entrainment [1].
The mass change influences the dynamics of snow avalanches by chang-
ing their flow velocity, flow height and runout distance [1]. It has
been recognized that entrainment and erosion may either restrict or
enhance the avalanche motion [2], while only positive correlation
between entrained mass and runout distance has been reported for
snow avalanches [3,4]. For a dry cohesionless granular avalanche, it
was found that the avalanche mobility can vary significantly depending
on the erodible layer thickness and the slope angle [5,6].

According to Gauer and Issler [7], the breaking up of the snow
cover into smaller pieces (ranging from snow grains to blocks) is
termed erosion, and the process whereby the eroded snow becomes
part of the flowing avalanche is called entrainment. In line with this
definition, the mass of entrained snow is less than or at most equal to
the mass of eroded snow. In existing studies on mass change of snow
avalanches, entrainment and erosion are often used interchangeably [2,
8], which might be under the assumption that all the eroded snow
is entrained. However, recent analysis on an approximate momentum
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balance of field avalanches by Issler et al. [9] indicates that the snow
cover can be considerably eroded but only partially entrained into the
flow. Distinguishing entrainment from erosion not only leads to more
accurate prediction of the mass increase of the flow, but also gives
information on snow cover fragments remaining on the slope, which
can potentially be entrained by a subsequent avalanche. Nonetheless,
no quantitative difference between entrainment and erosion has been
reported for snow avalanches, as the differentiation is challenging in
both real measurements and laboratory experiments. As direct mea-
surement of entrainment in nature and of its effect on flow dynamics
is very difficult [10], numerical approaches serve as an alternative tool
in assessing entrainment quantitatively.

The mass growth of an avalanche is generally ascribed to frontal
entrainment and basal erosion [7,11,12], while the mass reduction is
normally attributed to tail deposition [9,13]. However, the temporal
evolution of entrainment, erosion and deposition rate has been rarely
discussed, limiting the evaluation of mass change throughout the en-
tire flowing process. In addition, snow properties (e.g. temperature)
at release and along the track do greatly affect entrainment [14].
Nevertheless, to the best knowledge of the authors, quantitative as-
sessment of mass change (i.e. erosion, entrainment, deposition) with
various release properties and flow types has never been explored under
well-controlled conditions.
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Fig. 1. Illustration of (a) the adopted yield surface in Eq. (2) and (b) the hardening law in Eq. (3).
This study aims at offering new insights into the mechanisms and
effects of erosion and entrainment processes in snow avalanches with
the help of advanced numerical simulations. Based on the material
point method (MPM) and an elastoplastic constitutive law developed
for snow [15,16], snow avalanches in different flow regimes have
been captured with various release properties [17,18]. With further
consideration of an erodible bed in this study, the effect of released
snow type on entrainment and erosion can be conveniently explored,
and the temporal variation of mass change in the erodible zone can
be quantitatively analyzed, as detailed in Section 3.1. In addition, the
difference of entrainment and erosion will be visualized and related to
the snow properties at the release and at the erodible bed in Section 3.2.
Furthermore, opposite effects of erosion on the avalanche mobility will
be discussed in Section 3.3, from the perspectives of momentum change
and runout distance.

2. Methodology and model setup

To investigate erosion and entrainment by snow avalanches, the
material point method [19] and a finite-strain elastoplastic model [15]
are adopted in this study. The hybrid Eulerian/Lagrangian MPM does
not need to trace neighboring particles compared with pure Lagrangian
methods like the discrete element method (DEM), and avoids the mesh
distortion issue in comparison with continuum approaches such as
the finite element method (FEM). Meanwhile, the elastoplastic model
encompasses the mixed-mode failure of snow, strain softening, plastic
compaction and various flow regimes of snow avalanches.

MPM uses particles (or material points) to trace mass, momentum,
and deformation gradient, and adopts background grids and interpo-
lation functions to solve the motion of the particles and update their
states. Given a continuous material, MPM firstly discretizes the material
to particles. The mass and velocities of the particles are then transferred
to the grid nodes. The grid forces coming from elastic stresses of the
particles can then be calculated, and the grid velocities can be updated
considering the new grid forces. Given the updated grid velocities, the
deformation gradients of the particles can be updated. Finally, the grid
velocities are transferred back to the particles to get the new particle
velocities, according to which the particle positions are updated. With
the Lagrangian particles and the Eulerian grids, MPM does not need
Lagrangian mesh connectivity and implicitly handles discontinuous
processes such as fractures and breakage. This provides great flexibility
in modeling large deformation problems such as those found in snow
avalanches.

The large-strain elastoplastic constitutive model adopted in this
study is developed for snow [15], with the stress–strain relation ex-
pressed as:

𝝈 = 1
𝐽

𝜕𝛹
𝜕𝑭𝐸

𝑭 𝑇
𝐸 (1)

where 𝝈 is the Cauchy stress, 𝛹 is the elastoplastic potential energy
density, 𝑭𝐸 denotes the elastic part of the deformation gradient 𝑭 , and
𝐽 = det(𝑭 ). The elastoplastic constitutive model consists of a yield
surface, a hardening law, and an associative flow rule.

The adopted yield surface is a cohesive Cam-clay yield criterion,
illustrated in Fig. 1a and defined in the 𝑝 − 𝑞 space as:

𝑦(𝑝, 𝑞) = (1 + 2𝛽)𝑞2 +𝑀2(𝑝 + 𝛽𝑝 )(𝑝 − 𝑝 ) (2)
2

0 0
where 𝑝 is the pressure and 𝑞 is the von Mises stress. 𝑝 > 0 and 𝑝 < 0
denote compression and tension, respectively, while 𝑞 > 0 indicates
shear. The consolidation pressure is denoted as 𝑝0, and the tensile
strength is 𝛽𝑝0, where 𝛽 reflects the internal cohesion of the material.
Given a constant consolidation pressure 𝑝0, the larger the cohesion
𝛽, the higher the tensile strength 𝛽𝑝0. The friction is controlled by
𝑀 , which could be related to the internal friction angle of a material
according to well-designed experiments [20,21]. When the 𝑝−𝑞 state is
inside or on the yield surface (i.e. 𝑦(𝑝, 𝑞) ≤ 0), the material has purely
elastic deformation. Otherwise, plasticity occurs, and a hardening law
and a flow rule need to be defined.

The following hardening law (illustrated in Fig. 1b) is adopted to
expand or shrink the yield surface in order to account for the hardening
or softening of the material:

𝑝0 = 𝐾sinh(𝜉max(−𝜖𝑝𝑣 , 0)) (3)

where 𝐾 denotes the bulk modulus, 𝜉 is the hardening factor, and 𝜖𝑝𝑣
is the volumetric plastic strain. During the simulation, 𝐾 and 𝜉 are
constant, while 𝜖𝑝𝑣 changes according to the plastic volume. When the
plastic volume increases (�̇�𝑝𝑣 > 0), 𝑝0 decreases, giving softening of the
material and allowing fracture to occur. Otherwise (�̇�𝑝𝑣 < 0), 𝑝0 increases
and the material is hardened. The hardening factor 𝜉 controls the speed
of the hardening during the plastic stage. A larger 𝜉 leads to faster
growth of stress, reflecting a more brittle material.

Following Gaume et al. [15], an associative plastic flow rule [22,23]
is used in this study. The adopted flow rule follows the principle of
maximum plastic dissipation and gives a plastic flow that maximizes
the plastic dissipation rate. The cohesive Cam-clay yield surface and
the associative flow rule in this study have been recently proven to be
satisfactory for simulation of porous brittle solids such as snow [24].
More details of the MPM and the constitutive model can be found
in [15,25,26].

The model setup in our MPM simulations consists of an ideal con-
cave slope, a release zone and an erodible bed, as illustrated in Fig. 2.
Similar setups were used in both numerical investigations [27] and
experimental studies [28,29] of erosion and scour behavior of granular
materials, where a slope with constant inclination was normally used.
As second-order polynomial curves can represent complex and irregular
tracks while offering ideal and well-controlled conditions, they have
been widely used in investigations of snow avalanches [30–32]. The
slope in Fig. 2 is a second-order polynomial fitting of the 2D projected
avalanche path at Weissfluh-Northridge, Davos, Switzerland [33]. The
friction coefficient of the slope is fixed to 0.5, around which the
behavior of real avalanches can be reasonably captured [17]. To save
computational cost, the majority of the simulations in this study were
conducted in 2D, while four simulations were performed in 3D to be
compared with the 2D simulations for confirmation of consistency. The
grid size of the simulations is 0.1 m, resulting in simulations with
good accuracy and at a reasonable computational cost. The time step is
set to 4.6 ×10−4 s, constrained by the Courant–Friedrichs–Lewy (CFL)
condition and the elastic wave speed for simulation stability. In 2D
simulations, each grid cell is filled with 4 material points (or particles),
while a grid cell in 3D simulations contains 6 particles.

In this study, four sets of released snow properties (i.e. friction

𝑀 , cohesion 𝛽, hardening factor 𝜉, and initial consolidation pressure
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Fig. 2. MPM modeling of snow avalanche erosion and entrainment in 4 scenarios with different properties of the released snow. 𝑀 is the friction coefficient, 𝛽 is the cohesion
coefficient, 𝜉 is the hardening factor, 𝑝𝑖𝑛𝑖0 is the initial consolidation pressure. The bed snow properties (𝑀 = 0.7, 𝛽 = 0.4, 𝜉 = 0.1, 𝑝𝑖𝑛𝑖0 = 12 kPa) in the four cases are identical.
Videos of the simulated 4 scenarios in 2D and 3D can be found in the supplementary material.
𝑝𝑖𝑛𝑖0 ) listed in Fig. 2 are applied to obtain avalanches with distinct
features and investigate their effect on entrainment and erosion. The
bed snow properties (𝑀 = 0.7, 𝛽 = 0.4, 𝜉 = 0.1, 𝑝𝑖𝑛𝑖0 = 12 kPa) in
the four cases are identical. Videos of the simulated 4 scenarios in
2D and 3D can be found in the supplementary material. The four
groups of released snow properties are determined with reference to the
systematic study by Li et al. [17,18], where four snow avalanches in dif-
ferent scenarios and typical flow regimes (i.e. cold dense, warm shear,
sliding slab, and warm plug) were captured with 2D and 3D simulations
in [17,18], respectively. The avalanches in scenarios 1&2 behave as
fluids or cohesionless granular flows. Compared to the avalanche in
scenario 1, the avalanche in scenario 2 contains bigger snow granules,
mainly contributed from the higher friction and cohesion. Quantitative
description of the range of granule sizes would require sophisticated
post-processing tools and is not conducted in this study. The motion of
the avalanches in scenarios 3&4 is similar to the sliding down of solid
objects on the slope, as both of them have relatively high cohesion.
Brittle fracture is prevalent in the avalanche in scenario 3 while ductile
behavior dominates in scenario 4.

For the snow in the erodible bed, the hardening factor 𝜉 and the
initial consolidation pressure 𝑝𝑖𝑛𝑖0 are kept constant at 0.1 and 12 kPa,
respectively. To examine the influence of friction and cohesion of the
bed snow, the friction coefficient 𝑀 and tension/compression ratio 𝛽
are varied systematically, from 0.3 to 1.5 and from 0 to 1 respectively.
The density (250 kg/m3), Young’s modulus (3 MPa) and Poisson’s ratio
(0.3) are identical for the snow at the release and in the erodible bed.

In addition to the snow properties, the lengths of the release zone
and the erodible bed (𝐿𝑟 and 𝐿𝑒 in Fig. 2) are changed to study the
effect of release size and availability of erodible snow. Note that the
front of the release zone and the tail of the erodible bed are fixed when
𝐿𝑟 and 𝐿𝑒 are varied, respectively. The initial heights of the release
zone and the erodible bed are both fixed to 2 m. When investigating
the effect of the snow properties, the release length 𝐿𝑟 and erodible bed
length 𝐿 are 15 m and 40 m, respectively.
3

𝑒

3. Results

In interpreting the results, we follow the definitions of erosion
and entrainment in [7], by which the entrained mass is part of the
initially eroded mass. Various erosion patterns and temporal evolution
of mass change rate in the erodible zone will be discussed first. The
distinct effect of snow properties (at release and in the erodible bed) on
entrainment and erosion will then be presented. Finally, the opposite
effects of erosion on the avalanche mobility reflected by momentum
and runout distance will be explored.

3.1. Erosion pattern and mass change rate

With the four sets of release properties, distinct erosion patterns
are identified as shown in Fig. 2, where both 2D and 3D simulation
results are presented. Compared with the 2D cases, the 3D simulations
resolve variations across the width of the flow, and give similar erosion
patterns as in 2D. In comparison to the erosion mechanism defined
according to the interaction between an avalanche and an erodible
bed [7], the erosion pattern termed in this study further accounts for
the avalanche features during erosion in addition to the avalanche–bed
interaction. Moreover, simulations with no erodible bed were carried
out to confirm that the features in the 4 cases in Fig. 2 are indeed due to
the interaction between the erodible bed and the incoming avalanches,
as the avalanche behavior differs much without the erodible bed. For
instance, there are no surges developed in case 1 without the erodible
bed (please see the supplementary videos).

When the avalanche behaves as a cohesionless granular flow in
scenario 1 (e.g. case 1 in Fig. 2), multiple surges are observed during
the erosion. This wavy erosion pattern shares similar characteristics
with the scour pattern of debris flows observed in experiments [29].
After the flow enters the erodible bed, its velocity first diminishes as
the flow erodes and ploughs into the bed, and then increases as the flow
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Fig. 3. Frontal erosion and basal abrasion observed in the simulated 4 scenarios in Fig. 2. The average slope angle of the erodible zone is 34◦.
moves toward the bed surface and downward the slope. Similar waves
were also observed from laboratory experiments on granular flows
composed of glass beads [10]. Analogously to the waves developed
due to flow instability [34,35], the intermittent surges captured in this
study come from the perturbation induced by the erodible bed. The
wavy erosion pattern may disappear if the released snow becomes more
frictional and cohesive. As shown in case 2 in Fig. 2, the surges tend
to vanish in scenario 2. Compared to case 1, the higher snow friction
and cohesion in case 2 lead to less separation and lower instability of
the snow particles after the avalanche enters the erodible bed and thus
result in weaker surges. If the released snow is highly frictional and
cohesive, as in scenario 3, it slides down the slope as a slab and breaks
into smaller pieces after colliding with the erodible bed (e.g. case 3 in
Fig. 2). This collision process and the avalanche movement towards the
downstream direction lead to the notable erosion. When the released
snow has low brittleness and develops into a plug flow in scenario 4
(e.g. case 4 in Fig. 2), the avalanche is highly cohesive and ductile.
The erosion pattern looks similar to that observed in case 2 (as shown
in Fig. 3). Compared to case 2, the avalanche in case 4 entrains much
more snow near the upstream end of the erodible bed, which might be
due to the larger flow depth and concomitant higher shear stress acting
on the erodible bed.

In the four simulated scenarios, both frontal ploughing and basal
abrasion, as usually identified for snow avalanches [1], are observed
(see supplementary videos 3∼6). Fig. 3 shows the representative fea-
tures of the frontal ploughing and basal abrasion in the four scenarios.
The illustrated range of velocity in Fig. 3 is determined to clearly
demonstrate the interface between stationary and moving particles.
The frontal ploughing in case 1 is not as notable as in the other
three cases, which might be related to its smaller flow height at the
front. The scattered particles at the front in case 1 seldom plough the
erodible bed, it is the frontal particles in the continuous main body
that primarily contribute to the ploughing behavior. This saltating front
with the scattered particles in case 1 was also observed in experiments
of dry cohesionless granular flows on an erodible zone [36]. The front
ploughing in cases 2∼4 show similar characteristics. For bed particles
located downstream of (and close to) the flow front, even if there is
no direct interaction with the avalanche, they become unstable due to
the frontal ploughing and form inclined shear and compaction surfaces.
In addition to frontal ploughing, basal abrasion also occurs in the four
scenarios. Compared to the smooth interface between the avalanche
and the stable bed particles in cases 1,2&4, the interface in case 3 is
more irregular, because of the discrete snow fragments in the avalanche
and their collisions with the erodible bed.
4

To evaluate the mass change in the erosion zone throughout the
flowing process, the erosion rate 𝑞𝑒𝑟, entrainment rate 𝑞𝑒𝑛, and deposi-
tion rate 𝑞𝑑 , defined as follows, are quantitatively examined in Fig. 4.

𝑞𝑒𝑟 =
𝑚𝑒𝑟

𝐴𝑏𝑒𝑑 × 𝛥𝑡
(4)

𝑞𝑒𝑛 =
𝑚𝑒𝑛

𝐴𝑏𝑒𝑑 × 𝛥𝑡
(5)

𝑞𝑑 = −
𝑚𝑑

𝐴𝑏𝑒𝑑 × 𝛥𝑡
(6)

where 𝑚𝑒𝑟, 𝑚𝑒𝑛, and 𝑚𝑑 are the eroded mass, entrained mass, and
deposited mass at the erodible bed in the time interval of 𝛥𝑡, respec-
tively. 𝐴𝑏𝑒𝑑 is the initial surface area of the erodible bed. We do not
use the instantaneous contact area between the flowing avalanche and
the erodible bed as it is difficult to be quantitatively evaluated in our
simulations. The time interval 𝛥𝑡 is set to 1/12 s. At a certain time
instant, a snow particle in the erodible bed is counted as eroded if
its displacement from the initial position is larger than 0.5 m. The
displacement criterion of 0.5 m is determined with consideration of
the grid size (0.1 m) in the MPM simulation. Small variations of this
threshold (e.g. to 0.4 m or 0.6 m) lead to different erosion rates, but
give the same trends and conclusions. On top of the displacement
criterion, an entrained snow particle is recognized as such if its final
position is outside of the erodible bed. A snow particle initially in the
avalanche is included into the deposited mass 𝑚𝑑 if its final position is
within the erodible bed and it is currently in the erodible bed with a
velocity smaller than 0.1 m/s.

Fig. 4 shows the mass change rates in the erodible bed with the
different incoming avalanches simulated. Due to the distinct behaviors
of the incoming avalanches, the local characteristics of the mass change
rate vary notably. The two spikes in the evolution of the erosion rate
𝑞𝑒𝑟 and entrainment rate 𝑞𝑒𝑛 in Fig. 4a correspond to the two surges
observed in scenario 1 (see case 1 in Fig. 2). The spikes with relatively
smaller amplitude in Fig. 4b are consistent with the weaker surges
in scenario 2 (see case 2 in Fig. 2). This enhanced erosion due to
the occurred surges was also observed from experiments by Mangeney
et al. [36], where the vertical motion of the surges helps to push the
erodible particles upward and make them join the flow. Only local
fluctuations are observed in the other two avalanches in Fig. 4c&d,
where no significant surges occur (Fig. 2). Despite the local differences,
the general trends of 𝑞𝑒𝑟 and 𝑞𝑒𝑛 in the four cases are similar, as they
initially increase upon the arrival of the avalanche fronts at the erodible
bed and then decrease shortly after the avalanche fronts leave the
erodible bed. Based on field measurements, erosion rates above 200 kg
m−2 s−1 were reported for the very rapid removal of fresh snow at
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Fig. 4. Mass change rate in the erodible bed for the 4 avalanches in different scenarios simulated in 3D. (a): Scenario 1; (b): Scenario 2; (c): Scenario 3; (d): Scenario 4. The
solid and empty triangles mark the instants at which the avalanche front arrives and leaves the erodible bed respectively.
the front of very large avalanches [37], while lower erosion rates of
10∼50 kg m−2 s−1 were documented for more gradual erosion in the
head of dry-snow avalanches [7]. The erosion rates obtained in our
simulations in Fig. 4 have similar magnitudes with the field data. In
the future, more detailed analyses on erosion rate and quantitative
comparison with mechanically based entrainment models [38,39] need
to be conducted. Furthermore, the deposition rate 𝑞𝑑 is very low in all
the four cases, mainly due to the steep slope angle of around 35◦ at
the erodible bed. Indeed, there is no obvious deposition observed in
the field when a slope is steeper than 35◦ [13]. It is worth noting that,
in all the cases, 𝑞𝑒𝑟 and 𝑞𝑒𝑛 are almost identical at the early stage of
the interaction between the avalanche and the erodible bed (i.e. the
left side of the dashed line in Fig. 4). This hints that all the eroded
snow by the front of the avalanches is entrained into the flow. At a
later stage (i.e. to the right of the dashed line in Fig. 4), the lower
amount of entrainment, compared with erosion, indicates that only
part of the eroded snow gets entrained into the flowing avalanches.
This relation between erosion and entrainment throughout the flowing
process reveals that the entrainment at and close to the avalanche front
is more significant compared to body abrasion, which is in accordance
with field experiments [1].

3.2. Entrainment in comparison with erosion

As erosion and entrainment involve different processes, their re-
sponses to changing conditions might differ. To evaluate the erosion
and entrainment under the effect of varying released snow properties
and erodible bed properties, systematic 2D simulations were conducted.
The entrained mass and eroded mass throughout the flowing process
are shown in Fig. 5, where the criteria of displacement and final
position detailed in Section 3.1 are used for calculating the entrainment
and erosion. 𝑀 and 𝛽 in Fig. 5 respectively characterize the friction and
cohesion of the snow in the erodible bed.

The insets in Fig. 5 show the representative effect of the bed
snow properties, fixing the properties of the released snow (giving an
5

avalanche in scenario 2). The dashed line in the inset is the linear
fitting of the boundary cases with initially stable and unstable beds.
When the bed snow friction and/or cohesion are relatively low, the
snow moves under gravity and the erodible bed is initially unstable,
a condition indicated by the cross symbols in the insets. On the other
hand, extremely high friction and/or cohesion prevent erosion and
entrainment, as indicated by the black dots in the insets. Notable
occurrence of erosion and entrainment requires intermediate values of
friction and cohesion of the bed. The cases with significant entrainment
in the inset of Fig. 5a form a thin band, within which the color change
does not show a clear trend, indicating the obscure effect of bed snow
properties on the entrained mass. In contrast, the color variation in the
inset of Fig. 5b reveals a clear correlation between the eroded mass and
the bed snow properties. When the friction 𝑀 and/or cohesion 𝛽 of the
bed snow increase, the eroded mass tends to decrease.

The different responses of eroded mass and entrained mass to the
change of bed snow properties remain true for other types of incoming
avalanches (e.g. in scenarios 1,3,4), as demonstrated by the main
figures in Fig. 5. The function 𝑓 (𝑀,𝛽) is the distance from a datum
point to the dashed line separating the cases with initially stable and
unstable beds in the inset of Fig. 5a or b. This distance reflects the
combined effect of snow friction and cohesion.

𝑓 (𝑀,𝛽) = 0.85𝑀 + 0.53𝛽 − 0.82 (7)

When the amount of entrainment and erosion is large, the relation
between the entrained mass and the bed snow properties is unclear
(Fig. 5a). In comparison, the eroded mass has a negative correlation
with the bed snow friction and cohesion (Fig. 5b) for the different
incoming flows in the 4 scenarios. Apart from the effect of the bed
snow properties, Fig. 5 reveals the influence of released snow type (and
thus incoming flow type) on the entrainment and erosion. In Fig. 5a,
the superposition of the data from different incoming flows hints the
negligible effect of the released snow type on the entrained mass. In
contrast, the eroded mass in Fig. 5b shows a general trend that scenario
4 > scenario 3 > scenario 2 > scenario 1. This tendency might be
Fig. 5. (a) Entrained mass and (b) eroded mass with various incoming flow types and erodible bed properties (𝑀 : snow friction, 𝛽: snow cohesion). The insets show the effects
of 𝑀 and 𝛽 on the (a) entrained and (b) eroded mass when the released avalanche is in scenario 2. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)
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Fig. 6. (a) Evolution of normalized momentum change with normalized eroded mass; (b) Evolution of normalized momentum change with normalized entrained mass; (c) Entrained
and eroded mass in positive correlation with runout distance and change of energy (including potential and kinetic energy) when the release length is varied; (d) Entrained and
eroded mass in negative correlation with runout distance and energy change when bed length is changed. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
related to the cohesion of the released snow (reflected by 𝛽 listed in
Fig. 2). The more cohesive the snow of the incoming avalanche, the
more significant the erosion. It is noticed that there is a scattered data
point (i.e. 𝑓 (𝑀,𝛽) = 0.61) in Fig. 5a in the group of scenario 4, which
denotes a rare and special case that the incoming plug flow rolls down
the erodible bed and develops into a large snow ball [25].

3.3. Enhanced and inhibited avalanche mobility by erosion

During erosion and entrainment, two processes may contrarily affect
the mobility of an avalanche: the avalanche loses momentum during the
breaking of the snow cover and the subsequent acceleration of the snow
fragments to avalanche speed, but gains momentum due to conversion
of the potential energy of the entrained snow into kinetic energy.
Although both of the two processes have been widely recognized for
snow avalanches, erosion and entrainment have been primarily associ-
ated with increased runout distance. In this study, by varying the bed
snow properties (i.e. 𝑀 and 𝛽) and the geometry of the release and
erodible zones (i.e. 𝐿𝑟 and 𝐿𝑒), both the growth and the reduction of
the avalanche momentum and runout distance are captured as shown
in Fig. 6.

Fig. 6a&b show the momentum change from the inlet to the outlet
of the erodible bed, normalized by the avalanche momentum at the
inlet of the erodible bed. Positive and negative momentum changes
correspond to enhanced and inhibited avalanche motion, respectively.
A normalized momentum change of −1 indicates zero momentum at the
outlet of the erodible bed, meaning that the avalanche stops inside the
erodible bed. This normally happens when the snow friction and (or)
snow cohesion are high, and the avalanche mass entering the erodible
bed quickly loses its momentum. To conduct a systematic investigation,
a wide range of snow friction (𝑀 from 0.3 to 1.5) and cohesion (𝛽 from
0.0 to 1.0) has been applied in this study. The combination of extreme
snow friction and cohesion (e.g. 𝑀 = 1.5 and 𝛽 = 1.0) might not be
realistic for snow avalanches and can lead to the vanishment of the
6

avalanche momentum. In addition, the stopping behavior depends on
the interaction between the flowing avalanche and the erodible bed.
As the interaction is based on the background Eulerian grid, with high
cohesion and friction of the bed snow, it is similar to having a no-slip
boundary condition for the flowing avalanche. The so-called ‘‘sticki-
ness’’ of the interaction in MPM has been recently addressed and solved
by Fang et al. [40], which could be used in the future. The eroded and
entrained masses in Fig. 6a&b are normalized by the initially released
snow mass (i.e. 9920 kg). The colorbar 𝑓 (𝑀,𝛽) reflects the combined
effect of snow friction and cohesion (Eq. (7)). According to Fig. 5,
a small distance 𝑓 (𝑀,𝛽) tends to give a case with notable erosion
and entrainment, while a large distance corresponds to the one with
negligible erosion and entrainment. As shown from Fig. 6a&b, erosion
and entrainment can either lead to reduction or growth of momentum
in cases below or above the horizontal dashed line. While negative
momentum change is observed from cases with very little or notable
erosion and entrainment, positive momentum change is only obtained
from cases with significant erosion and entrainment. When the snow
in the erodible bed has small friction 𝑀 and cohesion 𝛽 (and thus
small 𝑓 (𝑀,𝛽)), it is easy to be eroded and entrained. Therefore, the
momentum that the avalanche consumes to erode and entrain the bed
snow is smaller than the input momentum of the eroded and entrained
snow converted from its potential energy, resulting in the increased
momentum change and enhanced mobility. The trends in Fig. 6a&b
share similar features, where the cases with smaller 𝑓 (𝑀,𝛽) tend to
give larger momentum change. The maximum normalized eroded mass
in Fig. 6a is 2.09, while the maximum normalized entrained mass in
Fig. 6b is 1.24.

In addition to the different changes in momentum, the variation of
runout distance due to erosion and entrainment is further investigated
by changing the release length 𝐿𝑟 and the bed length 𝐿𝑒 as shown
in Fig. 6c&d. When 𝐿𝑟 changes from 5 m to 25 m, the release mass
varies from 3298 kg to 16 593 kg. While 𝐿𝑒 is changed, 𝐿𝑟 is fixed
to 15 m, corresponding to a release mass of 9920 kg. Both positive
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and negative correlations between erosion/entrainment and runout dis-
tance are obtained under the respective effect of 𝐿𝑟 and 𝐿𝑒 (illustrated
in Fig. 2). The runout distance is calculated as the horizontal distance
between the fronts of the final avalanche deposit and the initial release
zone. With the growth of the release length 𝐿𝑟, the initial potential
energy of the released snow increases, offering more energy to erode
and entrain the snow in the erodible bed and leading to the growth
of eroded mass and entrained mass. Under this condition, the runout
distance is positively related to the entrained and eroded mass as shown
in Fig. 6c. This positive correlation is attributed to the increase in the
potential energy of both the released snow and the entrained snow.
On the contrary, entrainment and erosion may have negative effect
on the runout distance as well, as illustrated in Fig. 6d. When the
length of the erodible bed 𝐿𝑒 is longer, there are more snow particles
in the bed which can be eroded and entrained, resulting in the growth
of the eroded and entrained mass. Meanwhile, the runout distance is
reduced, which is tightly associated with the higher bed resistance and
the more momentum transfer from the incoming avalanche to the snow
in the erodible bed. No matter which correlation occurs between the
erosion/entrainment and the runout distance, it is found that the energy
change of the avalanches from the outlet of the erodible bed to the
avalanche deposit always demonstrate a consistent tendency with the
runout distance, as revealed in Fig. 6c&d.

In practice, the runout distance of snow avalanches has been nor-
mally positively correlated with erosion and entrainment [1,41]. In-
deed, the release volume of real avalanches varies case by case, as well
as the properties and the length of the erodible zone (reflecting the
supply of the erodible material). The predominantly positive relation
between the erosion/entrainment and the runout distance reported
from real avalanches indicates the significant role played by the re-
lease volume and the snow cover properties compared with the length
of the erodible zone. Although the negative correlation between the
erosion/entrainment and the runout distance has been seldom recog-
nized for snow avalanches, it was disclosed from similar gravitational
mass movements like debris avalanches [42]. The opposite correlations
between erosion/entrainment and runout distance in Fig. 6c&d reveal
that the growth of erosion and entrainment can enhance or inhibit the
avalanche mobility depending on the different conditions. The identifi-
cation of the opposite mobility changes could rely on physically-based
models [8]. It should be noted that, unlike the erodible bed of limited
length employed in this study, in reality there usually is erodible snow
along the entire avalanche path. The outlet of the erodible zone in
practice might refer to the position where entrainment and erosion
vanish.

4. Conclusions

By conducting simulations with the material point method, this
study has offered new insights into the mechanisms of snow avalanche
erosion and entrainment, with special focuses on various erosion pat-
terns, differentiation between erosion and entrainment, as well as their
potential influences on avalanche mobility.

Distinct erosion patterns have been captured by using different me-
chanical properties for the released snow. In addition to front ploughing
and basal abrasion, a wavy erosion pattern with multiple surges has
been characterized. The analysis of the temporal evolution of mass
change rate in the erodible bed serves as a proof for the significant
entrainment at and close to the front of snow avalanches.

Notable differences between erosion and entrainment have been
identified from the perspective of their relations with properties of
released snow and erodible bed snow. The eroded mass tends to be
larger when the released snow has more cohesion, while the entrained
mass does not show a clear trend. In addition, when notable erosion and
entrainment occur, the mass of eroded snow is negatively correlated
with the friction and cohesion of the bed snow, while the entrained
snow has no obvious tendency.
7

Moreover, both enhanced and inhibited avalanche mobilities have
been captured under different conditions. With varied snow properties
in the erodible bed, both the growth and the reduction of the avalanche
momentum appear. The increase in the lengths of the release zone
and erodible bed results in more erosion and entrainment, but does
not necessarily lead to a longer runout distance. Positive and nega-
tive correlations between erosion and runout distance are obtained
when varying the lengths of the release zone and the erodible bed
respectively.
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